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Abstract.  We have theoretically and experimentally studied the 
regime of beatings of counterpropagating waves in a Zeeman ring 
laser under the action of strong fields of ring permanent magnets on 
the active medium. We have for the first time calculated and mea-
sured the dependences of the frequency bias and the intensity of 
counterpropagating waves of such a laser on the lasing frequency 
detuning relative to the frequency of the gain line centre. We have 
revealed some features in the dependence of the frequency bias on 
the magnetic field strength, associated with the nonlinearity of the 
active medium polarisability in strong inhomogeneous magnetic 
fields.

Keywords: ring laser, laser gyroscope, frequency bias, Zeeman 
effect, magnetic field inhomogeneity.

1. Introduction

Zeeman laser gyros are used in strapdown inertial navigation 
systems to obtain information about the rotation of objects 
moving in space with angular velocities varying over a wide 
range [1]. The dead zone near low angular velocities, despite 
the polarisation decoupling, is the main obstacle for improv­
ing accuracy in these and other types of laser gyros [2]. To get 
out of the dead zone, the Zeeman ring laser (ZRL) makes use 
of a frequency bias, which appears due to the Zeeman effect 
when a magnetic field is applied to the active medium [3, 4]. 
Usually, the magnetic field in a ZRL is formed using a sole­
noid. This leads to an increase in heat release in the ZRL and 
makes an additional contribution to the zero offset of its fre­
quency response [5 – 7]. In addition, the reduction in losses in 
such lasers, which is necessary to lower nonreciprocal effects, 
causes a decrease in the frequency bias amplitude and compli­
cates the solution of problems associated with the locking of 
counterpropagating waves. In using permanent magnets ins­
tead of a solenoid, one can reduce energy consumption and 
thermal drift, as well as increase the frequency bias due to the 
use of stronger magnetic fields [8, 9].

The aim of this work is to study theoretically and experi­
mentally the region of existence of a two-frequency regime, as 
well as the intensities of counterpropagating waves and fre­
quency bias obtained by the Zeeman effect in an active med­
ium using a ring permanent magnet.

2. Experimental stand

The scheme of the experimental stand for studying the regime 
of beatings of counterpropagating waves is shown in Fig. 1. 
The stand consists of a personal computer (PC), an Ophir 
photodetector (PD300R model), an Espec MC-812 camera 
for dimming the ZRL, a test and monitoring device (PKI-
6MT), and a K-5 type ZRL of our own production.

A two-frequency ZRL is installed in the Espec chamber to 
eliminate extraneous light when obtaining dependences of the 
wave intensity on the detuning. Ring permanent magnets are 
placed in the ZRL gas-discharge gaps to form frequency non­
reciprocity in the laser active medium. A mixing prism and 
photodetectors are located on the ZRL plane mirror, which 
allow recording the beatings of counterpropagating waves. To 
measure the intensities I1 and I2 of counterpropagating waves, 
the Ophir photodetector is installed near the spherical mirror in 
position 1 to assess the intensity of a wave propagating coun­
terclockwise, or in position 2 to evaluate the intensity of a wave 
propagating clockwise. The Ophir photodetector signals are 
fed directly to the PC and visualised by the Ophir StarLab soft­
ware. Piezoelectric drivers allow one to vary the ZRL perimeter 
and thereby to detune the lasing frequency. The PKI-6MT 
ignites the discharge and monitors the currents in the gas-dis­
charge gaps (i1 and i2 ), controls the voltage on the piezoelectric 
drivers (Upiezo ), converts the analogue signals of the photode­
tectors into digital signals of the standard USB port of the PC, 
and transmits the digital data to the PC. The beating frequency 
of the counterpropagating waves and the voltage on the piezo­
electric drivers were processed and recorded using the software 
developed at the Polyus Research Institute.

3. Results

To analyse the ZRL amplitude – frequency characteristics, we 
use the results of theoretical studies of this laser, presented in 
[10, 11]. For the complex amplitudes E1,2 of the counterpropa­
gating waves, we write the following system of ordinary dif­
ferential equations:
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where Dn is the resonator bandwidth; ák1,2 ñ, áa1,2 ñ, and á b1,2 ñ 
are the averaged coefficients describing the amplifying med­
ium polarisability; n is the relative excess of gain over losses at 
the gain line maximum; and n0 is the value of ák1,2 ñ at the gain 
line maximum. Let us consider the two-frequency regime 
when the fields E1,2 of the counterpropagating waves corre­
spond to a single longitudinal mode and are circularly polar­
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ised. The amplitude of the frequency bias formed when a 
magnetic field is applied to the amplifying medium signifi­
cantly exceeds the width of the lock-in region; therefore, the 
coupling of counterpropagating waves through backscatter­
ing is not taken into account in Eqns (1).

