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Abstract.  Using numerical simulation methods, we have calcu-
lated the dependences of the pulse profile and spectrum of a ring 
fibre laser in the region of anomalous group velocity dispersion on 
the length of the laser cavity and the recovery time of the nonlin-
ear absorber saturated losses. It is found that with increasing cav-
ity length the laser pulse acquires a pedestal, the positions of its 
edges corresponding to the frequencies of the Kelly sidebands. It 
is shown that the finiteness of the recovery time of the saturable 
absorber leads to an asymmetry in the profile and spectrum of the 
laser pulse. 

Keywords: soliton fibre laser, Kelly sidebands, saturable losses, 
nonlinear saturable absorber, recovery time.

1. Introduction 

Interest in fibre soliton lasers is due to the possibility of gen-
erating subpicosecond pulses directly in the laser cavity with-
out using external compression [1 – 6]. The formation of such 
pulses occurs due to the anomalous group velocity dispersion 
and  self-phase  modulation.  The  spectrum  of  a  soliton-like 
pulse  has  a Gaussian  profile with  characteristic Kelly  side-
bands  [7,  8].  The  latter  are  formed  because  of  interference 
amplification of the spectral components of the pulse, which 
due to the phase velocity dispersion acquire during the cavity 
roundtrip  a  phase  incursion multiple  of  2p,  relative  to  the 
phase  of  the  carrier  frequency  spectral  component  of  the 
pulse [7 – 9]. 

The  pulsed  laser  operation  can  be  implemented  using  a 
nonlinear  saturable  absorber,  which  allows  passive  mode 
locking.  SESAM  semiconductor  structures  and  structures 
based on carbon nanotubes are widely used as such absorbers 
[3 – 6].  The  absorber  produces  losses  saturated  by  the  laser 
pulse intensity, which are restored depending on its recovery 
time that is an important characteristic determining the maxi-
mum permissible pulse energy [9 – 12]. The recovery time of a 
nonlinear absorber can be several times longer than the pulse 
duration  [10 – 12].  The  finiteness  of  the  absorber  recovery 
time significantly affects the leading edge of the pulse, practi-
cally  does  not  affect  its  trailing  edge  [10]  and,  in  fact,  is  a 

destabilising factor leading to an increase in instabilities after 
the pulse, where the selective action of the absorber is absent 
and the gain of the active medium is preserved. This leads to 
an  increase  in  noise  and  destabilisation  of  the  laser  pulse 
[10 – 12]. 

It  should be noted  that  at  present  there  are no detailed 
data on the effect of the recovery time of saturable absorber 
losses on the pulse profile and spectrum in a fibre laser with 
different  cavity  lengths.  In  this  connection,  the  aim  of  this 
work  was  to  study  by  means  of  numerical  simulation  the 
influence  of  the  recovery  time  of  the  saturated  state  of  the 
absorber  on  the  pulse  profile  and  spectrum  in  a  fibre  laser 
with different cavity lengths in the region of anomalous group 
velocity dispersion. 

2. Description of the numerical model 

In  the  general  case,  the dynamics of  the pulse  in  the  active 
fibre  of  the  laser  cavity  is  described  by  the  nonlinear 
Schrödinger equation in the frequency representation [13]: 
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where w is the frequency detuning of the laser pulse from the 
carrier  frequency w0; z  is  the coordinate along the cavity of 
the fibre laser; 
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is  the Fourier  transform of  the self-phase modulation  func-
tion of the pulse field; bn is the group velocity dispersion of the 
pulse; g  is  the Kerr  nonlinearity  coefficient  of  the medium; 
and W  is the half-width of the parabolic-shaped gain line of 
the active medium.

Due to the group velocity dispersion and self-phase mod-
ulation,  the  instantaneous  frequency  is not  constant during 
the pulse. The distribution of frequency (wavelength) over the 
pulse duration (chirp) can be obtained from the expression 
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The pulse wavelength at time t is expressed as 
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The saturation of the active medium is determined by the 
relation 
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where  g0  is  the  small-signal  gain; Pg  is  the  gain  saturation 
power of the active medium; and TR is the cavity round-trip 
time of the pulse. The pulse energy and signal power, respec-
tively, have the form 
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The  dynamics  of  saturable  losses  of  a  passive  nonlinear 
absorber is described by the equation 

¶
¶ ( ) ( ) ( ) | ( , ) |
t
q t q t q

P
q t U z t

a a a

0
2

t t=-
-

-
u

,  (7)

where  q(t)  is  the  coefficient  of  signal  absorption  by  the 
absorber; q0 is the absorption coefficient for a weak signal; ta 
is the recovery time of the saturated state of the absorber; and 
Pa is the saturation power of the losses introduced by the non-
linear absorber. 

