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Abstract.  Based on the model of a bipolarised laser, which takes 
into account real orientations of absorbing and emitting dipoles of 
active centres in the unit cell of an Nd : YAG single crystal, we have 
shown that the appearance of low-frequency relaxation oscillations 
requires the participation of both competing pump channels through 
linearly and circularly polarised dipole transitions.

Keywords: laser, polarisation mode, induced gain anisotropy, relax-
ation oscillations.

1. Introduction

When the amplitude anisotropy of a cavity is low, a bipolari-
sation generation regime is observed, as a rule. The possibility 
of generation at orthogonally polarised modes contributes to 
the solution of various fundamental and applied problems. In 
particular, the study of generation peculiarities of such bipo-
larised  lasers  is  attractive  from  the  point  of  view  of  their 
potential application in telecommunications, data encoding, 
spectroscopy, etc. [1]. An integral feature of solid-state lasers 
is relaxation oscillations, which appear in experiments as res-
onance peaks at  their  frequencies  in  the spectra of  intensity 
fluctuations of both polarisation modes and  total  radiation 
intensity [2 – 5]. Relaxation oscillations are subdivided into in-
phase  and  anti-phase  oscillations  [6].  Low-frequency  anti-
phase relaxation oscillations are visible only in the spectra of 
intensity  fluctuations of polarisation modes. When register-
ing the total intensity, these oscillations are compensated for 
and are almost unobservable [4]. In-phase relaxation oscilla-
tions are visible in the spectra of both individual modes and 
total intensity.

The study of relaxation oscillations makes  it possible  to 
investigate the stability of the steady-state regime of genera-
tion and to predict the conditions for the loss of stability and 
the occurrence of an unsteady regime. All  this  indicates  the 
importance  of  studying  the  influence  of  the  interaction  of 
polarisation modes on the lasing dynamics and on the spec-
trum of relaxation oscillations [7].

2. Model of an Nd : YAG laser 
with linearly polarised pumping

Milovskii and Khandokhin [8] proposed a model of a bipolar 
Nd : YAG  laser  based  on  a  Fabry – Perot  cavity,  in  which 

interactions  with  a  linearly  polarised  pump  field  and 
fields  of  elliptically  polarised  orthogonal  modes  are 
described  by  taking  into  account  the  real  polarisation 
properties  of  resonance  transitions  of  nine  different 
groups of active ions in a unit cell of a crystal matrix. The 
symmetry of these states is schematically shown in Fig. 1, 
where  pi,  qi,  and  ri  (i =  1,  2,  3)  denote  local  orthogonal 
С2-symmetry axes [9, 10]. The dipole moments of absorb-
ing and emitting transitions are oriented along these axes 
in  accordance  with  the  selection  rules  for  magnetic  and 
electric dipole transitions [11, 12]. A model with [100] crys-
tal orientation and polarised light of a pump laser is con-
sidered

Ep = (1/2)|Ep|(y0cosYp +z0sinYp)

	 ´	exp(iwpt) + c.c.,  (1)

directed along the cavity axis, which coincides with the crys-
tallographic axis X. It is assumed that single-frequency lasing 
occurs on two orthogonally polarised longitudinal modes of 
the cavity,

E = (1/2)(E1U1 + E2U2) exp(iwt) + c.c.,  (2)

having the same spatial field structure

coskxU e2m m= 0 ,  (3)
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Figure 1. Possible positions of active Nd3+ ions (denoted by an aster-
isk) in the unit cell of the crystal matrix of yttrium aluminium garnet 
(YAG).
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Here  E1,2  are  slowly  varying  complex  amplitudes  of 
orthogonally polarised fields; and w is the carrier frequency of 
the generated oscillations. Each unit vector e ,1 2

0  in the general 
case can be represented as the sum of two projections onto the 
y0 and z0 directions of the principal axes of the ellipses of the 
laser field eigenpolarisations,

cos sinie y z0 0
1
0 q q= + ,  (4)

sin cosie y z2
0 0 0q q= + ,  (5)

in which the angle q determines the ellipticity parameter of the 
polarisation modes e = |tanq|2.

The lasing dynamics of a bipolarised laser can be described 
by the system of equations [8]:
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Here t = t/T1; G = T1/Tc; g =T1/t2; T1,Tc, and t2 are the life-
times of the population inversion, the field in the cavity, and 
the upper level of the absorbing transition, respectively; d = 
( ( )1

cw -   ( )2
cw )T1; 

( ),( )
c
1 2w  are the eigenfrequencies of the polari-

sation modes, which coincide in the absence of phase anisot-
ropy of the cavity;
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A = |Ep|2    is      the      pump  parameter;  L ,
a =
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dipole  moments  of  transitions,  centre  frequencies  and  half-
widths of homogeneous absorption lines of the corresponding 
transitions;  and  wp  is  the  pump  laser  radiation  frequency. 
Expressions for the unit vectors of linearly and circularly polar-
ised dipole moments of absorbing transitions of active centres 
located in the ‘p’, ‘q’ and ‘r’ faces (Fig. 1) can be found in [8].

