Quantum Electronics 50 (5) 447-453 (2020)

©2020 Kvantovaya Elektronika and IOP Publishing Limited

https://doi.org/10.1070/QEL17284

Influence of birefringent fibre joints on the visibility drift

in a Mach—-Zehnder interferometer

G.M. Krylov, O.V. Fat’yanov, A.V. Duplinskii

Abstract. 1t is shown that imperfect joints of linear birefringent fib-
res in a fibre interferometer may result in an uncontrolled visibility
drift under varying environmental conditions even with a standard
phase matching device. As an example, a double Mach—Zehnder
interferometer is considered, which is employed in schemes of quan-
tum key distribution. Results of numerical simulation demonstrate
the standard deviation of the quantum bit error rate (QBER), which
is comparable to an average QBER value.

Keywords: quantum key distribution, visibility, polarisation extinc-
tion ratio, interferometer.

1. Introduction

Presently, interferometric devices are widely used in many
fields of science and technology. They are employed in
machine-building [1], astronomy [2], microscopy [3], opto-
electronics [4,5], optical sensors [6—8] and in quantum
optics problems including quantum key distribution (QKD)
[9-12]. QKD is the technology that allows a sender (conven-
tionally called Alice) and receiver (Bob) to safely communi-
cate and exclude eavesdropping by a third person (Eve) [9].
The essence of QKD is the transfer of a secure crypto key by
means of single elementary particles, conventionally, pho-
tons. Interferometric devices used in QKD require matching
the polarisation states and phases of light beams in both
arms [6, 7] for attaining a high (above 0.99) visibility of the
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interference pattern directly related to the quantum bit error
rate (QBER) [12, 13].

For matching the polarisation states, a number of meth-
ods have been suggested, which employ polarisation control-
lers [14—17] and Faraday mirrors [18—-20]. It is also reason-
able to use linear birefringent (BF) fibres [8,21]. An accepted
method for phase matching is altering the optical path length
in one of the interferometer arms. In fibre devices, this may be
realised in the form of a piezoelectric actuator (fibre stretcher),
which mechanically extends the fibre, thereby adjusting the
phases in interferometer arms [12].

A linear BF fibre is intended for maintaining the linear
polarisation of radiation [22,23]. This fibre is characterised
by strong induced birefringence due to the rotation symmetry
introduced either to the refractive index profile or to stress
distribution. Such a fibre possesses two orthogonal polarisa-
tion axes: ‘fast” and ‘slow’. If a linearly polarised (LP) radia-
tion with the polarisation direction along any of these axes is
introduced into the fibre, then it will actually propagate with-
out changing the polarisation state. The degree of maintain-
ing the polarisation state is determined by the polarisation
extinction ratio (PER). Its typical value, for example, in the
case of a widely used PANDA fibre of length 100 m is above
30 dB [24]. However, in fibre connectors the PER falls to
20 dB and less [25]. Moreover, connectors result in that at the
output from just a single patch cord made of a BF fibre, the
PER and polarisation state depend on the external condi-
tions: temperature, pressure, and fibre bend [25,26].
Hereinafter, the ‘external conditions’ will imply all the factors
affecting the phase difference of polarisation modes in a fibre.
When several BF fibres are connected in series, for example,
in an interferometer, the process of energy transfer from one
polarisation mode to another is easier described in the frame-
works of statistical approach rather than by a complicated
function of numerous time-dependent parameters [27].

The efficiency of interferometric devices made of a BF
fibre was estimated numerically in [8]. An array of optical sen-
sors presented by the parallel connection of Mach—Zehnder
interferometers was simulated. The PERs of fibre connections
and beam splitters were taken constant, and phase relations in
the fibres varied according to various external conditions.
Complementary integral distribution functions of the inter-
ference pattern visibility were determined separately for each
sensor and for the array as a whole.

In the present work, a passage of optical radiation through
the interferometer made of a BF fibre under varying external
conditions is simulated. As an example, a double Mach —Zeh-
nder interferometer is considered, which is used in QKD sys-
tems. For more accurate statistical description, the spread of
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the PER of beam splitters and fibre connections is taken into
account. It is shown that imperfect fibre connections lead to
the fluctuations of the interference pattern visibility that can-
not be compensated for by a standard piezoelectric actuator.
In turn, in QKD systems, visibility variations change the
QBER. To our knowledge, for the first time the statistical dis-
tributions of the average QBER and standard deviation are
obtained by the modelling approach, which takes into account
PER dispersion in optical elements.

