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Abstract.  Differential dynamic polarisability of the inner-shell clock 
transition at a wavelength of 1.14 mm in the thulium atom is mea-
sured by the method of precision laser spectroscopy in the spectral 
range of 800 – 860 nm. Experimental data approximated by a theo-
retical model yield the probability of the transition at l = 809.5 nm: 
A809.5 = 460(70) s–1. The values of two magic wavelengths are obt-
ained experimentally, namely, lm1 = 807.727(18) nm and lm2 = 
813.3(2) nm, the wavelength of lm1 being determined for the first 
time. Main parameters of an optical lattice at these wavelengths 
are compared and a conclusion is made that trapping thulium atoms 
in an optical lattice at lm2 is preferable for optical clock operation.

Keywords: polarisability, magic wavelength, optical clock, clock tran-
sition, ultra cold atoms, thulium.

1. Introduction

High accuracy of optical frequency references gives a chance 
to perform unique experiments aimed at studying a possible 
drift of fundamental physical constants,  testing general the-
ory of relativity, searching for dark matter and so on [1 – 3]. 
Sensitivity of the transition frequency to gravity potential 
opens possibilities  to draw maps of  the Earth gravitation 
field, which requires a high-accuracy transportable optical 
clock [4]. The limiting characteristics of optical frequency ref-
erences can be obtained by either controlling  the heat envi-
ronment of atoms with a high accuracy [5 – 7], or using cryo-
genic  systems  [8, 9],  or  searching  for  systems  insensitive  to 
thermal radiation [10 – 12].

Inner-shell transitions in some atoms of lanthanide group 
possess a low sensitivity to thermal radiation. Earlier, we have 
shown [13] that a relative frequency shift at a temperature of 
300 K for the inner-shell clock transition 1.14 mm in the thu-
lium atom is as low as 2.3(1.1) ́  10–18; thus, there is no need 
to stabilise the temperature of the environment.

The sensitivity of the transition frequency to thermal radi-
ation and external electrical fields is determined by its differ-
ential polarisability. The method for calculating a differential 

polarisability described in [14 – 16] is based on using the val-
ues of energy and probability for all transitions from lower or 
upper  levels of  the clock transition (including transitions  to 
continuum). This approach is also used for preliminary esti-
mation  of  the  magic  wavelengths  for  clock  transitions  at 
which the differential dynamic polarisability turns to zero. A 
calculation error depends on the accuracy of determining 
energies  of  known  transitions,  their  probabilities  and  some 
other factors. Trapping atoms in an optical lattice at a magic 
wavelength  provides  precision  spectroscopy  of  a  clock 
transition  and makes  it  possible  to  realise  an  optical  clock 
with a relative uncertainty reaching 10–18 [6, 17].

Calculations  performed  by  our  group  [14]  have  shown 
that in the range of 800 – 860 nm, one may expect at least one 
magic wavelength for the inner-shell transition in the thulium 
atom. Indeed, measurements performed [13] succeeded in fin-
ding the magic wavelength equal to 813.320(6) nm. Its exis-
tence and position are mainly determined by a near-lying tra-
nsition from the upper clock level |4f13(2Fo)6s2; J = 5/2ñ ®  
|4f12(3F4)5d3/26s2; J = 7/2ñ at a wavelength of 809.5 nm. In the 
present work, a spectrum of the differential polarisability  is 
recorded for clock levels, and its improved theoretical model 
in the wavelength range of 800 – 860 nm is developed. By using 
the  suggested model,  characteristics were determined of  the 
transition |4f13(2Fo)6s2; J = 5/2ñ ® |4f12(3F4)5d3/26s2; J = 7/2ñ 
at a wavelength of 809.5 nm which has not been studied yet. 
The position of one more magic wavelength in this range was 
found and  compared  to  the previously  determined magic 
wavelength.

