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Abstract.  The intramode wave beams in a thin left-handed film on 
a Kerr substrate are considered at a frequency near zero mode 
group velocity. Four coupled (1 + 1)-dimensional nonlinear 
Schrödinger equations, describing the interaction of forward and 
backward propagating beams with positive and negative group 
velocities, are derived. It is shown that self- and cross-phase modu-
lation for four simultaneously propagating modes is possible only at 
strictly matched perturbations of their propagation constants, 
which is due to the contribution of spatial parametric mixing. The 
modulation instability of only two waveguide modes is analysed for 
different versions of their propagation. The specific features of 
modulation instability, related to the propagation of modes with 
negative group velocities, are investigated.

Keywords: thin left-handed film, waveguide modes, negative group 
velocity, modulation instability.

1. Introduction 

Modern nanotechnologies make it possible to design left-
handed metasurfaces having simultaneously negative permit-
tivity and permeability, which are formed by a thin left-
handed film on a right-handed substrate with positive permit-
tivity and permeability [1 – 4]. Studies of the new waveguide 
properties of these metasurfaces in the optical wavelength 
range, including those caused by nonlinear optical response, 
are urgent for technical applications.

The nonlinear wave equation describing the propagation 
of an electromagnetic wave in a bulk right-handed medium 
with a nonlinear Kerr-type response (Kerr effect) has solu-
tions in the form of a plane wave with a phase depending on 
its intensity [5 – 13]. This wave may be unstable with respect to 
small amplitude perturbations both in time, at a negative 
group-velocity (anomalous) dispersion, and in space, at a 
positive Kerr coefficient (in a self-focusing medium). In the 
latter case modulation instability leads to small-scale self-
focusing of a homogeneous wave and, eventually, to its 
decomposition into separate beams. The presence or absence 
of modulation instability is closely related to the existence of 
bright or dark envelope solitons [10 – 13].

Modulation instability may develop during propagation 
of not only plane waves but also limited laser beams in bulk 
nonlinear media (in particular, in nonlinear optical cavities 
and laser amplification systems) and during surface wave 
propagation in nonlinear layered media and guided modes in 
nonlinear planar waveguides and optical fibres [10 – 20]. 
Under these conditions, the instability of a guided mode with 
respect to small amplitude perturbations in a nonlinear opti-
cal fibre or in a planar Kerr waveguide develops in time in the 
case of anomalous dispersion as well [21 – 30]. In a planar 
waveguide with self-focusing nonlinearity, the modulation 
instability of one waveguide mode may also develop in space 
(in the waveguide plane) [10, 20, 31 – 38].

Simultaneous propagation of two guided modes in a non-
linear waveguide is also accompanied by instability of their 
amplitudes with respect to small perturbations. Due to the 
intermodal interaction their modulation instability may 
develop at the parameters corresponding to stable single-
mode propagation [12, 13, 39 – 48].

The studies of the modulation instability in nonlinear left-
handed metamaterials and waveguide structures containing 
these materials have provided a much deeper insight into their 
development conditions [49 – 62]. In some cases these condi-
tions can be considered as inverted with respect to those for 
modulation instability development in right-handed media. 
For example, when only one wave propagates in left-handed 
media with a nonlinear Kerr-type response, spatial modula-
tion instability may occur at a negative Kerr coefficient [51], 
and time instability is possible at a positive group-velocity 
dispersion [52].