2. Polarisation state variation in a single patch
cord

In this section and later on, the radiation is assumed mono-
chromatic. The weakly guided mode approximation is used,
where in the limiting case of equal refractive indices of the
core and cladding, the longitudinal field components turn to
zero, thus, leading to the plane wave approximation [28].
Also, it is assumed that fibre connectors are fabricated in the
FC/APC format and, hence, have the return losses of ~ 60 dB,
which excludes noticeable contributions from the effects rel-
ated to mutual reflections between elements. This gives a cha-
nce to employ Jones calculus for describing the evolution of
the polarisation state in a fibre [29].

Consider propagation of a plane wave in a single patch
cord made of a BF fibre. As mentioned, if the LP radiation
with the polarisation oriented along any of the fibre axes is
introduced, then it will actually propagate without changing
its polarisation state. Nevertheless, when BF fibres are con-
nected, there is always a small misalignment angle ;.

If the polarisation vector of radiation makes an angle «;
(Fig. 1) with a fibre polarisation axis, then the input wave can
be presented as a vector sum of two orthogonal components,
each propagating with a particular velocity in the fibre due to
a difference in the refraction indices. The greater part of radi-
ation passes along the initially prescribed axis, whereas the
smaller part propagates normally to it. In this case, the PER

will be related to the misalignment angle by the relationship
[25]:

K =101g(1/tan’a,). (1)

The Jones matrix describing an input connector corre-
sponds to the matrix of rotation by a misalignment angle a;:

2

sina; cosq

Ra) = (

cosa; — sin a1>

When radiation propagates in a BF fibre, the orthogonal
polarisation modes acquire a phase difference ¢ due to the
difference in the refractive indices. This phase delay is also
affected by temperature, pressure, and fibre bends. The phase
difference ¢ can hardly be controlled because it instantane-
ously varies in time. In this part of patch cord, birefringence
is described by the Jones matrix

B=F pyr) 0 | 3)

where F is the factor determined by the phase incursion com-
mon for both the axes. In further calculations, this factor will
be neglected since it does not affect the polarisation state.

Radiation propagates in a fibre to the output connector,
which is characterised by a misalignment angle a,; each of the
orthogonal components splits into two components. The res-
ulting interference determines the PER and depends on the
phase difference ¢, which varies in time. If we assume that the
input light wave is polarised along the slow axis, then the
result of passing it through the patch cord is described by the
polarisation state vector

Input connector (a;) 7

Interference in the xz plane

Time delay
between modes

Output connector (a»)

Figure 1. Propagation of a light wave through a patch cord made of a BF fibre. At the input connection, it splits into two waves polarised along the
fibre axes. Due to a difference in the refractive indices in the BF fibre, the waves propagate at different velocities. Then at the output connector, each
of them splits again into two waves. The waves polarised along similar directions interfere pairwise at the input to the next patch cord. Here, x is the

slow axis, y is the fast axis, and z is the propagation direction.
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P= R(aZ)B(A)R(aI)((1)>. 4)

It was shown in [26] that the dependence of the result of
interference on ¢, and, consequently, on the radiation wave-
length A in certain conditions leads to light pulse distortion;
however, for monochromatic radiation these effects are insig-
nificant.

3. Radiation propagation in an interferometer
made of a BF fibre

Consider propagation of optical radiation through an inter-
ferometer. A high interference contrast requires maintaining
a constant phase difference in the arms and equal polarisation
transformations for the paths covered by the interfering radi-
ation. The first condition can be fulfilled by using a phase
matching device, for example, a piezoelectric actuator. The
second condition can be fulfilled by assembling an interfer-
ometer from a BF fibre. A schematic of such an interferome-
ter is presented in Fig. 2.

BSI1

Figure 2. Schematic of the interferometer made of a BF fibre:

(LS) laser source; (BS1, BS2) polarisation-maintaining fibre beam split-
ters 50/50; (PA) piezoelectric actuator; (D1,D2) detectors; vertical
double lines mark fibre joints.

An output polarisation-maintaining beam splitter BS2
has two input arms with two orthogonal eigenmodes in each
of them. Thus, evolution of the polarisation state is described
by a 4 X 4 matrix. The states are determined by the vector

AL
A"
AP0
AP

A= )

where the superscript corresponds to the bottom (1) or top (2)
arm, and subscript corresponds to the slow (s) or fast (f) fibre
axis.

The present work takes into account the final PER for the
polarisation maintaining fibre beam splitters. The BS2 action
can be described by the product of two matrices 4 X 4: the
matrix Cjy corresponding to an ideal beam splitter 50/50 and
rotation matrix Cp [8]:

0
(6)

,_.
[

0
1
0
i

S = O e
—_ O

coSaps —sinay, 0 0
C = SinQps  COS Uy 0 0 7
ot 0 COSlps — SINAps | )
0 0 SINps  COS Apys

where ay, is the angle that determines the PER fall. Below, we
will show that the matrix C,,, does not affect visibility. Con-
sequently,the matrix Cjq is sufficient for modelling BS2.