For a fast absorber, the condition ta << Tp holds, where 
Tp is the pulse duration. Then 
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In this case, the amplitude  ( , )U z t2
u  of the pulse transmitted 

through the absorber can be presented in the form

( , ) ( , )U z t FU z t2 1=u u ,

where  ( , )U z t1
u   is the input signal; and F  is the pulse transfer 

function of the absorber: 

F = 1 – q(t).  (9)

The  structure  of  the  fibre  laser  pulse  was  calculated 
numerically by solving Eqn (1) with the ode45 computational 
procedure of the Matlab software. The search for a solution 
was carried out in the process of multiple passage of the pulse 
through the cavity. The optimal solution was chosen accord-
ing to the condition of pulse profile stabilisation. As a rule, to 
obtain  the  optimal  solution,  100 – 150  pulse  passes  through 
the cavity were required. 

In  this work,  the  simulation was  carried  out  for  a  two-
micron ring fibre laser, the active medium of which was a sil-
ica  fibre  doped  with  Tm3+  ions.  The  laser  is  schematically 
shown  in  Fig.  1.  The  ring  fibre  laser  incorporates  a multi-
plexer ( 1 ) for delivering the pump, an active fibre ( 2 ) having 
the  length  L1,  a  power  divider  ( 3 ),  a  passive  nonlinear 
absorber ( 4 ), and a passive fibre ( 5 ) having the length L2. In 
the simulation, the frequency filtering properties of the cavity 
components were not taken into account. It was assumed that 
the  pulse  in  the  laser  cavity  propagates  clockwise  and  that 
90 % of the pulse energy is extracted from the cavity using a 
power divider [14 – 16]. 

The pulse structure was simulated for four configurations 
of the fibre laser cavity: 

1) a short-cavity laser (passive fibre length L2 = 0.5 m) and 
a saturable absorber with an infinitely short time of absorp-
tion recovery (ta = 0, ‘fast’ absorber); 

2)  a  short-cavity  laser  (L2  =  0.5  m)  and  a  saturable 
absorber with finite absorption recovery time (ta = 8 ps, ‘slow’ 
absorber); 

3) a long-cavity laser (L2 = 5 m) and a saturable absorber 
with ta = 0; and

4) a long-cavity laser (L2 = 5 m) and a saturable absorber 
with ta = 8 ps. 

Below in the text, the lasers with the cavity configurations 
1, 2, 3, 4 will be referred to as lasers 1, 2, 3, 4, respectively. 

Below we present the values of the cavity parameters of a 
ring fibre laser, which were used to simulate the pulse struc-
ture. The simulation was performed using the gain g0 corre-
sponding to a pulse with maximum energy  in a single-pulse 
regime for the period of the cavity round-trip.

3. Simulation results and discussion

As a result of the simulation, the power profiles P(z, t) and the 
spectra  of  laser  pulses  U(w,  z)  emerging  from  the  cavity 
through the power divider were calculated. In the process of 
modelling, it was assumed that the pulse energy corresponds 
to the maximum possible one under the condition of the sin-
gle-pulse generation regime. 

The power profiles (6) and transmission functions of the 
nonlinear absorber (9) obtained by the simulation for fibre 
lasers 1 and 2 are shown in Fig. 2. It is seen that the absorber 

Group velocity dispersion, b2/ps2 m–1   .  .  .  .  .  .  .  .  –0.0695

Third-order group velocity dispersions, b3 /ps3 m–1   .  .  0.0003

Fibre nonlinearity coefficient, g/W–1  m–1   .  .  .  .  .  .  .  0.0012

Gain saturation power of the active fibre, Pg /W.  .  .  .  .  .0.02

Active fibre length, L1/m   .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  .  0.3

Small-signal absorption coefficient, q0 .  .  .  .  .  .  .  .  .  .  .  0.3

Loss-saturation power of the nonlinear absorber, Pa/W   .   10

Half-width of the active medium gain line, W/ps–1 .  .  .  .  .  2.7
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Figure 1. Schematic of the ring fibre laser used to model the structure of 
a soliton pulse.
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with a finite recovery time is characterised by the presence of 
a section with small losses after the passage of the pulse. This 
leads to the appearance of an asymmetry in the pulse profile; 
its trailing edge becomes gentler than the leading one.

