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Balance-equation method for simulating terahertz
quantum-cascade lasers using a wave-function basis
with reduced dipole moments of tunnel-coupled states

D.V. Ushakov, A.A. Afonenko, A.A. Dubinov, V.I. Gavrilenko,
0O.Yu. Volkov, N.V. Shchavruk, D.S. Ponomarev, R.A. Khabibullin

Abstract. A model based on a system of balance equations for
localised and continuum states is developed to calculate the cur-
rent—voltage (/- V) and power characteristics of quantum-cascade
lasers (QCLs) operating in the terahertz (THz) range. A method
for modifying the eigenbasis of the Schrodinger equation by reduc-
ing the dipole moments of tunnel-coupled states is proposed to take
into account the effect of dephasing on the carrier transport. The
calculated and experimental data on the current—voltage charac-
teristics and the dependence of the integrated radiation intensity on
current for the THz QCLs lasing at 2.3 THz are compared. The
calculated and measured values of the threshold current, lasing cur-
rent range, and maximum operating temperature 7,,,, are found to
be in good agreement. It is shown that 7,,,, can be increased by
25% by reducing the thickness of the top contact layer n*-GaAs of
the laser structure under study from 800 to 100 nm.

Keywords: quantum-cascade lasers, terahertz range, distributed
model, balance equations, dephasing of states, dipole moment, gain
spectra, current—voltage characteristics, threshold current, maxi-
mum operating temperature.

1. Introduction

Currently, quantum-cascade lasers (QCLs) with a double-
metal waveguide are considered to be the most promising
terahertz (THz) radiation sources [1]. Since the time the first
THz QCL was developed [2], the QCL operating characteris-
tics have been continuously improved, and now one can
design lasers with an output power of more than 2 W [3], a

D.V. Ushakov, A.A. Afonenko Belarusian State University, prosp.
Nezavisimosti 4, 220030 Minsk, Belarus;

e-mail: UshakovDV@bsu.by, afonenko@bsu.by;

A.A. Dubinov, V.I. Gavrilenko Institute for Physics of Microstructures,
Russian Academy of Sciences, Division of the Institute of Applied
Physics, Russian Academy of Sciences, Akademicheskaya ul. 7,
603087 der. Afonino, Kstovskii raion, Nizhny Novgorod region,
Russia; e-mail: sanya@ipm.sci-nnov.ru;

0.Yu. Volkov Kotel'nikov Institute of Radio Engineering and
Electronics, Russian Academy of Sciences, ul. Mokhovaya 11, 125009
Moscow, Russia;

N.V. Shchavruk, D.S. Ponomarev, R.A. Khabibullin V.G. Mokerov
Institute of Ultra High Frequency Semiconductor Electronics, Russian
Academy of Sciences, Nagornyi proezd 7, Stroenie 5, 117105 Moscow,
Russia

Received 27 May 2019
Kvantovaya Elektronika 49 (10) 913-918 (2019)
Translated by Yu.P. Sin’kov

wide frequency tuning band (~300 GHz) [4], and a possibility
of operating in the frequency-comb [5] and harmonic-genera-
tion [6] regimes. For a long time the record maximum operat-
ing temperature 7, for the THz QCLs lasing near 3.2 THz
was 200 K [7]. However, due to the improvement of methods
for simulating THz QCLs and optimising high-temperature
designs, first THz QCLs operating at 7},,,, > 200 K have been
developed [8].

The problems of increasing T),,,x are related, along with
technological factors, to the difficulties in designing the
active region, high radiation losses (exceeding 30 cm™! at
room temperature [9, 10]), and complexity of simulating
the electron transport in THz QCLs [11-14]. The reso-
nance tunnelling in multilayer superlattices with tunnel-
coupled quantum wells (QWSs) is the critical transport
mechanism, which has been actively studied, both theoreti-
cally and experimentally [15-17]. The effects of resonance
tunnelling and localisation of wave functions due to the
dephasing scattering are most important when describing
the transport between two weakly coupled energy states,
which arise in a QCL in the case of tunnelling through the
injector barrier. This is especially important for the THz
QCLs, in which the optical transition energies are ~10
meV. Hence, the injector barrier layers should be suffi-
ciently thick in order to reduce the energy splitting to ~1
meV; this reduction should provide selectivity of electron
injection to the upper laser level. An increase in the thick-
ness of the injector barrier layer leads to an incoherent
transport during electron tunnelling (the tunnelling prob-
ability decreases because of the elastic intersubband scat-
tering mechanisms) and reduces the electron transport effi-
ciency through the injector [17].