For simplicity, in the interferometer part preceding BS2,
the polarisation is described by a 2 X 2 matrix. For this pur-
pose, one should consider each arm separately. The polarisa-
tion states in the bottom and top arms are determined, respec-
tively, by the Jones vectors:

AW A
A(1)=< )andA )—< )
A" A

Rotation and birefringence matrices for the jth patch cord in
the kth arm (k = 1,2) can be presented in the form

R® — <cosa(1‘) sina ®)
/ sina® cosa(jl‘)
(k) 0
B% = exp( i ) )
exp< 2<p | >

BS1 has a single bottom arm; hence, the initial state for
the upper arm is empty:

0
@ _
Alﬂ (0)'

The initial state for the bottom arm is a wave with the polari-
sation along the slow axis:

40 = (\/70)

0

where [ is the sum intensity. For the bottom and top interfer-
ometer arms, the Jones matrices for BS1 can be presented,
respectively, as follows:

(1) _ 1 [cosas —sina\[1 0 _ 1 M
¢ ﬁ(sinabs cosaps \0 1 \/—RbSD ’ (10)
@ _ 1 [cosays —sinaps\[1 0 _ 1 @
¢ \/j(sinabs coStys \0 i \/ijSD ' (1)

The fibre section connected to a laser source and the sec-
tion between BS2 and detectors (Fig. 2) are insignificant for
analysis and are therefore neglected.

As mentioned, the interferometer part preceding BS2 is
described by 2 X 2 matrices. For the intermediate Jones vec-
tors corresponding to the bottom and top arms one can write
the expressions

AL = BUL (0, T)COBPORY AL, (12

AR = B (L, T COBY R A, (13)
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where 7" = RYB".

For obtalnlng the final vector of states 4,, one should
compose a four-component vector 4;,, from (12) and (13) and
then affect it by the matrix for BS2:

A
= (8] o
Aoy = CigAine- (15)

For estimating the interference pattern quality, the param-
eter is introduced, which is called visibility and determined by
the formula

Imax — Imin

d ]max+ Imin’ (16)
where I, and I,;, are the maximal and minimal radiation
intensities in the interferometer output arms. For analysing
phenomenologically the processes related to visibility, one can
assume the beam splitter BS2 to be ideal, that is, it can be
modelled by the matrix Cjy. Indeed, its action is considered as
that of an ideal beam splitter, which is accompanied by a red-
uction of PER. The PER fall [see (7)] changes the polarisation
state only inside each of the arms (but not between those),
which does not affect the output intensity and, consequently,
visibility of the interference pattern.

While passing through the interferometer comprised of a
BF fibre and the patch cords connected in series, each making
its own contribution dependent on time and external condi-
tions into the PER reduction, the light wave gradually goes to
a polarisation mode initially not intended for propagation. In
BS2, fast modes interfere with fast, and slow modes interfere
with slow. This construction can be considered as two inde-
pendent interferometers: ‘fast’ and ‘slow’. A result of the int-
erference depends on the phase difference and determines the
intensity in each of the output arms, which directly affects vis-
ibility. The piezoelectric actuator (Fig. 2) is aimed at affecting
the fibre section in such a way that the phase difference ind-
uced in two input arms of BS2 would provide the maximal
visibility. The latter is attained in the case, where the result of
interference in the slow interferometer (either constructive or
destructive) in any of the output arms coincides with the res-
ult of interference in the fast interferometer in the same arm.
For example, if both the interferometers yield constructive
interference in the top arm and destructive in the bottom arm
then the upper arm will concentrate the maximal power and
the bottom arm will concentrate the minimal power. Thus,
visibility becomes maximal. A piezoelectric actuator, which
slightly varies the fibre length, actually identically changes the
optical path length along both fast and slow axes, not sub-
stantially changing the resulting polarisation state [30]. How-
ever, for reaching the maximal visibility, it is necessary to aff-
ect the fibre in such a way that the optical path lengths along
both the axes will vary independently, because the phase dif-
ferences in the interferometer arms corresponding to the fast
and slow axes vary differently depending on external condi-
tions. It follows that a standard piezoelectric actuator can only
partially compensate for a variation of the interferometer vis-
ibility.