2. Model of the spectrum of differential  
dynamic polarisability

The energy level diagram of the thulium atom, which deter-
mines the spectrum of differential polarisability in the range 
of 800 – 860 nm, is shown in Fig. 1. Atomic energy levels shift 
in the presence of an external electromagnetic radiation due 
to the Stark effect. As a result, the frequency of the transition 
between  levels |F, J, mFñ ® |F', J', m'Fñ  changes acc ording  to 
the formula

Dn = – 2
hc
a0
3p

- ]a,mF,F[ , ,J J F mFa l l l Ieff,  (1)

where a0  is  the Bohr radius; h  is  the Planck constant; c  is 
the speed of light; Ieff is the radiation intensity; and  , ,J F mFa  
is the dynamic polarisability of the level |J, F, mFñ in atomic 
units  (here,  J  is  the  angular  momentum  of  the  electron 
shell, F is the total angular momentum of the atom, and mF 
is  the projection of  the  total angular momentum).  In  this 
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case,  Da  =  - a,mF,F , ,J J F mFa l l l is  the  differential  dynamic 
pola risability of the transition. In the present paper, we use 
atomic units for polarisability: 1 a.u. = 4pe0 a30.

The polarisability of the atomic level  , ,J F mFa  in the linearly 
polarised electromagnetic field comprises scalar aSJ and tensor 
aTJ components [16]:

, ,J F mFa  = aSJ + 
( )
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F F
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3 1
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where the curly brackets denote Wigner's 6-j symbol; q is the 
angle between light radiation polarisation and the quantisa-
tion axis; and I is the atom nuclear spin.

The scalar and tensor polarisabilities are found from the 
sum over all possible transitions from the level studied (here-
inafter, the studied level is one of fine sublevels of the ground 
state):
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where Jk is the moment of an electron shell for the level k; Ak 
is the probability for a transition between the studied and kth 
levels; wk is the circular frequency of the transition; and w is 
the circular frequency of a light source.

Tabulated  experimental  data  for  the  parameters Ak  are 
inc omplete [18]; hence, in polarisability calculations we need 
theoretical estimates  for  the transition probabilities.  In par-
ticular,  as  far  as  the  clock  transition  in  the  thulium  atom 
|4f13(2Fo)6s2; J = 7/2, F = 4, mF = 0ñ ® |4f13(2Fo)6s2; J = 5/2, 
F = 3, mF = 0ñ is concerned, among many transitions in the 
region of interest l > 800 nm, experimental data are available 
only for the transition at 806.9 nm possessing the probability 
of  7.5(1.1) ́  103  s–1  [19, 20]. Theoretical  estimates  of  transi-
tion  probabilities  were  obtained  by  using  Cowan’s  atomic 
structure code [14, 21]. In turn, it was shown [14] that the con-
tributions  into  a  continuous  spectrum  of  transitions  from 
both of the clock levels are rather close and do not substan-
tially affect a value of the differential polarisability.

3. Experiment

For determining the differential dynamic polarisability, thu-
lium atoms are prepared at a temperature of about 10 mK. An 
atomic cloud  is  cooled by  the method of double-stage  laser 
cooling  [22] with  the  following  recapturing of  atoms  into  a 
one-dimensional  vertical  optical  lattice  trap  inside  an 
enhancement cavity at a certain wavelength [23]. The radiation 
power P inside the cavity is mea sured by a calibrated photodi-
ode  placed  behind  the  outcoupling  mirror  with  a  known 
transmission  coefficient  (Fig.  2),  whereas  the  beam  waist 
radius w = 126 mm is determined by the cavity geometry. In 
experiments,  the  radiation  power  ins ide  the  cavity  varied 
from 1 to 3 W, which corresponds to the antinode intensity of 
16 – 42 kW cm–2 (a depth of the trap in temperature units is 
6.5 – 20 mK).

