
Quantum Electronics  49 (4)  307 – 313  (2019)  © 2019  Kvantovaya Elektronika and Turpion Ltd

Abstract.  We consider the effect of nonlinear self-focusing and 
self-modulation processes on the acceleration of electrons in the 
interaction of a subterawatt femtosecond laser pulse with a gas jet 
plasma. A three-dimensional particle-in-cell (3D PIC) simulation 
of the interaction of laser radiation with a low-density nonuniform 
plasma shows that laser pulse self-focusing that arises when the cri-
tical power of relativistic self-focusing determined by the local con-
centration of plasma electrons exceeds the pulse power results in 
efficient generation of a plasma wave. Due to a decrease in the pha-
se velocity of the wake plasma wave generated via self-modulation 
of the laser pulse, electrons are trapped into the accelerating phase 
of the plasma wave and are accelerated to energies of ~ 10 MeV. It 
is demonstrated that under the conditions for limiting the electrons’ 
acceleration region by the length of their dephasing, quasi-monoen-
ergetic electron bunches with a characteristic energy of ~ 9 MeV 
can be produced. The effective temperature of the accelerated elec-
trons and their angular distribution, obtained by 3D PIC simulation, 
are in good agreement with those determined in the experiment.

Keywords: electron acceleration, subterawatt laser pulse, nonuni-
form plasma, relativistic self-focusing.

1. Introduction

Recently, significant results have been achieved in the laser-
plasma acceleration of electrons. In 2014, a quasi-monoener-
getic electron beam with a record energy of 4.2 GeV was gen-
erated at the Lawrence Berkeley National Laboratory using a 
0.3-PW BELLA laser with a pulse energy of ~ 30 J [1]. On the 
other hand, for many applications, such as ultra-fast low-dose 
radiography, materials research, production of isotopes, etc., 
other sources of electrons of relatively low energies, 10 – 20 MeV, 
are required; to reach such low energies, the laser pulse energy 
can be relatively small, i. e. ~ 0.1 J. Lasers with such parame-
ters are found in many laboratories. Sources of quasi-mono-
energetic electrons with energies of tens of MeV can also serve 
as  injectors  for  the  subsequent  acceleration  of  electrons  in 
laser-plasma accelerating cascades to high energies (tens and 
hundreds of GeV). In this regard, the development of a compact 
laser-plasma electron accelerator with a sub-terawatt power 
driver is a promising direction.

The first studies of the acceleration of electrons by a sub-
terawatt laser pulse demonstrated the possibility of accelerat-
ing electron bunches with a fairly small charge (~ 10 fC) using 
a 10 mJ laser in a thin (~ 100 mm) jet of argon or helium [2]. 
Goers et al. [3] produced electron bunches with an exponen-
tial  energy distribution  and  energy up  to  10 – 12 MeV. The 
authors of  this work note  that  the relativistic effect of  laser 
pulse  self-focusing plays  a  significant  role  in  the process  of 
electron trapping and acceleration.

The generation of high-energy electron beams by focusing 
a laser pulse with an energy of 100 mJ on the edge of a solid 
target was studied in [4, 5]. The effect of ionisation effects on 
the propagation of a laser pulse, its self-modulation, genera-
tion of wake fields and electron acceleration in an aluminium 
plasma is considered in [6].

In the present work, using the three-dimensional particle-
in-cell  (3D PIC) simulation, we examine the mechanisms of 
trapping and accelerating an  electron bunch by  taking  into 
account nonlinear self-focusing and self-modulation [7] of 
sub terawatt laser pulse during its interaction with a nonuni-
form gas jet plasma. The energy and angular characteristics of 
accelerated electrons are investigated and the energy spec-
trum of electrons is compared with that obtained experimen-
tally [3].

2. Simulation parameters

Figure  1  shows  the  schematic  of  the  numerical  simulation. 
The calculation parameters of the laser pulse incident on the 
plasma corresponded to the experimental conditions [3]. The 
FWHM duration tlas of a Gaussian laser pulse, which propa-
gates along the x axis, was equal to 50 fs. The laser pulse ene-
rgy was W = 40 mJ, which corresponded  to  the  laser pulse 
power P = W/tlas = 0.8 TW. The pulse was linearly polarised 
along the y axis and had a Gaussian shape with an FWHM 
diameter dFWHM of 9.7 mm. The laser wavelength was l = 1 mm. 
The dimensionless field amplitude at the maximum was a0 = 
eE0/(mecw0) = 0.72, where e is the absolute value of the elec-
tron charge; me is the electron mass; c is the speed of light; and 
w0 is the laser frequency. This amplitude corresponds to the 
intensity I0 = 7 ́  1017 W cm–2.
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Figure 1. Schematic of numerical calculation.
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The length of the computational domain along the laser 
pulse propagation direction (x axis) was equal to 600 mm, and 
the transverse size in both directions (y and z) was 60 mm. The 
hydrogen plasma had a nonuniform Gaussian density profile 
in the direction of the x axis and a uniform distribution in the 
transverse direction (Fig. 2):