The action of the piezoelectric actuator was modelled as
follows. It was assumed that it similarly affects the phases of

fast and slow components introducing a common phase @ ic;o.
This assumption is rather well realised in real conditions at
slight fibre extensions [30]. The matrix B,(llll responsible for
the fibre section, where the piezoelectric actuator is placed,
can be presented in the form:

exp

1
(wp,em + S50 1)] 0
0 exp ()

.(17)
)

i<(ppiezo
Hence, the vector is

MPexp

. 1
(et 2082
i)
E n+1
MPexp( Syt

MPexp(- Syt )

M;l ) eXp [1 (‘ppiezo -

A = (18)

where M (t) are the absolute values of complex amplitudes
A( at points W and Q (Fig. 2), and 9"}, and 2. | depend
on <p,,+1 and <p,,,+1 and on the phase difference of complex
amplitudes 4% and 4" (k = 1,2). Common phases of
amplitudes 4 and 4" were neglected by the same reason
as the factor Fin (3) was. Output amplitudes A, were calcu-
lated by formula (15). Without loss of generality, it was ass-
umed that the radiation with intensity 7,,,,, arises in the bot-
tom arm and 7, corresponds to the top arm. Accordingly,
we have [31]

Iy

1
M max
0< Ppiczo< 21| 2

— 1) —
Iax= max (I +1 =
max 0 Ppiors < 21'c( sout fout

VMO MOP + (MO MEY + 2O MO MO M cos(Ay)

(1,2) (1) (2) )]}
s,f s¥n+ b¥m+1/|(>
(k)

where 7% and I{%), are the intensities at BS2 output; (M (V) +
(MOP F(MOP + (MPF = Iy and Ay = yi!), - pi2% . The

X cos[gopiezo +f(M 19)

maximization condition is fulfilled when ¢y, = 27/ — f(M % 2
ﬁ,lll, E,%Ll) [ € 7. In this case, the visibility is
V=%x
' (20)

xV/ (MO MOY + (MO MOV + 2D MO MO M2 cos(ap).
This value can be qualitatively interpreted as the characteris-
tic of a mismatch between the interference patterns for fast
and slow interferometers, which prevents forming of a com-
mon interference pattern.

4. Results of numerical simulation

In 1992, Ch. Bennett suggested a phase coding scheme, nam-
ely, a double Mach—Zehnder interferometer, which is now
quite popular [10]. It comprises two unbalanced interferome-
ters, one for Alice and the other for Bob, connected by an
optical fibre. The key is coded as a phase difference of inter-
fering pulses. A scheme of the interferometer made of a BF
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Figure 3. Double Mach-Zehnder interferometer: (LS) laser source; (PM,, PMy) Alice and Bob phase modulators; (QC) quantum channel; (PC)
polarisation controller; (BS, BS1,BS2) polarisation-maintaining fibre beam splitters 50/50; (PA) piezoelectric actuator; thin lines show BF fibre;
bold lines indicate standard single-mode optical fibre; (D1,D2) detectors; digits enumerate fibre joints.

fibre is presented in Fig. 3. Later we will show that for analys-
ing propagation of radiation in such interferometer one can
use a simplified scheme shown in Fig. 2.

When input pulses are counted on Bob’s side, three peaks
are observed in the time domain: the earliest peak corresp-
onds to photons that have passed through the ‘short—short’
arms, the second corresponds to the ‘short—long’ and ‘long—
short’ arms, and the last relates to the ‘long—long’ arms. The
first and third peaks refer to noninterfering pulses, whereas
the second corresponds to interfering pulses [9].

In analysis, it is convenient to represent the system as a
Mach-Zehnder interferometer (Fig. 4). This presentation is
possible because the pulses interesting from the viewpoint of
key distribution (that have passed through ‘short—long’ and
‘long—short’ arms) are time-separated and interfere only on
the last fibre beam splitter 50/50; at intermediate splitters the
interference is absent. This fact, in addition to the requirement
of a small pulse spectral width relative to its centre wave-
length (is fulfilled in real installations), allows one to transfer
from considering pulses to a monochromatic light wave.

In fibre QKD schemes, lithium niobate electro-optical
phase modulators are widely employed due to a fast response
[32—-34]. It is assumed that the fast and slow crystal axes in
modulators are parallel to fibre axes and their polarisation
mode dispersion and polarisation-dependent losses are negli-
gible; thus, modulators do not reduce the PER. The quantum
channel comprises a standard single-mode optical fibre;
therefore, the polarisation state does not turn on the Sth joint
and is neglected in the modelling. Dispersion effects in the
quantum channel are assumed negligible and neglected from
the consideration as well. It is also assumed that a polarisa-
tion controller is installed at the end of the quantum channel,
which transfers the radiation polarisation for optimal input
into connector 6, however, with a small error. Thus, connec-
tor 6 is modelled by a rotation matrix, which is the same for
both the arms. The intermediate light splitters are modelled
only by rotation matrices Ry, because in the present analysis
the combining and splitting properties are insignificant.