The following two approaches are widely used to
describe the coherent electron transport when simulating
optical and electron transitions in THz QCLs: (i) analysis
with application of the nonequilibrium Green’s functions
[11] and (ii) calculations based on the density matrix for-
malism using the Monte Carlo method [12]. However, the
applicability of these methods requires enormous compu-
tational power. At the same time, the calculations of gain
based on the use of eigenstates of the Schrodinger equation
yield overestimated gain values and numerous resonances
in the /- V characteristic, which is in poor agreement with
the experimental data.

In this study, we applied a special algorithm for trans-
forming the basis states of the Schrodinger equation, which
makes it possible to separate spatially wave functions with
close energies and reduce the dephasing rate of basis states.
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2. Dephasing of tunnel-coupled states

Calculations based on the use of eigenstates of the Schrodinger
equation for the entire active region of a THz QCL yield fairly
large gain values and numerous resonances in the /- ¥ char-
acteristic, which is inconsistent with experimental data. This
is due to the complete spatial coherence of the obtained wave
functions, which, in the case of degeneracy of energy levels,
may be significantly extended (because of the electron tunnel-
ling to neighbouring QWSs). The presence of different scatter-
ing mechanisms violates this coherence (i.e., dephasing of
quantum states occurs), and the tunnelling probability
decreases. To provide coherence of basis states, the wave
functions with close energies should be minimally extended
(localised) and spatially separated. The transition from the
basis of wave eigenfunctions of the Schrodinger equation,
¢;(z), to the localised basis ¢;10(z) can be implemented using
an orthogonal transformation of N states,

(piloc(z) = zaij(pj (Z)’ = 1! ERE) Na (1)
J

in which the average coordinates

fz¢%loc (Z) dZ

of the states are maximally spaced. Mathematically, this
localisation of a set of basis states comes to reduction of the
quadratic form

Z 2y iy iy
A

to the canonical form and, furthermore, to determination of
the eigenvectors of the matrix of dipole matrix elements

2 = [0 ()=

To provide participation of only tunnel-coupled states
with close energies in the localisation, we normalise addition-
ally the matrix elements z:

|Ei_Ef|)

Yloc (2)

i = ZﬁL<

Here, L(x) is the localisation function; E; s are the energies of
levels i and f, respectively; and y,,, is the localisation parame-
ter. The transformation coefficients a;; are found as eigenvec-
tors of the matrix

* *
21 Z12

231 Zzz e (3)

The form of the localisation function was chosen by us empir-
ically. Since the influence of dephasing is significantly reduced
when energy levels are spaced by a value exceeding the level
broadening energy, the localisation function should rapidly
decrease with increasing argument, and the function width
should be close to the broadening energy. For numerical cal-
culations performed with a limited number of basis functions,
it is expedient to choose a localisation function that is non-
zero in only a specified range:

(T =lx]")", <1,
0, |x=1.

Lix) = { @)

The results reported in this paper were obtained at n = 1 and
m=3.

3. System of balance equations for one cascade

In the first stage of QCL calculation, the integral characteris-
tics of one cascade were determined as functions of applied
voltage V. To this end, we solved the Schrodinger equation
and found the energy levels and wave functions [13], after
which the wave functions were localised. Then we calculated
the matrix elements of the dipole transitions, probabilities of
scattering from optical phonons and impurities, and the elec-
tron—electron scattering probability in the approximation of
thermodynamic equilibrium in subbands. The tunnel transi-
tion probability was calculated in the random-phase approxi-
mation, assuming that the lines had Lorentzian profiles. The
level populations n; were found from the system of balance
equations for one cascade:

dn;
B S

J#i J#i

nj)S—T”f =1l (5

esci Tesc

Here, 7;; are the times of nonradiative transitions from level i

to level j; g;; are differential gains; 7., is the electron escape
time from a localised level to continuum states; S is the pho-
ton surface density in a cascade; and v, is the group velocity
of light. The escape times were estimated from the wave-func-
tion amplitudes in the continuum, similarly to the lifetimes of
optical modes in a cavity [18]. It was necessary to perform
analysis with allowance for the escape to continuum because
of the use of a limited basis of wave functions, which does not
take into account the entire set of continuum states.

The system of equations (5) is an eigenvalue and eigenvec-
tor problem. We used the eigenvector corresponding to the
longest effective escape time 7., as a desired solution, simi-
larly to the choice of optical cavity mode with the highest Q
factor. The total concentration of electrons on the levels was
equated to the donor concentration. In the absence of escape,
the desired eigenvalue of the matrix of system of equations (5)
is identically zero (o = ©0), and the solution to the system is
equivalent to the solution to a system of degenerate equa-
tions.