ne(x) = n0 exp[– (x – xс)2/l 2]  with |x – xс| £ d,  (1)

where xс = 300 mm is the centre of the region; l = 120 mm; and 
d = 240 mm. At the edges of  the region (|x – xc| > d ),  the 
Gaussian profile  (1) was  supplemented with a more rapidly 
decreasing function with a continuous derivative at the sew-
ing  point  to  reduce  the  simulation  domain  at  close-to-zero 
density values at the boundaries:

ne(x) = n0 exp[– (x – xс)2/l 2]exp[– (|x – xс| – d)2/b2]

  with |x – xс| > d,  (2)

where b = 25 mm.

The calculations were performed using  the  three-dimen-
sional relativistic particle-in-cell code VLPL [8] for two values 
of  the maximum electron concentration  in  the centre of  the 
region, n0 = 0.059ncr and n0 = 0.19ncr, which corresponds to 
6.5 ́  1019 cm–3 and 2.1 ́  1020 cm–3, where ncr = me 0

2w /(4pe2) is 
the critical plasma concentration, equal to 1.1 ́  1021 cm–3 for 
the wavelength l = 1 mm.

The size of the computational cell was 0.05 ́  0.5 ́  0.5 mm 
along the x, y and z axes, respectively. The time step was 
cDt = 0.048 mm. The number of particles in the computational 
cell was equal to 4 for n0 = 0.059ncr and 16 for n0 = 0.19ncr. 
This number of particles per cell is necessary to obtain high-
energy electrons (from 7 MeV) in an amount sufficient to con-
struct correct angular distributions of particles in this energy 
range. At the initial  instant of time, the plasma was consid-
ered cold, that is, Te = Ti = 0.

3. Dynamics of laser pulse self-focusing

For the concentration n0 = 0.059ncr, Fig. 3 presents the dep-
endences of the maximum on-axis field amplitude and the 

width of the laser beam (FWHM) on its propagation time. 
The dashed curve shows the initial distribution of the electron 
concentration  (in  arbitrary  units),  and  the  dot-dashed  lines 
shows the region of self-focusing. The process of laser pulse 
self-focusing leads to a significant increase in the intensity of 
the laser field and a decrease in its characteristic width. With 
the beginning of self-focusing (ct » 180 mm), the on-axis amp-
litude of the laser field begins to grow dramatically from a = 
eEy /(mecw0) = 0.6 and reaches a maximum of a = 1.6 at ct = 
380 mm. At the same time, the width of the laser pulse reaches 
a minimum (dFWHM = 3.4 mm).

The self-focusing process begins when the laser pulse pro-
pagating through a plasma with an increasing concentration 
reaches a region  in which  the  laser pulse power approaches 
the critical power of relativistic self-focusing. The plasma con-
centration at which self-focusing begins is ne /ncr = 0.018. This 
concentration corresponds to the critical pulse power, Pcr = 
17.4ncr/ne = 956 GW. Thus, the ratio of the laser pulse power 
to the critical power in this region is P/Pcr = 0.84.

Since, with only transverse compression of a pulse, its amp-
litude will increase proportionally to a decrease in its width, 
the 3.2-fold pulse compression (Fig. 3) should correspond to 
a 3.2-fold increase in the laser field. However, the laser field 
increases only 2.67 times, which also indicates a change in the 
longitudinal pulse shape, leading to a three-dimensional redi-
stribution of its energy.

4. Dynamics of laser pulse self-modulation  
and wake wave excitation

Owing  to  the  self-focusing  of  a  laser  pulse,  its  wave  front 
steeping and self-modulation instability, a wake plasma wave 
is efficiently generated [9]. The plasma wave field on the x axis 
(along the laser pulse propagation direction) can be estimated 
in the approximation quadratic in laser pulse amplitude using 
the expression [10]:

Ex(x) = – (mec2/e)(kp
2 /4) ( , ) [ ( )]cosd a t kp

2x x x x-
3

x
l l ly . (3)
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Figure 2. Example of the initial Gaussian profile of the plasma electron con-
centration along the laser pulse propagation direction, used in the calculations.
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Figure 3. Time dependences of ( 1 ) the maximum value of the laser field 
on the axis and ( 2 ) the FWHM width of the laser beam. Vertical dash-
dotted lines indicate the region of self-focusing. The dashed line shows 
the initial distribution of the electron concentration in arbitrary units in 
the region where the maximum of the laser pulse is located at a given 
time.
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Here, kp = wp/ug is the wave vector of the plasma wave;  p
2w  = 

4pnee2/me is the plasma frequency; ug @ с is the group velocity 
of the  laser pulse; a(x, t)  is  the normalised value of the  laser 
pulse envelope on the axis; and  x = x – ct.