The authors of Refs [10, 11] presented formulas for the 
coefficients k1,2, a1,2, and b1,2 describing the amplifying 
medium polarisability with allowance for the Zeeman effect 
in an external homogeneous longitudinal magnetic strength 
field H. Under the action of this field, the Zeeman splitting of 
the laser transition levels occurs,

m = gbH,	 (2)

where b is the Bohr magneton, and g is the Landé g-factor.
When using a ring permanent magnet, the field H on the 

laser beam axis is substantially inhomogeneous, up to a cha­
nge in the sign of its strength, i. e. H is a function of the coor­
dinate x along the axis of the ring resonator contour, H = 
H(x), and, consequently, the Zeeman splitting is described by 
the function m(x). The coefficients k1,2, a1,2, and b1,2, depend­
ing on m(x), also become the functions of the coordinate x: 
k1,2(x), a1,2(x), and b1,2(x). The coefficients ák1,2 ñ, áa1,2 ñ, and 
á b1,2 ñ, included in Eqn (1) are calculated by averaging k1,2(x), 
a1,2(x), and b1,2(x) over the ring resonator region in which the 
gas discharge is burning. For example,

ák1,2 ñ = ( )dL x x1 L

0
1,2ky ,

where L is the length of the region occupied by the discharge.
Let us consider the results of calculations based on the 

ZRL parameters used in the experiment. The ZRL on a single 

Ne isotope operated at a gas mixture pressure of 700 Pa. We 
assume that at the line centre the relative excess of the gain 
over loss is n = 1.13 with a loss value of 0.18 %. The Landé 
g-factor is 1.2.

In the experiment, permanent AlNiCo-alloy magnets 
(YuNDK-15 magnets in positions 1 and 2) were used to gen­
erate a magnetic field (Fig. 1). Figure 2 shows the longitudinal 
magnetic field strength H formed by a single ring magnet with 
a length of 9 mm (position 1) as a function of the coordinate 
x along the optical contour axis. The field distribution on the 
ring magnet axis was measured using a TPU-01 milliteslame­
ter. The gas discharge was burning in one half of the ring 
resonator contour. The length of the area occupied by the dis­
charge was L = 4.8 cm.
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Figure 1.  Schematic of the experimental stand.
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Figure 2.  Magnetic field strength distribution in the gas discharge re­
gion.
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As applied to this magnetic field strength distribution, 
Fig. 3 shows approximating (solid curves) and experimentally 
measured (points) dependences of the frequency bias Fb on 
the lasing frequency detuning x relative to the frequency of 
the gain line centre for two modes with opposite circular 
polarisations. The intra-resonator losses per round trip of the 
light in the resonator amounted to 0.18 % for one of these 
modes (Fig. 3a), and 0.19 % for the other (Fig. 3b).

For the magnetic field distributions shown in Fig. 2, Fig. 4 
presents the theoretical (solid curves) and experimentally 
measured (points) dependences of the normalised-to-unity 
intensities I1 and I2 for counterpropagating waves (dark and 
light points, respectively) on the lasing frequency detuning x 
relative to the gain line centre for a single circularly polarised 
mode, with losses of 0.18 % per single round trip for the light 
in the resonator.

Similar studies were performed using two permanent 
AlNiCo-alloy magnets (YuNDK-15 brand) located in posi­
tions 1 and 2 (Fig. 1). Figure 5 shows the experimental 
strength distribution for the longitudinal magnetic field H(x) 
formed by such magnets with a length of 9 mm. The gas dis­
charge was burning in one half of the ring resonator contour.

For this magnetic field strength distribution, Fig. 6 shows 
theoretical (solid curves) and experimentally measured 
(points) dependences of the frequency bias Fb on the lasing 
frequency tuning x relative to the gain line centre for two 

modes with opposite circular polarisations. For these modes, 
the intra-resonator losses for a single round trip for the light in 
the resonator amounted to 0.18 % (Fig. 6a) and 0.19 % (Fig. 6b), 
respectively.

The ZRL frequency and amplitude characteristics in the 
regime of beatings of counterpropagating waves, presented in 
Figs. 3, 4, and 6, show that the experimental and theoretical 
results are in satisfactory quantitative agreement both in 
terms of the frequency bias magnitude, and the width of the 
region of lasing frequency detuning from the centre of the 
gain line in which the regime of beatings of counterpropagat­
ing waves is implemented.