The following values of the pulse energy were calculated 
with the gain of the active fibre g0 = 22 m–1 for lasers 1 and 2: 
the pulse energy after the power divider E1p  =  0.62 nJ (laser 1) 
and 0.42 nJ (laser 2), and the energy of the pulse entering the 
absorber E2p = 0.07 nJ (laser 1) and 0.05 nJ (laser 2). 

Note that with the same gain g0, the pulse energy of the 
laser with a ‘slow’ absorber is lower than that of the laser with 
a  ‘fast’  absorber.  Therefore,  an  increase  in  the  absorption 
recovery time leads to a decrease in the pulse energy. 

Figure 3 shows on a logarithmic scale the profiles of the 
pulses  of  fibre  lasers  1  and  2  normalised  to  the  maximum 
value and the corresponding chirps. It can be seen from the 
figure  that  the  laser  1  pulse  chirp  has  a  symmetrical  step 
shape, and the  leading edge of  the pulse  is characterised by 
shorter wavelengths of the chirp than the trailing edge. The 
finite recovery time of the saturable absorber in laser 2 leads 
to the asymmetry and shift of its pulse chirp to the long-wave-
length region relative to the pulse chirp of laser 1. 

The  lasing  spectra  for  lasers  1  and  2  normalised  to  the 
maximum value are shown on a  logarithmic scale  in Fig. 4. 
The finite recovery time of the saturable absorber in laser 2 
leads to a shift in the spectrum of the laser pulse generation 
towards the long-wavelength region relative to the spectrum 
of the pulse of laser 1. The latter can be explained by the influ-

ence of the ‘slow’ absorber on the leading edge of the pulse, 
which  is  characterised  by  shorter  wavelengths  of  the  chirp 
than the trailing edge (see Fig. 3). The finite recovery time of 
the  saturable absorber  leads  to greater  losses at  the  leading 
edge of the pulse than at the trailing edge (see Fig. 2). In turn, 
this leads to a redistribution of energy over the pulse profile, 
as evidenced by a decrease in the area under the pulse profile 
curve in the chirp short-wavelength region and its increase in 
the long-wavelength region, and, ultimately, to a shift in the 
pulse spectrum of laser 2 to longer wavelengths. 

Figure 5 shows the calculated power profiles of the laser 
pulse and the transmission function of a nonlinear absorber 
for lasers 3 and 4. Note that the transmission function of the 
saturable absorber of laser 3 is characterised by the presence 
of oscillations that arise due to the influence of low-intensity 
pulse edges on the absorber.

The following values of pulse energy were calculated for 
lasers 3 and 4 (laser pulse energy of 3 and 4 nJ, respectively) 
with the active fibre gain g0 = 16 m–1: the pulse energy after 
the power divider E1p = 3.57 nJ (laser 3) and 3.48 nJ ( laser 4); 
the energy of  the pulse entering  the absorber E2p = 0.40 nJ 
(laser 3) and 0.39 nJ (laser 4). 

Figure 6 shows on a logarithmic scale the profiles of the 
pulse power normalised to the maximum value and the cor-
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Figure 2. Pulse power profiles and absorber transmission function for 
lasers 1 and 2.
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Figure 3. Power profiles and pulse chirps of lasers 1 and 2. 
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  A.A. Mastin, P.A. Ryabochkina822

responding chirps for lasers 3 and 4. The pulse power profiles 
of these lasers are characterised by a central peak and a low-
intensity wide pedestal with an oscillating profile. A similar 
structure of the pulse observed in the study of bound states of 
pulses in a soliton laser was described in Ref. [11]. Such a ped-
estal is not typical for lasers 1 and 2 (see Fig. 3). The appear-
ance of a pedestal on the profile of pulses of lasers 3 and 4 is 
apparently associated with an increase in the dispersion of the 
cavities of these lasers compared to lasers 1 and 2. 

The chirp of pulses in lasers 3 and 4 has a step profile with 
oscillations. The comparison of the chirp and the pulse profile 
shows  that  the wavelength of  the  leading  edge of  the pulse 
pedestal is smaller than the wavelength of the central peak. In 
this case, the trailing edge of the pedestal is characterised by a 
longer wavelength of the chirp compared to the central peak. 
The central peak of the pulse has a positive chirp, characteris-
tic of a soliton-like pulse with anomalous group velocity dis-
persion.