Figures 4 and 5 show for ct = 290 and 380 mm (correspond 
to the period of developed self-focusing of the pulse, see Fig. 3) 
the x-axis distributions of the unperturbed electron concen-
tration, laser pulse envelope Ey and wake plasma wave field 
Ex, obtained by numerical simulation and the wake wave field 
(3), determined by the calculated envelope of the laser pulse.

Figures  4b  and  4c  show  the  spatial  distributions  of  the 
laser pulse envelope and the wake wave for ct = 290 mm, cor-
responding to the beginning of the pulse self-modulation pro-
cess (Fig. 6). In this case, the modulation of the laser pulse 
envelope is weakly expressed, the amplitude of the excited 
wake wave  is  small,  and  the  plasma wave  is well  described 
over the first few periods by the linearised expression (3).

The dependences at ct = 380 mm, shown in Fig. 5, corre-
spond to a strongly developed regimes of laser pulse self-mod-
ulation  and  self-focusing  (Figs  3, 5b  and  6).  In  this  highly 
nonlinear regime, the laser pulse field exceeds the relativistic 
value, eEy/(mecw0) > 1, but formula (3) allows the structure  and amplitude of  the plasma wave  to be  estimated with an 

accuracy of ~ 10 % in the first period of the excited wake field.
In addition to the plasma wave amplitude, the phase vel-

ocity of this wave also plays an important role in the process 
of trapping of background plasma electrons. Its decrease  in 
comparison with the group velocity of a laser pulse contrib-
utes  to  the  effective  trapping  and  acceleration  of  electrons. 
The phase velocity of a plasma wave decreases with the devel-
opment of self-modulation instability  [11], as well as due to 
linear effects of the laser pulse propagation in a nonuniform 
density plasma and a change in the length of the plasma wave 
generated by it. Figure 7 shows the on-axis distribution of the 
wake plasma wave  field  in  the  coordinates ct  and x  at ct = 
260 – 460 mm. Black lines indicate the trajectories of the values 
of  the constant wave phase. The slope of  these  lines, which 
determines the phase velocity of the wave, means a decrease in 
the phase velocity for all periods of the excited wave at ct > 
320 mm. At the same time, the phase velocity of the wake wave 
moving away from the leading edge of the laser pulse (x = 
x – ct @ 2 mm at ct = 260 mm), where the generation of the 
wake  field  begins,  decreases  compared  to  the  laser-pulse 
group vel ocity that is close to the speed of light.
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Figure 4. Distributions of ( a ) the unperturbed electron concentration, 
( b ) laser pulse envelope Ey and ( c ) wake plasma wave field Ex along the 
x axis, obtained by numerical simulation, and the wake wave field ( 3 ) 
determined by the laser pulse envelope [( c ), dash-dotted curve] at ct = 
290 mm.
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Figure 5. Same as in Fig. 4, but at ct = 380 mm.
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Figure 7. ( Colour online ) Dependences of the field distribution of the 
wake plasma wave on the axis  in the coordinates ct and x. The black 
lines are the trajectories of the values of the constant phase of the wave.
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The background  electrons  are  trapped  in  the  regions of 
the maxima of  the accelerating wake wave  field  (minima of 
the negative value of the field Ex normalised using the abso-
lute value of  the  electron charge e, Fig.  7). The wake wave 
phase velocity in these regions is determined by both the vel-
ocity of the main maximum of the laser pulse, followed by the 
predominant generation of the accelerating field, and by the 
distance  (wake  wave  period  number)  from  the  generation 
region (maximum of the laser pulse), see Figs 6 and 7. Figure 8 
shows the velocity of the main maximum of the laser pulse in 
the range of 280 – 440 mm, and also gives an estimate of the 
laser-pulse group velocity using a linear dispersion equation 
for a nonuniform plasma [ug/c =  ( ) /n x n1 e cr- , where ne is 
the unperturbed electron concentration]. With the beginning 
of the laser pulse self-modulation process (ct > 320 mm, see 
Fig. 6), one can clearly see a decrease in the velocity of the 
main maximum of the laser pulse as a result of this nonlinear 
process, which is significantly less than the linear estimate of 
the  laser-pulse  group  velocity  in  a  nonuniform plasma  and 
determines in the region of generation (Fig. 9, the solid curve 
for n = 1).