The dispersion properties of the optical waveguides con-
taining left-handed metamaterials differ dramatically from 
the properties of conventional right-handed waveguides 
[63 – 71]. Left-handed waveguides, as well as right-handed 
ones, allow for propagation of fast waveguide modes with a 
phase velocity exceeding that of plane waves in a bulk mate-
rial having the same parameters as the film material. However, 
in contrast to right-handed waveguides, left-handed ones 
allow also for propagation of slow waveguide modes with a 
phase velocity smaller than the plane-wave phase velocity in 
the bulk film material. The frequency dispersion relation for 
the propagation constant of a fast guided mode of a planar 
waveguide based on a thin left-handed film, a right-handed 
cover medium, and a right-handed substrate may have a point 
at which the mode group velocity becomes zero  
[63, 67, 69 – 71]. This point divides the dispersion curve into 
two branches. One of them corresponds to either forward or 
backward propagating mode with a positive group velocity, 
having the same direction as the phase velocity, while the 
other branch corresponds to either forward or backward 
propagating mode with a negative group velocity, whose 
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direction is opposite to that of the phase velocity. Therefore, 
in the general case, four guided modes of the same type may 
propagate at the same frequency and in the same direction in 
a thin left-handed film [69 – 71], in contrast to waveguides 
based on right-handed materials, which allow for propaga-
tion of only two such modes [72 – 76].

If the material of a left-handed waveguide (e.g., substrate 
[68, 71]) has a nonlinear optical response, the propagation of 
modes of the same type is accompanied by not only the self- 
and cross-phase modulation, as in conventional right-handed 
waveguides [10, 12, 13, 77 – 81], but also intermodal energy 
exchange [71]. The development of spatial modulation insta-
bility during propagation of guided modes in this nonlinear 
planar waveguide may possess essential features, which have 
not been considered until now. In this paper, we report the 
results of analysing the modulation instability for different 
versions of propagation of two waveguide modes in a thin 
left-handed film on a right-handed substrate exhibiting the 
Kerr effect at a frequency near zero group velocity.

2. Intramodal beams at a frequency 
near zero group velocity

Let us consider a planar waveguide based on a thin left-handed 
film and a substrate exhibiting the Kerr effect (Fig. 1). We 
assume that the frequency dispersion of the relative permittiv-
ity and permeability of the film metamaterial is described by 
the model relations used in [50 – 52, 54, 55, 57, 63, 67 – 71] and 
the layer parameters accepted in [69 – 71]. Generally, the light 
field in this waveguide is formed by four monochromatic 
beams of fast TE modes with the same mode index, exceeding 
unity [70, 71]. The frequency dispersion relations for the 
propagation constants of these modes have a point at which 
the mode group velocity becomes zero [63, 67, 69 – 71, 82]. 
The central component of the spatial spectrum of the first 
(second) beam is the forward propagating mode with a posi-
tive (negative) group velocity, to which the wave vector b+ 
( b–) corresponds. The central component of the spatial spec-
trum of the third (fourth) beam is the backward propagating 
mode, also with a positive (negative) group velocity, to which 
the wave vector – b+ ( – b–) corresponds.

In the paraxial approximation the y component of the 
electric strength vector of the total light field, which is a 
superposition of four intramode beams, can be written as

( , , ) [ ( ) ( , ) ( )exp iE x y z I x C y z zin
f

y bY= -+ + +

( ) ( , ) ( ) ( ) ( , ) ( )exp expi ix C y z z x C y z zb fb bY Y+ + -+ + + - - -

( ) ( , ) ( )] . .,exp i c cx C y z zb bY+ +- - - 	 (1)

where Iin is the maximum light field intensity in the wave-
guide; ( )xY+  and ( )xY-  are dimensionless functions, 
describing the spatial distribution of the mode field along 
the normal to the film (Fig. 1) for modes with positive (sign 
+) and negative (sign –) group velocities [69, 70]; b+ and b– 
are the mode propagation constants; ( , )C y z,

,f b
+ -  are dimen-

sionless functions, describing the spatial distribution of light 
field envelope in the film plane (slow and fast dependences 
along the z and y axes, respectively); and the superscripts f 
and b refer to the forward and backward propagating 
modes, respectively.