3. Results of numerical simulation 
and their comparison 
with experimental data

System  (6)  describes  all  the  features  of  the  low-frequency 
dynamics  of  solid-state  lasers  with  linearly  polarised  laser 
pumping. The  study  of  the  dynamic  behaviour  of  the  laser 
begins with  finding  a  stationary  solution  to  system  (6)  and 
analysing the behaviour of the image point on the phase plane 
when  the  variables  deviate  from  the  stationary  state. 
Linearization of the system in the vicinity of a stationary state 
allows  one  to  find  its  eigenvectors,  the  complex  conjugate 
eigenvalues,

ij j j!l d W=! ,    j = 1, 2, 3,

characterising relaxation oscillations, as well as several neg-
ative real roots lk (k = 1 – 6) of the characteristic equation. 
The  negativity  of  the  real  parts  of  the  complex  conjugate 
eigenvalues indicates that this stationary state is stable: the 
amplitude of any  small perturbation decays  exponentially. 
In this case, the process of relaxation to an equilibrium state 
is of an oscillatory nature. The imaginary part of the com-
plex  conjugate  eigenvalues Wj  determines  the  frequency of 
these relaxation oscillations, and the decrement dj is the rate 
of their decay.

Figure 2  shows  the dependences of  laser mode  intensi-
ties,  frequencies  and  decrements  of  relaxation  oscillations 
on the pump parameter A with the participation of different 
absorbing dipoles. As noted above,  the  spectrum of  relax-
ation oscillations can be divided into two groups:  in-phase 
relaxation  oscillation  {W1,  d1}  and  relaxation  oscillations 
{W2, d2} and {W3, d3}, caused by polarisation  interaction 
of modes and responsible for the anti-phase behaviour of 
orthogonally  polarised  modes.  In  Fig.  2a,  the  pumping 
process is dominated by circularly polarised dipoles (b1 ¹	
0,	b2 ¹	0, but b2 >> b1). For the chosen orientation of the 
pump  polarisation  (Yp  =  0),  due  to  the  induced  gain 
anisotropy,  the  intensity of  the  first mode I1  significantly 
exceeds the intensity of the second mode I2. In Fig. 2b, the 
main  role  is  assigned  to  linearly polarised dipoles  (b1 >> 
b2), which are orthogonal to circularly polarised dipoles. In 
this case, the second mode has the advantage: I2 >> I1. In 
both cases, an increase in the pump parameter leads to an 
instability  of  the  stationary  regime  caused  by  the  Hopf 
bifurcation  at  the  frequency  of  the  relaxation  oscillation 
{W3, d3}: at А ³	Acr, the decrement d3 ³ 0 and the relax-
ation oscillations from decaying ones turn into undecaying 
self-modulation oscillations at the frequency Wm » W3 [8]. 
As noted in this work, the instability is due to the competi-
tive interaction of two pump channels, each of which sup-
ports an orthogonal polarisation mode. Switching off one 
of the competing channels leads to almost radical changes 
in  the  spectrum  of  relaxation  oscillations  and  in  the 
dynamic behaviour of the laser. Under purely single-chan-
nel  excitation of  the active medium,  low-frequency  relax-
ation oscillations {W2, d2} and {W3, d3} either do not appear 
at all (b2 = 0, Fig. 3b), or appear at a high pump level (b1 = 
0,  Fig.  3a).  In  this  case,  the  steady-state  lasing  regime 
remains stable at any pump levels.

Comparison  of  the  results  of  numerical  simulation  and 
experimental studies of the low-frequency dynamics of solid-
state  lasers  [9,  10]  allows  us  to  conclude  that  for  a  correct 
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Figure 2. Intensities of laser modes, frequencies and decrements of relaxation oscillations as functions of the pump parameter A with the participa-
tion of different absorbing dipoles and G = 1000, A = 5, Yp = 0, q = 0; (a) b1 = 0.0001, b2 = 0.0022 and (b) b1 = 0.0022, b2 = 0.0001.
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Figure 3. Frequencies and decrements of relaxation oscillations as functions of the pump parameter A for a purely single-channel type of pumping 
and G = 1000, A = 5, Yp = 0, q = 0; (a) b1 = 0, b2 = 0.0022 and (b), b1 = 0.0022, b2 = 0.
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description of the dynamics of Nd : YAG lasers, both pump 
channels must be taken into account. Only in this case (see 
Fig.  2),  as  in  the  experiment,  all  three  types  of  relaxation 
oscillations  are  observed:  in-phase  relaxation  oscillations 
{W1, d1} and anti-phase relaxation oscillations {W2, d2} and 
{W3, d3}.

Thus, the model of a bipolarised Nd : YAG laser presented 
in [8], which takes into account real orientations of absorbing 
and emitting dipoles of active centres in the unit cell of a sin-
gle crystal, made it possible to elucidate the conditions for the 
appearance  of  low-frequency  relaxation  oscillations.  It  is 
shown that this requires the participation of both competing 
pump  channels  through  linearly  and  circularly  polarised 
dipole transitions.
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