The current density through the cascade and the escape
current density were found from the expressions

. n; n;
jlac(VIaNd)Ze Z z T__T_/+Ugg1](nz_nj)s s
E>EE<ELY Ji
(6)

N,
Jcsc(VisNd) - € 4 .

The gain spectrum was determined as in [19, 20], with allow-
ance for the contribution of nonresonant transitions,

°
GO) = Fgromd , le,,l (= ) [Fy(hv, E; — E))

Ej (/’l\), E}' - Ez)] > (7)
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where v is the radiation frequency; n, is the refractive index of
the active region; d is the structure period; and n; and Ej; are,
respectively, the surface concentrations of charge carriers and
energies of levels 7 and j. The form factor of a spectral line was
taken in the form of modified Lorenzian:

i 1

FwAEy=20_ 1
(v, AE) T (hv — AE)> + 77

><2[1 + exp(hvk_iTAE)]il[l + exp(—hvljiTAEﬂil. ®)

Here, y; is the broadening parameter, which takes into
account the lifetimes of the corresponding levels. The addi-
tional exponential factor, which diminishes the form factor
in the short-wavelength spectral region, took into account
the many-body effects of electron—electron interaction, as
in [21].

4. Distributed electrophysical QCL model

The functional dependences (6) and (7) were used to construct
a distributed model of the QCL active region, which took into
account the carrier transport over localised and continuum
states:

dnloc I = 1 . Neont

dr — _Evjloc(l/i3nloc) - a]esc(l/lan]oc) + Tcap > (9)
dneon _ 1y, Vun )+L. (Vinp,) — Zent — (10)
_df = ° Jeont \ V15 Pleont ed Jese (V15 Mo Teap ’
ds
& = v (Gme) = @)S, an

where 7, is the localised-carrier concentration; 7., is the
carrier concentration in the continuum; 7., is the effective
carrier capture time into QW; G(V,n;,.) is the gain at the las-
ing frequency; and « is the loss factor. The current densities
were assumed to be proportional to the localised-carrier con-
centrations in the cascade:

i H LT
Jloc(VIsnloc) :]loc(VIrNd) 1{] 5
d
(12)

n
VCSC V7 n OC. = .CSC VB N loc .
Jese (Vs M10e) = Jese (V1> Ng) N,

With allowance for the high strength of the electric fields used
to form inversion, the carrier transport with participation of
continuum states was calculated in the saturation regime
according to the formula

jcont( Vla ncont) = @NcontVdrifts (13)
where vy,ir is the electron drift velocity.

On the assumption that the laser is fed by a dc voltage
source, the total current density through the structure con-
taining N, cascades at a zero contact resistance was deter-
mined as

.1 . .
J= di/(]loc +]cont)dZ~ (14)

5. Results and discussion

The proposed calculation method was verified using a THz
QCL whose active region was based on a cascade consisting
of four GaAs/Aly ;5GaggsAs QWs with a resonance-phonon
depopulation scheme for the lower laser level and a lasing
frequency of about 2.3 THz. The layer thicknesses (in nm) in
one cascade, beginning with the injector barrier, are as fol-
lows: 5.7/8.2/3.1/7.1/4.2/16.1/3.4/9.6, where the GaAs QW
thicknesses are in bold type. The central part of the wide QW
is doped with donor Si impurity to a sheet concentration of
3.1 x 10'° cm™. The calculations were performed assuming
the height AE, of Alj 15GajgsAs potential barriers in the con-
duction band to be 141 meV.

Figure 1 shows the results of calculating the operating
level energies and wave functions for the structure under
study. The levels in the cascade n are enumerated from 1 to 5.
The upper laser levels are the 2nd level of the (n—1)th cascade
(2, n—1) and the 5th level of the nth cascade (5, n). The lower
laser levels are (4, n) and (3, n). The electron density of eigen-
states 1 and 4 of the Schrodinger equation (Fig. 1a) is distrib-
uted over five neighbouring QWs (two QWs forming the elec-
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Figure 1. Energy profile of the conduction band diagram, energy levels,
and (a) the wave eigenfunctions of the Schrédinger equation and (b) the
basis wave functions after the localisation procedure at V'; =40 mV and
T = 58 K. The number of arrows in panel (b) is proportional to the cur-
rent density through cascade.
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tron injector/extractor of the (n—1)th cascade, two narrow
QWs with a radiative THz transition in the nth cascade, and a
wide QW —electron extractor/injector in the nth cascade). The
localisation procedure was performed using function (4) with
a half-width of 2 meV. After the localisation (Fig. 1b) the elec-
tron density of basis state 4 is concentrated mainly in the wide
extractor/injector QW and in the double radiative QW of the
nth cascade, while the electron density of basis state 1 is
localised in the wide extractor/injector QW of the nth cascade.
The matrix element of the dipole moment z( ,_1)_,n
decreases from 23.5 to 0.5 nm. A similar situation occurs with
the wave functions of basis states 2 and 5, which are localised
in the double radiative QW (Fig. 1b). Here, the matrix ele-
ment of the dipole moment z, ,_1)_s, ) decreases from 9.5 to
1.4 nm. Because of the larger energy spacing between these
levels, the decrease in the matrix element is smaller than for
the pair of levels 1-4. Since the energy gap between the THz
QCL lasing levels (hv ~ 9.5 meV) is comparable with the
energy level broadening, the localisation procedure affects also
the matrix elements of the dipole moments of laser transitions.