Figure 9 displays the change in the wake wave phase vel-
ocity for the five maxima of the accelerating field (the minima 
of the negative value of the field Ex), following the laser pulse 
maximum. The dashed curves for the same five values of the 
wake wave phase show how the phase velocity changes as a 
result of linear changes in the laser-pulse group velocity and 
the length of a wake wave in a nonuniform plasma. Different 
curves correspond to the velocities of different maxima of the 
accelerating field in five periods of the plasma wave (n = 1 – 5), 
measured from the main maximum of the laser pulse ampli-
tude, followed predominantly by the wake wave generation. 
The phase velocity in the linear approximation was stimated 
under the assumption that the leading edge of the plasma 
wave moves with the group velocity of the laser pulse, which 
is determined by the linear dispersion equation, and other 
parts of the plasma wave in this approximation move at a 
velocity  determined with  a  constant  phase  velocity  propor-
tional to the integral:

( ) / dn x n x
( )

( )

e cr
ct ct

ct ctfr

x

x

+

+y

[xfr  is  the accompanying coordinate of the  laser pulse maxi-
mum; x(ct)  is  the accompanying coordinate of  the constant 
phase;  and  ne(x)  is  the  unperturbed  density  of  electrons  at 
point x].

As shown in Fig. 10, the background electrons are trap-
ped at ct » 350 mm in the second and subsequent periods of 
the wake wave (n = 2 – 5). It follows from Fig. 9 that in the 
whole interval, from ct » 350 mm (when electrons are being 
trapped) to ct » 380 mm (when accelerated electrons with 
maximum energy enter the decelerating phase of the wake 
wave, see Fig. 11), the values of the phase velocities obtained 
from the  self-consistent calculation  for all maxima of  the 
accelerating field at which the electron are trapped are sub-
stantially less than the values obtained according to a linear 
estimate of the effect of plasma nonuniformity. This indicates 
a significant contribution of nonlinear effects to a decrease in 
phase velocity, which is  important for trapping background 
plasma electrons. The linear effect of plasma nonuniformity, 
which  is  insignificant  in  the  region  of  the maximum of  the 
unperturbed plasma concentration (x » 300 mm), also makes 
a  significant contribution  to a decrease  in  the wake wave 
phase velocity with increasing distance of the laser pulse from 
the maximum of the unperturbed plasma concentration and 
with increasing distance from the generation region (see the 
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Figure 8. Velocity of the main maximum of the laser pulse ( solid curve ), 
and the estimate of the group velocity of the laser pulse using the linear 
dispersion equation in a nonuniform plasma ( dashed line ).
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dashed curves in Fig. 9). Note that at ct > 380 mm, when the 
influence of nonlinear effects weakens (laser pulse self-modu-
lation is saturated), the wake wave phase velocity, according 
to a linear estimate, for periods located sufficiently far from 
the leading front of its generation approaches the phase veloc-
ity obtained in self-consistent calculation (see curves for n = 5 
in Fig. 9).

5. Electron trapping and acceleration

Starting  from  the  instant  of  time  corresponding  to  ct » 
350 mm, when the amplitude of the laser pulse field reaches a 
maximum during self-focusing (see Fig. 3), and the develop-
ment of the pulse self-modulation leads to an efficient wake 
wave generation (see Figs 6 and 7), background plasma elec-
trons  begin  to  be  trapped  by  the  wake  plasma wave  field 
(Fig. 10a), which is produced mainly behind the main maxi-
mum of the laser pulse (Figs 10b and 10c).

The process of acceleration of trapped electrons continues 
until the accelerated electrons, keeping ahead of the wake wave, 
enter the decelerating phase of the wave (Fig. 11). In this case, 
electrons are grouped in the phase space, which is reflected in 
the formation of ‘quasi-monoenergetic’ bunches (a ‘hillock on 
the tail’ with a characteristic energy of ~ 9 MeV) in the energy 
spectrum of accelerated electrons (Fig. 12). The characteristic 
temperature Te of electrons with an energy of less than 7 MeV 
is 5.2 MeV.

With the electrons moving further in the field of the wake 
wave  that gradually attenuates as  the plasma concentration 
decreases, the electrons are mixed in phase space and a ‘tem-
perature’ distribution is formed in the entire energy range of 
accelerated electrons (Fig. 13).