Using the standard procedure of the method of slowly 
varying amplitudes and neglecting the processes that do not 
obey the phase-matching conditions [12, 13, 45, 72 – 79], one 
can derive (from the Maxwell equations) the following equa-
tions, describing the interaction between the considered intra-
modal beams in the paraxial approximation:
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where  h = ( b+|g|/2)1/2y and z = |g|z/2 are normalised coor-
dinates; signn2s is the sign of the substrate Kerr coefficient; 
and db = b+/b–. As in [71], we introduced the coefficients
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Figure 1.  Schematic of a three-layer planar waveguide based on a left-
handed film, a right-handed cover medium, and a right-handed sub-
strate exhibiting the Kerr effect.
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where l is the light wavelength in vacuum; n+ = b+l/2p is the 
effective refractive index of the mode with positive group 
velocity; c3s is the nonlinear optical susceptibility of the sub-
strate; and  m(x) is the dependence of relative waveguide per-
meability along the normal to the waveguide plane (Fig. 1). 
The negative value of the integral under the modulus sign in 
the formula for N– is directly taken into account in Eqns (4) 
and (5).

The system of equations (2) – (5) is a system of coupled 
nonlinear Schrödinger equations (NSEs). If only one intra-
modal beam propagates in a waveguide (for example, a beam 
with a nonzero envelope C 0f !+  under the condition C b+  º 
C ,f b
-  º 0), the corresponding equation [e.g., Eqn (2)] is the 

conventional NSE [5 – 38]. When only two beams propagate 
(for example, with envelopes C 0f !+  and  0C f !-  at C b+  º 
C b-  º 0), the system of two corresponding equations [e.g., 
Eqns (2) and (4)] is similar to a system of two coupled NSEs 
[12, 13, 39 – 48]. The propagation of three or more beams is 
described by three or more coupled NSEs [12, 13, 45, 79 – 81] 
[e.g., Eqns (2) – (4) under the conditions C 0f !+ , 0C b !+ , and 

0C f !-  at C b-  º 0 ], which are derived from system (2) – (5) by 
equating the envelope of the absent beam to zero.

Note that in the case under consideration the interaction 
of four modes is due to not only the self- and cross-phase 
modulation [12, 13, 79 – 81], whose contribution is described 
by the first four nonlinear terms in Eqns (2) – (5), but also the 
parametric mixing [12, 13, 45, 77, 78], whose contribution is 
presented by the last nonlinear term in Eqns (2) – (5). At the 
same time, the propagation of only one, two, or three modes 
is not accompanied by this mixing. In neglect of the deriva-
tives with respect to the y coordinate, Eqns (2) – (5) describe 
the interaction between modes that are unlimited in the wave-
guide plane; an analysis of this interaction was performed in 
[71], where it was shown that the contribution of spatial para-
metric mixing of modes leads to an efficient energy exchange 
between them.

The signs before the nonlinear terms in Eqns (2) and (3) 
with the evolution derivatives of the envelopes of beams 

formed by modes with a positive group velocity are opposite 
to the signs before similar nonlinear terms in Eqns (4) and (5) 
with the evolution derivatives of the envelopes of beams 
formed by modes with a negative group velocity. These signs 
are determined by the sign of the nonlinear optical coefficient 
of the substrate, n2s. In the case of one beam with a positive 
group velocity and envelope C f+  (or C b+ ), under the conditions  
C b+  º C ,f b

-  º 0  (or C f+º C ,f b
-  º 0), it follows from Eqn (2) [or 

(3)] that a positive coefficient n2s corresponds to a focusing 
Kerr nonlinearity [31 – 38], while a negative coefficient corre-
sponds to a defocusing nonlinearity. For a beam with a nega-
tive group velocity and envelope C f-  (or C b- ), under the condi-
tions C b-  º C ,f b

+  º 0  (or C f-º C ,f b
+  º 0), it follows from Eqn 

(4) [or (5)] that, vice versa, a positive coefficient n2s corre-
sponds to a defocusing Kerr nonlinearity, whereas a negative 
coefficient corresponds to a focusing nonlinearity.