Note that the localisation procedure leads to a decrease in
the transition rate between the laser levels due to the scatter-
ing with participation of optical phonons and impurities and
the electron — electron scattering by an order of magnitude or
even more. Under these conditions, the processes of electron
tunnelling between levels begin to affect the effective lifetime
of electrons on these levels.

At a voltage of 7} = 40 mV across one cascade in the
studied structure, a phonon resonance is implemented for the
transitions 3« 1 and 4 1, i.e., the energy gap between these
levels is close to the longitudinal optical phonon energy in
GaAs (Ero = 36 meV). Tunnel transitions occur through the
following chain of levels: (1, n—1)« (2, n—1)« (5, n) < (4, n).
With an increase in 7 to 46 mV, the tunnel transitions 5 3
and 34 are added. A decrease or increase in voltage with
respect to the working value leads to an increase in the spac-
ing between the levels and reduction of the tunnel transition
rate between them. This gives rise to an ascending/descending
branch of the /- V characteristic (Fig. 2).

The 7-V characteristic of one cascade, obtained using the
basis of wave eigenfunctions of the Schrodinger equation (11
basis functions) without the localisation procedure, yields
multiply overestimated current values at the operating volt-
age, as well as numerous narrow minor resonances (Fig. 2a).
This is caused, as was noted above, by the large spatial exten-
sion of tunnel-coupled wave functions, which in reality is lim-
ited by dephasing processes.

The maximum gain values, G, = 41 and 24 cm™! for 7=
58 and 100 K, respectively, are implemented at '} = 48 mV,
which corresponds to the descending branch of the 7—V char-
acteristic of one cascade (Figs 2b and 2c). The G, value
decreases with a rise in temperature, and the THz radiation
loss in the waveguide increases (Fig. 3). The total loss coeffi-
cient «z, which takes into account the losses on the gold clad-
dings of double-metal waveguide, on cavity mirrors, and on
free carriers, as well as the losses due to the absorption by
optical phonons, was calculated for a 12-um thick waveguide
(the THz QCL active region) [10]. The QCL active region in
the structure under study is enclosed between two contact lay-
ers with a dopant concentration of 5x 10'® cm: the bottom
contact layer n*-GaAs having a thickness d,, = 50 nm and the
top contact layer n*-GaAs with a thickness d, = 800 nm.
Figure 3 shows also the results of calculating the loss factor
for d; = 100 and 400 nm.
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Figure 2. Dependences of the current density j, through cascade and
gain G at a frequency of 2.3 THz on the applied voltage V|: (a) without
the localisation procedure at 7= 58 K and (b, ¢) after the localisation at
T = (b) 58 and (¢) 100 K.

At T=50 K the loss at a frequency of 2.3 THz is 5, 7, and
12 em™! for d, = 100, 400, and 800 nm, respectively. With an
increase in temperature one can observe a sharp rise in a for
all thicknesses ;. The maximum operating temperature 7y,
at which the maximum gain drops to the loss level (G = @
= 23 cm!) was calculated to be 100 K for d, = 800 nm. A
decrease in d; from 800 to 100 nm allows one to reduce sig-
nificantly the loss and thus increase 7, to 125 K. As was
shown in [22, 23], taking silver as a material for double-metal
waveguide plates, one can reduce additionally the loss by
~2 cm™! and increase the THz QCL working temperature to
135 K.