The pulse intensity spectra of lasers 3 and 4 normalised to 
the maximum intensity are shown in Fig. 7 on a logarithmic 
scale. It is seen that the presence of Kelly sidebands is charac-
teristic  of  these  spectra.  The wavelengths  of  the  first Kelly 
peaks in the spectra of lasers 3 and 4 coincide with the wave-
lengths of  the chirp of  the  leading and  trailing edges of  the 
pedestal of the corresponding pulses (see Fig. 6). For laser 3, 
the  wavelengths  of  the  first  Kelly  peaks  are  1920  and 
1940 nm. 

An increase in the cavity length in lasers 3 and 4 led to a 
decrease in the separation between the carrier wavelength of 
the pulse and the wavelengths of the Kelly sidebands, because 
of  which  they  appeared  to  be  within  the  gain  band  of  the 
active  medium.  These  spectral  components  were  amplified 
and formed the pulse pedestals of lasers 3 and 4. The wave-
lengths of the Kelly sidebands for lasers 1 and 2 were outside 
the gain band due to the shorter length of their cavities, and 
so the pulse pedestal was not formed. 

The chirp structure of the pulses of lasers 3 and 4 leads to 
instability of the pedestal shape during the free propagation 
of the pulse in the fibre. Due to the anomalous dispersion of 
the group velocity,  the  leading edge of  the pulse pedestal  is 
ahead of the central peak, and the trailing edge is behind it. 
The stability of the pulse pedestal shape is determined by the 
action of saturable absorber. The saturable absorber periodi-
cally corrects the shape of a pedestal spreading in time due to 
dispersion. 

In laser 3 with a ‘fast’ absorber, the pulse profile is sym-
metrical (see Fig. 6). The finite recovery time of the absorber 
losses in fibre laser 4 leads to the asymmetry of the pulse pro-
file, which ensures the redistribution of the energy of the ped-
estal over the pulse profile. The area under the curve of the 
pedestal in the chirp short-wavelength region decreases, and 
in  the  region of  the  long waves of  the  chirp  it  increases.  In 
laser 4, in contrast to laser 3, the Kelly sideband intensities are 
redistributed. It can be seen from Fig. 7 that, for laser 4, the 
intensity of  the first short-wavelength Kelly peak decreases, 
while the first long-wavelength peak increases. This redistri-
bution of the intensities of the Kelly peaks correlates with the 
rearrangement of the shape of the pedestal of the pulse profile 
(see Fig. 6). The change in the areas under the pulse pedestal 
fronts corresponding to the short-wavelength and long-wave-
length sections of the chirp is consistent with changes in the 
intensities of the corresponding Kelly peaks. 

The  finite  recovery  time  of  the  saturable  absorber  in 
laser 4 provides a shift of the spectrum of the laser pulse to the 
short-wavelength region (see Fig. 7), while in laser 2 the pulse 
spectrum shifts to the long-wavelength region (see Fig. 4). 

The short-wavelength shift of the pulse spectrum of laser 4 
can be explained by the asymmetric arrangement of the cen-
tral peak on the pulse pedestal. Due to the finite recovery time 
of the saturable absorber losses, the central peak of the laser 
pulse is shifted to the short-wavelength region of the pedestal, 
which leads to a shift in the entire spectrum.

4. Conclusions

A numerical  simulation was used  to  study  the  effect  of  the 
recovery time of the losses of a nonlinear absorber on the pro-
file and pulse  spectrum of a  thulium-doped  fibre  laser with 
different  cavity  lengths  in  the  region  of  anomalous  group 
velocity dispersion.  It  is  shown that an  increase  in  the  total 
dispersion  of  the  cavity  leads  to  the  appearance  of  a  low-
intensity wide pedestal on the pulse profile. 

The chirp of a  soliton-like pulse of  the  fibre  laser has a 
step profile. The positions of the leading and trailing edges of 
the pedestal of the fibre laser pulse correspond to the wave-
lengths of the Kelly sidebands. 

The finite recovery time of the losses in the absorber leads 
to redistribution of  the pulse pedestal energy relative  to the 
central peak, as evidenced by a decrease in the area under the 
pulse  profile  with  short  wavelengths  of  the  chirp  and  an 
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Figure 6. Pulse power profiles and chirps of lasers 3 and 4.
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increase in the area under the pulse profile with longer wave-
lengths.  The  influence  of  the  finiteness  of  the  saturated 
absorber recovery time on the laser pulse spectrum is deter-
mined by the presence of a pedestal on the pulse profile. In the 
absence of a pedestal, the finiteness of the recovery time leads 
to a shift of the laser pulse spectrum to the long-wavelength 
region, and in the presence of a pedestal, to a shift of the spec-
trum to the short-wavelength side. 

The results obtained during the simulation can be of inter-
est in the development of fibre soliton lasers. 
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