The efficiency of the nonlinear processes described by the 
NSEs (2) – (5) is determined by the coupling constant. For 
waveguides with an intentionally doped glass substrate with a 
large coefficient n2s (10–19 m2 W–1 [77, 78]), at a light intensity 
on the order of 1015 W m–2, the coupling constant may reach 
several tens of inverse centimetres [71], which corresponds to 
a submillimetre effective interaction length of waveguide 
modes.

3. Self- and cross-phase modulation 
of waveguide modes

Coupled NSEs, which were analysed in [5 – 13], have an 
elementary solution in the form of plane waves with a lin-
ear (in the evolution coordinate) phase delay, propor-
tional to wave intensities. An analysis of the formation of 
modulation instability of these waves determines the pos-
sibility of forming soliton envelopes of different types 
[10 – 13, 22, 27, 42, 47, 60].

In our case, an analogue of the solution in the form of 
plane waves is the solution corresponding to propagation of 
four modes in the planar waveguide under consideration, 
which are unlimited in the waveguide plane. This solution for 
coupled NSEs (2) – (5) can be written as

( /2),exp iC b, , ,
f f f" zY=+ - + - + -

( /2),exp iC b, , ,
b b b! zY=+ - + - + - 	

(9)

where the normalised perturbations of propagation con-
stants, describing the self- and cross-phase modulation, 
should satisfy the relation

b b b b nf b f b p- + - =+ + - - 	 (10)

and be expressed in terms of mode amplitudes as follows:

/2 ( ) 2( ) 2 ( ) ( )signb n g, , ,f b
s

f b b f f b
2

2 2 2 2Y Y Y Y= + + ++ + + - -7 A#

	 +( ) / ,g1 2 , ,b f f b f bn Y Y Y Y- + - - +_ i- 	 (11)

/2 ( ) ( ) ( ) ( )signb n g g2 2, , ,f b
s
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	 ( 1) 2 / ,g , ,f b b f f bn Y Y Y Y+ - + + - -_ i 	 (12)

here, n is an integer. Relation (10) imposes a constraint condi-
tion on the normalised mode amplitudes; this condition can 
be written as

( ) ( ) ( )g1 1 2 f b

f b
f bn 2 2

Y Y
Y Y

Y Y+ - -
+ +

- -
+ +< 7F A

	 ( ) ( ) ( ) .g g n1 2 f b

f b
f bn

1
2 2 p

Y Y

Y Y
Y Y+ + - - =

- -

+ +
- -< 7F A 	 (13)

Matching of the amplitudes of four modes, set by (13), is 
directly related to the contribution of spatial parametric mix-
ing, to which the last nonlinear terms in Eqns (2) – (5) corre-
spond. In the case of propagation of any three, two, or one 
mode in the waveguide under consideration, this matching is 
absent, and the perturbations of propagation constants are 
described by expressions (11) and (12) after equating the 
absent-mode amplitudes to zero.

4. Modulation instabilityof a single mode

It is known that the plane-wave solution described by for-
mula (9) in our case may be either unstable or stable with 
respect to small additive perturbations of the form aexp[i(Kz 
+ Qh)] + bexp[– i(Kz + Qh)] of amplitude Y . Similar to the 
case of propagation of one monochromatic wave with a con-
stant amplitude in a Kerr medium [5 – 13], modulation insta-
bility of one waveguide mode (corresponding to complex 
values of perturbation longitudinal wavenumber K ) with a 
positive group velocity, e.g., with an amplitude coefficient 

0,
f f bY Y Y= =+ - + -_ i or 0,

b f bY Y Y= =+ + - -_ i, may occur only at a 
positive Kerr coefficient of the substrate, n2s > 0, if the mode 
amplitude satisfies the threshold condition ( ), 2f bY+  > Q2/4, 
determined by the transverse wavenumber Q. Modulation 
instability of a mode with a negative group velocity, e.g., 
with an amplitude 0,

f f bY Y Y= =- + + -_ i or 0,
b f bY Y Y= =- + - +_ i is, 

vice versa, possible only at a negative coefficient, n2s < 0, if the 
condition ( ),f b 2Y-  > (dbQ2)/(4g1) is satisfied; this condition is 
reduced to the previous one by the corresponding renormali-
sation of coordinates ( ( / )g /