The calculation of the /—V characteristic and the depen-
dence of total radiation intensity on current was based on the
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Figure 3. Temperature dependences of the maximum gain G, (solid
lines) for V| = 40, 44, and 48 mV and total loss a (dash-dotted lines) at
a frequency of 2.3 THz for the QCL structure with n*-GaAs top contact
layer thicknesses d, = 100, 400, and 800 nm and the corresponding max-
imum operating temperatures 7, = 125, 116, and 100 K.

distributed model described in Section 4. The following geo-
metric characteristics of the THz QCL were used: laser cavity
length 1 mm, laser cavity width 100 um, and active region
thickness 12 um. The parasitic contact resistance was assumed
to be 3 Q. With allowance for the high reflectance (R ~ 0.9)
of THz radiation from the cavity faces, the effective loss fac-
tor did not exceed 1 cm™'. The results of calculating the /— V'
characteristic and the dependence of total radiation intensity
on current are shown in Fig. 4. In the ascending branch of the
I-V characteristic for the structure under study, the current
escape to the continuum, being weak, affects only slightly the
output characteristics, and the electric field is practically
homogeneous throughout the entire structure. In this case,
the differential resistance of the laser structure is larger than
in the lasing regime. Calculations shows that the steady-state
solution to the system of equations (8)—(10) is unstable on the
descending branch of the /- ¥V characteristic, and domains of
strong electrical field arise in the structure.
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Figure 4. Experimental (solid lines) and calculated (dash-dotted lines)
IV characteristics and current dependences of the total radiation in-
tensity for the QCL with a lasing frequency of about 2.3 THz at a tem-
perature 7= 58 K. The inset shows the experimental temperature de-
pendence of the total radiation intensity in the range from 21 K to the
maximum operating temperature 7y, = 106 K.

The multilayer GaAs/Aly 15GaggsAs heterostructure with
the active region design used in the calculations (see above)
was grown by molecular-beam epitaxy on a semi-insulating
3-inch GaAs substrate (Trion Technology, Tempe, Arizona,
United States). The thicknesses of the top and bottom n*-
GaAs contact layers were, respectively, d, = 800 nm and d,, =
50 nm. A THz QCL with a double-metal waveguide based on
gold was fabricated according to the technology described in
detail in [24, 25]. The technique for measuring the /— V" char-
acteristics and current dependences of total radiation inten-
sity was reported in [26, 27].

A comparison showed good agreement between the simu-
lation and experimental results, including the shape of the
I-V characteristic, the current dependence of the total radia-
tion intensity, the values of operating currents and voltages,
and the presence of kinks at the lasing threshold (see Fig. 4).
The presence of kinks in the experimental dependence of total
intensity radiation on current may be due to a change in the
mode structure of laser radiation (the so-called mode hop-
ping) with an increase in the pump current amplitude [28],
which was disregarded in the calculations. Some features of
the experimental dependence of the total radiation intensity
on current (spikes and dips) may be related to the absorption
of radiation by water vapour, because there are several the
so-called transparency windows and strong-absorption
regions in the range of 2.2—2.3 THz [29].

At T=58 K, the THz QCL lasing occurred in the current
range of 0.45-0.55 A, which is in good agreement with the
calculated operating range of 0.45-0.60 A (Fig. 4). We believe
the termination of THz QCL lasing at 0.55 A to be related to
the formation of a region of negative differential resistance,
which generates electrical instabilities (for example, electric
field domains), leading to a sharp decrease in the lasing
power.

The temperature dependence of the THz QCL total radia-
tion intensity is shown in the inset in Fig. 4. The T,,,, value
for the THz QCL was measured to be 106 K, which is close to
the calculated value T},,, = 100 K (see Fig. 3). As was shown
in [10, 22], a large contribution to losses is made by absorp-
tion on free carriers in heavily doped n*-GaAs contact layers.
The calculation results suggest that an efficient way to
increase T, to 125 K for the THz QCL under study is to
etch the top contact layer 7,,,,-GaAs to a thickness d; =
100 nm.

6. Conclusions

We developed a balance-equation method implying the use of
basis wave functions with reduced dipole moments of tunnel-
coupled states for calculating the THz QCL characteristics.
An algorithm was proposed to take into account the dephas-
ing when using an arbitrary number of basis states. A distrib-
uted QCL model was developed, which takes into consider-
ation the carrier transport through localised and continuum
states. The proposed model makes it possible to describe the
current—voltage and power characteristics of a QCL, as was
evidenced by good correspondence between the calculated
and experimental dependences for the THz QCL with a lasing
frequency of about 2.3 THz. In addition, the proposed model
made it possible to calculate the maximum operating temper-
ature for the laser under study; it turned out to be 100 K, i.e.,
close to the measured value T}, = 106 K for the THz QCL
with a 800-nm-thick top contact layer n*-GaAs. The simula-
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tion demonstrated a possibility of increasing 7p,,, to 125 K
for the THz QCL by decreasing the thickness of the top con-
tact layer n*-GaAs to 100 nm.
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