Thus, the scheme of the modelled interferometer is simpli-
fied to the diagram shown in Fig. 2. All above equations are
applicable; however, now I in formula (19) is the sum inten-
sity of interfering waves, that is, the waves propagating in the
paths ‘short—long’ and ‘long—short’ of the interferometer arms.

The interferometer visibility corresponds to the optical QBER
(hereinafter, it is designated by E). The calculation is per-
formed by the formula [9]:

e2))

MATLAB software was used for modelling the evolution
of the polarisation state in radiation passage through the dou-
ble Mach—Zehnder interferometer. In addition, changes in
visibility were calculated depending on external conditions.
The modelling was realised basing on numerical experiments,
presented by sets of simulations. It is assumed that in each of
the numerical experiments, the connector misalignment
angles a(k) and parameters ayps are constant (but random), and
the phase differences <p ) uniformly distributed over interval
[0,2m) vary from simulation to simulation. This corresponds
to considering a single particular Mach—Zehnder interferometer
under Varying external conditions. In each experiment, the
values of a ) and ay, satisfy normal distribution conditions
with the standard deviations 5° and 3.5°, respectively [26].
Thus, an ensemble of numerical experiments defines a sample
of various interferometers, each of those being in varying
external conditions.

In each simulation, the phase differences <p_(,»k) were chosen
basing on the statistical distribution, then the field amplitudes
AP were calculated at points Q and W just after the 8th and
9th joints (Fig. 4). Then parameters ¥ (20) and E (21) were
found, and the calculation passed on to next simulation. Tot-
ally, 10* numerical experiments have been performed each com-
prising 10* simulations for configurations with five joints in
the arms (Fig. 4) and the same number of simulations for con-
figurations with 6 and 7 joints. In this way, the contribution
of the number of joints into the reduction of interference pat-
tern visibility was estimated.

Figure 5 presents the distribution functions for an average
QBER (FE) and its standard deviation ¢(E) in various inter-
ferometer configurations versus the number of joints. Avera-
ging the (E') value over all interferometers yields the values of
2.35%, 2.69%, and 3.04% (is denoted as (E),,), and averag-
ing o(E) yields 2.11%, 2.45%, and 2.76% [is denoted as
0. (E)] for five, six, and seven joints, respectively. Thus, the
QBER spread in the considered cases is actually comparable
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Figure 4. Double Mach—Zehnder interferometer used in the simulation: (LS) laser source; (PM,, PMy) Alice and Bob phase modulators; (QC)
quantum channel; (PC) polarisation controller; (BS, BS1, BS2) polarisation-maintaining fibre light splitters 50/50; (PA ) piezoelectric actuator; thin
lines show BF fibre; bold lines indicate standard single-mode optical fibre; (D1,D2) detectors; digits enumerate fibre joints.
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Figure 5. (Colour online ) Distribution functions for the average QBER
(E) and standard QBER deviation o(E) for interferometer configura-
tions with five, six, and seven joints in each arm. Here, x = (E), 0 (E).

to its average value. (E),, and o,, (E) grow with the number
of joints. Consequently, the QBER can substantially change
in the process of key exchange.

5. Conclusions

Numerical modelling is performed for light monochromatic
wave passage through a Mach—Zehnder interferometer made
of a BF fibre. A double interferometer used in QKD systems
is considered as an example. It is shown that a standard phase
adjusting piezoelectric actuator exhibits a drift of the interfer-
ometer visibility, which finally affects the QKD error rate.
Statistical characteristics of the visibility and QBER for sev-
eral interferometer configurations differing in the number of
joints are obtained by numerical modelling. For each configu-
ration, a set of various interferometers was considered differ-
ing in the fabrication quality of fibre joints and light splitters.
In turn, each interferometer from the set was modelled with
various external conditions. The QBER averaged over inter-
ferometers and over external conditions, and the standard
QBER deviation averaged over interferometers grow with the

number of joints. In this case, the QBER deviation is compa-
rable on the order of magnitude to its average value: (E),, =
2.35%, 2.69%, 3.04% and 0,,(E) = 2.11%, 2.45%, 2.76% for
five, six, and seven joints, respectively. Data obtained testify a
substantial influence of the quality and number of joints in a
BF fibre on the drift of the QBER under external conditions
despite of the presence of a feedback device.

In future, we plan to analyse propagation of optical pulses
in interferometers taking into account effects pertaining to med-
fum dispersion properties and depolarisation of radiation.
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