Most of the electrons, entering the braking phase of the 
plasma wave, lose their energy, and the number of low-energy 
electrons (2 – 3 MeV) increases two-three times (cf. Figs 11 and 
12).  In  this  case,  the  characteristic  temperature of  electrons 
decreases and becomes equal to 1.6 MeV. The absence of elec-
trons in certain ranges for energy above 8 MeV in Fig. 13 is a 
consequence of the small number of particles used in this cal-
culation.

To compare the simulation results with the data obtained 
in experiment [3], the calculation was performed for the max-
imum electron concentration n0 = 0.19ncr, which corresponds 
to  2.1 ́  1020  cm–3.  The  energy  spectrum  of  the  accelerated 
electrons emitted from the target during the entire interaction 
time is shown in Figs 14 and 15. A decrease in the character-
istic temperature and a corresponding decrease in the number 
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Figure 11. Same as in Fig. 10, but at ct = 380 mm.
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Figure 12. Spectrum of accelerated electrons at ct = 380 mm and n0 = 
0.059ncr.
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Figure 13. Spectrum of accelerated electrons emitted from the plasma 
during the entire interaction time ( ct > 550 mm ) at n0 = 0.059ncr.
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of  accelerated  electrons  in  the  ‘tail’  of  the  distribution  (at 
energies above 5 MeV) with increasing plasma concentration 
(cf. Figs 13 and 14) is due to a decrease in the wake wave 
phase velocity and the dephasing length determined by it, 
during which electrons gain energy.

The energy spectrum in Fig. 15 is normalised to the mag-
nitude of the solid angle, into which electrons fly, for each 

energy range. The normalisation was carried out taking into 
account  the widths of  the angular distributions of electrons 
over the polar and azimuth angles. Figure 16 shows the angu-
lar distributions of a bunch of accelerated electrons emitted 
from  a  plasma  over  the  entire  interaction  time  for  various 
energy ranges. In all the figures, the azimuth angle j is mea-
sured from the z axis, and the polar angle q is counted from 
the direction of laser pulse propagation (x axis). Noticeable is 
the  strong asymmetry of  the distribution along  the y  and z 
axes. This asymmetry arises due to the linear polarisation of 
the laser pulse in the xy plane, which leads to a larger value of 
the transverse momentum in the y direction under the action 
of the electric laser field.

Goers et al. [3] measured the angular spread of electrons 
only across the direction of the laser pulse polarisation, where 
this value is much smaller than that in the direction of polari-
sation. The effective solid angle, determined by the width of 
the angular distribution only  in the measured direction (the 
spectrum of accelerated electrons was normalised to this angle 
in  [3]), was noticeably smaller than the solid angle found in 
our  calculations  taking  into  account  the  asymmetry  of  the 
emission of accelerated electrons. This circumstance determi-
nes  the  coefficient,  by which  the  simulated  spectrum of  the 
emitted electrons is multiplied (Fig. 15). The effective tempe-
rature of accelerated electrons (the slope of their spectrum 
in Fig.  15)  obtained  from 3D PIC  simulations well  agrees 
with that found experimentally  [3], which  indicates the ade-
quacy of the numerical analysis of the available experimen-
tal data.
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6. Conclusions

Using 3D PIC simulation, we have  investigated the  interac-
tion of a  subterawatt  laser pulse with a nonuniform gas  jet 
plasma. We have determined the conditions for the occurrence 
and characteristics of the processes of laser pulse self-focusing 
and self-modulation. The efficient generation of a wake plasma 
wave by a laser pulse is demonstrated under conditions when 
the pulse power exceeds the critical power for relativistic self-
focusing, determined by the local plasma electron concentra-
tion. The parameters (amplitude and phase velocity) of a wake 
plasma wave generated  in a nonuniform plasma  in  the self-
modulation regime of a laser pulse are studied. Due to a dec-
rease in the phase velocity of the wake wave and an increase 
in its amplitude during laser pulse self-modulation and self-
focusing, as well as due to the contribution of linear effects of 
plasma concentration nonuniformity to a decrease in the wake 
wave phase velocity, the background plasma electrons are 
trapped and further accelerated in the wake field. We have 
determined the energy and angular characteristics of acceler-
ated electrons. It is shown that when the acceleration region 
of  electrons  is  limited  to  the  length  of  their  dephasing,  the 
spectrum of accelerated electrons is characterised by the for-
mation of a quasi-monoenergetic electron bunch with an ene-
rgy of ~ 9 MeV and a charge of ~ 30 pC (for the considered 
parameters of the laser and plasma). The effective temperature 
of the accelerated electrons and their angular distribution, 
obtained by 3D PIC simulation, are in good agreement with 
those determined in the experiment.
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