Thus, intensity Ieff = 8hP/(p w2) included in (1) is related to 
the lattice antinode intensity by the coefficient h £ 1. Atoms 
in the lattice have non-zero temperature and fill several vibra-
tional levels, which reduces the radiation intensity accepted 
by atoms. In our experiments, the polarisation of the optical 
lattice  emission  coincides  with  a  direction  of  the  magnetic 
field, which defines  the quantisation axis  (Fig. 2). The  laser 
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Figure 1. Energy  levels  of  thulium  atoms,  which mainly  determine  a 
spectrum of differential dynamic polarisability in the range 800 – 815 nm. 
All the transition probabilities are taken from papers [18, 25]. Hyperfine 
level splitting is not shown.
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Figure 2. Schematic of  an  experiment on determining  the differential 
polarisability of the clock transition: 
( B0 ) magnetic field, which determines a quantisation axis; ( Ph D) pho-
todiode for measuring the lattice emission power; ( Elattice ) and ( E1.14 ) 
polarisation vectors for the optical lattice and for radiation at 1.14 mm, 
respectively; ( Tm ) position of the atomic cloud in the lattice. The radia-
tion of a Ti : sapphire laser, which forms the optical lattice, passes from 
below.
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radiation used for exciting the clock transition is adjusted in 
resonance with the transition between sublevels |F = 4, mF = 
0ñ ® |F' = 3, m'F = 0ñ, and its frequency can be scanned by an 
acousto-optical modulator for measuring a transition excita-
tion  profile.  The  contrast  of  an  absorption  spectrum  is 
increased by optically pum ping the sublevel |F = 4, mF = 0ñ 
[24]. Precision spectroscopy of atoms trapped in the lattice by 
using a narrow-band laser at a wavelength of 1.14 mm makes 
it possible to measure the frequency shift of a clock transition 
caused by an optical lattice. This shift turns out to be propor-
tional to the differential dynamic polarisability of radiation:

Dn = – 
hcw

a
P

16
2

0
3h

aD .  (7)

According  to calculations  [14], magic wavelengths are 
expected in the range of 800 – 815 nm. An optical lattice was 
formed by the radiation of a Ti : sapphire laser, which wave-
length varied  in  the  range of 800 – 860 nm. Thus,  the entire 
search range of magic wavelengths was covered, which made 
it possible then to approximate data accurately.

While  developing  a model  for  approximation of  experi-
mental  data,  in  (4)  one  can  select  two  kinds  of  summands 
depending on the resonance and nonresonance character in the 
wavelength range in question. The first group includes contri-
butions of transitions from the clock level with wavelengths 
806.9 and 809.5 nm (the corresponding electron configuration 
and other parameters are presented in Fig. 1). A contribution 
of  probabilities  for  other  transitions  into  the  differential 
polarisability A(w) weakly depends on the wavelength in the 
considered range and varies from – 0.269 to – 0.270 a.u. [14]. 
Thus,  experimental  data  were  approximated  by  using  the 
model:
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Expression (8) comprises three free parameters: unknown tra-
nsition probability A809.5, the coefficient h, which character-
ises an effective field intensity of the lattice, and shift a0 inde-
pendent of frequency, which is related to inaccuracy of calcu-
lation  of  a  contribution  from  nonresonance  transitions.  In 
experiments, we have chosen  the polarisation of  the optical 
lattice corresponding to q = 0 in (2), and detected the shift of 
the hyperfine component |F = 4, mF = 0ñ ® |F' = 3, m'F = 0ñ of 
the clock transition. Coefficients at summands in expression 
(8) were calculated from formulae (2) – (6).

The approximation yielded the following parameter values:

h = 0.68(9),

A809.5 = 460(70) s–1,  (9)

a0 = – 0.11(6) a.u.

The transition probability A806.9 = 7.5(1.1) ́  103 s–1 mea-
sured earlier  in  [20]  introduces the main error  into approxi-
mation parameters. Correctness of the model is confirmed by 
the reduced parameter c2 = 1.8, which is close to unity. The 
value  of  parameter  h  agrees  with  the  theoretical  estimate 

made  in  [13] h =  0.76(15). A  small  value of a0  comparable 
with the error confirms correctness of the theoretically calcu-
lated contribution from other atomic transitions into the dif-
ferential polarisability.

4. Results

Figure 3  shows  two domains where  the differential polaris-
ability D a  turns to zero, which corresponds to magic wave-
lengths. By using the model approximation described above 
one  can  determine  the  values  of  the  latter,  namely,  lm1  = 
807.727(18)  nm  and  lm2  =  813.3(2)  nm.  Importantly,  the 
value found for lm2 coincides with that obtained in [13] within 
the experimental error. The lower accuracy of the found lm2 in 
this case relates to the employment of the model for differential 
polarisability  of  clock  levels  in  a  wide  range  800 – 860  nm, 
whereas the value in [13] was measured in the immediate vicinity 
of  this  wavelength.  The  corresponding  derivatives  for  the 
approximation function at the magic wavelengths are d a/d l| m1 
= –1.39(20) a.u. nm–1 and d a/d l| m2 = – 0.087(12) a.u. nm–1. 
The  measurement  error  of  a  magic  wavelength  is  mainly 
determined by the corresponding derivative and the error in 
a0 in (8). Since both the magic wavelengths fit the operation 
range of Ti : sapphire or semiconductor lasers, it is necessary 
to compare prospects  for their employment  in optical clock 
development.