The experimental studies presented in this work were per­
formed using AlNiCo-alloy magnets (YuNDK-15 brand). 
There are magnets made of other materials, such as SmCo 
alloy, which are capable of generating stronger magnetic 
fields. Figure 7 shows the experimental distribution of the 
magnetic field strength generated by a single ring magnet 9 
mm long made of the SmCo alloy (KS25DTs-225 brand) 
located in position 1 (Fig. 1). It was assumed that the SmCo-
alloy magnet generates a field with a strength five times 
greater than that of the AlNiCo-alloy magnet.

Figure 8 shows the calculated dependence of the frequency 
bias Fb on the lasing frequency detuning x for this field 
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Figure 3.  Dependences of the frequency bias on the lasing frequency 
detuning x for modes with losses of ( a ) 0.18 % and ( b ) 0.19 %.
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Figure 4.  Dependence of the intensities I1 and I2 of the counterpropa­
gating waves on the lasing frequency detuning x for the mode with 
losses of 0.18 %.
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Figure 5.  Distribution of the magnetic field strength of two permanent 
magnets ( YuNDK-15 brand ) in the gas discharge region.
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strength distribution. The calculations assumed that the rela­
tive excess of the gain over losses at the line centre was n = 1.4, 
while losses in the resonator amounted to 0.18 %.

One can see from Fig. 8 that the sign of the frequency bias 
changes in the case of a stronger magnetic field. Qualitatively, 
this can be explained as follows. The main contribution to the 
frequency bias is made by the coefficients ák1,2 ñ describing the 
linear polarisability of the amplifying medium [10, 11]:

Fb = n
n

2 0

nD (áIm k1ñ – áIm k2 ñ).	 (3)

In the case of a homogeneous line width being small com­
pared to the Doppler width kВu, we can write an approximate 
expression for áIm k1,2 ñ:

áIm k1ñ = – áIm k2 ñ = 
( )
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where kВ is the Boltzmann constant, and u is the average 
velocity of gas molecules. In the magnetic field distribution 
H(x) there are regions with positive and negative values of the 
strength of the longitudinal magnetic field H. For the mag­
netic field strength distributions shown in Figs 2 and 5, the 
main contribution to the frequency bias Fb is made by a region 
of positive H values. On the contrary, for the field strength 
distribution in Fig. 7, due to the presence of the exponential 
factor exp{– [ m(x)/(kB u)]2} in (4), the contribution of large 
positive H values is significantly reduced, while the contribu­
tion of much smaller (in absolute magnitude) negative values 
dominates. As a result, the frequency bias changes its sign.

Thus, when a frequency bias is formed in the ZRL due to 
the Zeeman effect in inhomogeneous magnetic fields, there 
arises a feature associated with a significant decrease in the 
contribution of the regions of the strongest magnetic field, 
which undoubtedly requires experimental verification.

It should be noted that the theoretical aspects of this work 
took into account only the effect of the longitudinal magnetic 
field component (along the laser beam) on the active medium. 
The contribution of the transverse field component H was 
neglected. It is possible that in the case of strong fields of 
magnets made of SmCo alloy, the contribution of the trans­
verse field component will be significant. This issue requires 
further study.

4. Conclusions

We have studied theoretically and experimentally the fre­
quency bias in the ZRL, which occurs due to the Zeeman 
effect when inhomogeneous magnetic fields generated by per­
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Figure 6.  Dependences of the frequency bias formed by two AlNiCo-
alloy magnets on the lasing frequency detuning x for modes with losses 
of ( a ) 0.18 % and ( b ) 0.19 %.
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Figure 7.  Magnetic field strength distribution of a permanent SmCo-
alloy magnet in the gas discharge region.

0

–10

–20

–30

–40

Fb/kHz

–150 –100 –50 0 50 x/MHz

Figure 8.  Dependence of the frequency bias formed by a SmCo-alloy 
magnet on the lasing frequency detuning x for a mode with losses of 
0.18 %.
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manent magnets are applied to the amplifying medium. The 
dependence of the frequency bias value on the lasing fre­
quency detuning from the gain line centre is investigated. A 
detuning region is found in which there exists the regime of 
beatings of counterpropagating waves. A feature has been 
revealed in the frequency bias dependence on the inhomoge­
neous field strength of the magnet, associated with a decrease 
in the contribution of the regions of the magnet’s strongest 
field, which is due to the nonlinearity of the active medium 
polarisability. The results of experimental and theoretical 
studies of the ZRL amplitude – frequency characteristics are 
in satisfactory quantitative agreement.
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