The  derivative  d a/d l| m2  is  approximately  16  times  less 
than d a/d l| m1, which softens requirements for the accuracy 
of  laser frequency stabilisation system for an optical  lattice. 
Obt aining the relative frequency instability of a clock transi-
tion at a level of 5 ́  10–18 in an optical lattice with the inten-
sity Ieff = 45 kW cm–2 (the lattice depth in this case in the units 
of recoil energy is 300 Erecoil) requires the accuracy of adjust-
ing to lm2 of about 3 MHz. For lm1, the laser frequency should 
be stabilised more accurately at a level of 200 kHz, which sub-
stantially  complicates  the problem and  requires additional 
technical solutions.

In turn, the tensor component of the differential dynamic 
polarisability included in (1) and (2) is seven times less for the 
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magic wavelength lm2 than for lm1. Hence, in the case of equal 
accuracy of adjusting the angle of optical lattice polarisation, 
the corresponding contribution into the frequency error of a 
clock transition in under operation at lm2 will be lower by an 
order of magnitude.

The detuning  from nearest  resonance  transitions  affects 
the rate of optical  lattice photon scattering on atoms and 
atom heating. The rate of scattering can be estimated by using 
the formula from [14, 16]:

G (w)0 ® 0 = Ieff 
6

( )h
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k

k

k k
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2 2
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w w
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2 1
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+ e o ,  (10)

where Gk  is  the  rate of  spontaneous decay  for  the  level k  (for 
example,  the  values of G806.9  and G809.5  are determined by  the 
decay to the fundamental level as one can see from Fig. 1), bra-
ckets denote Wigner's 3-j symbol. For a rate of scattering pho-
tons of the optical lattice that has the intensity of 45 kW cm–2 
from the upper level of the clock transition we have G (lm1) » 
G (lm2) » 0.1 s–1. Note that the transitions 806.9 and 809.5 nm 
are sufficiently far from both the magic wavelengths and have 
small probabilities. Hence, those make a small contribution 
into the scattering rate: approximately only 5 % and 0.7 % of 
the total decay value for lm1 and lm2, respectively. However, 
proximity of these resonances affects the contribution of hyp-
erpolarisability into a frequency shift of the clock transition. 
Estimates  performed  in  [14]  show  that  the  contributions  of 
hyperpolarisability for the optical lattice with an intensity of 
45 kW cm–2 are less than 1 Hz and 10 mHz for magic wave-
lengths lm1 and lm2, respectively.

Thus, we can unambiguously conclude that  the employ-
ment of the wavelength lm2 = 813.3 nm will provide obtaining 
a higher operation accuracy of an optical  clock on  thulium 
atoms.

5. Conclusions

A spectrum of differential dynamic polarisability of the clock 
transition  1.14  mm  in  the  thulium  atom  is  recorded  in  the 
wavelength  range of 800 – 860 nm. The  two magic wavelen-
gths are found at lm1 = 807.727(18) nm and lm2 = 813.3(2) nm, 
the wavelength lm1 being determined  for  the  first  time. The 
probability  of  the  transition  |4f13(2Fo)6s2;  J  =  5/2ñ  ® 
|4f12 (3F4)5d3/26s2; J = 7/2ñ from the upper clock level is deter-
mined by using  the model  developed. A  comparison of  the 
two magic wavelengths shows that the employment of lm2 in 
an optical clock is preferable because at this operation point, 
the optical clock is less sensitive to a wavelength of the optical 
lattice and to angle of polarisation of optical lattice emission 
relative to the magnetic field direction; the value of hyperpo-
larisability is also less.

It  is shown that by using the optical  lattice at the wave-
length lm2 = 813.3 nm one can control the relative shifts of a 
clock transition related to the optical lattice with an accuracy 
better than 10–17. Works on creation of an optical clock based 
on the inner-shell transition in the thulium atom are under-
way in laboratories of Lebedev Physical Institute.
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