1
1 2h d h= bl  and g1z z=l ) in Eqn (4) 

or (5).
In all cases implying propagation of a single mode, the 

dispersion relations between the amplitude perturbation 
growth increment ImK and the transverse wavenumber Q are 
similar to those considered in [10 – 38]. This increment is non-
zero in the range 0 < |Q| < 2 ,f bY+  and reaches the maximum 
value ImKmax = ( ),f b 2Y+  at Q = .2 ,f bY+  In dimensional units 
the maximum perturbation growth increment has an order of 
the coupling constant |g|, which amounts to several tens of 
inverse centimetres for the parameters accepted above. This 
value is in agreement with the small-scale self-focusing length 
1/|g| » 10–2 cm, which was used when discussing the results 
of the analysis of the modulation instability of guided modes 
of a thin right-handed film on a nonlinear substrate, which 
was performed in [20]. Note that the exact analytical descrip-
tion of the nonlinear evolution of modulation instability of a 
plane wave in right-handed media [11, 35] demonstrates peri-
odicity of instability development along the longitudinal 
coordinate.

5. Modulation instability for two 
counterpropagating modes with positive 
or negative group velocities

There are two possible versions for this case: (i) two counter-
propagating modes with a positive group velocity ( 0f !Y+  
and 0b !Y+  at 0f bY Y= =- - ) and (ii) two counterpropagat-
ing modes with a negative group velocity ( 0f !Y-  and 0b !Y-  
at 0f bY Y= =+ + ).

According to methodology applied in the linear analysis 
of stability [10 – 62], we will consider the additive perturba-
tions of the amplitude coefficients of waveguide modes down

upY  
[the indices up and down are, respectively, the superscript and 
subscript in (9), corresponding to the case under consider-
ation] in the form

( , ) [ ( )]exp iu a K Qdown
up

down
uph z z h= +

	 [ ( )] .exp ib K Qdown
up z h+ - + 	 (14)

After the linearization (with respect to the perturbation 
amplitudes adown

up  and bdown
up ) of Eqns (2) and (3) [(4) and (5)], 

which describe the propagation of modes with only positive 
(negative) group velocity in the first (second) version under 
the conditions C f-  º C b-  º 0  (C f+  º C b+  º 0), one can easily 
derive a biquadratic equation for the longitudinal wavenum-
ber K. Its solution can be written as 

( ) ( )signK
Q

Q
n2

2, 2s
f b

1 2
2

2

2
2 2" Y Y= +! !7 A

	 ( ) ( ) ( ) ,14f f b b4 2 4" Y Y Y Y+ +! ! ! ! 	 (15)

where the upper and lower signs before the function signn2s 
correspond to the first and second versions, respectively. In 
both versions, the upper and lower signs before the square 
root correspond to the first (K1

2 ) and second (K2
2 ) roots of 

biquadratic equation, respectively.
The parameters db and g1, which are present in the simpli-

fied (for the second version) NSEs (4) and (5), are absent in 
the latter formula because of the renormalisation of coordi-
nates ( ( / )g1

1/2h d h= bl  and g1z z=l ), which in no way affects 
the presence or absence of modulation instability in this mode 
propagation version.

It follows from relation (15) that the modulation instabil-
ity, to which complex values of perturbation longitudinal 
wavenumber K correspond, is possible for both versions at 
any sign of coefficient n2s, if the following condition is fulfilled 
for the amplitude coefficients:

( ) ( ) ] ( )12
/f b f b2 2 2 2 1 2Y Y Y Y+ +! ! ! !7# -

	 ( ) ( )signn f b
s2

2 2! Y Y+! !7 A > 
Q
2

2

.	 (16)

This condition relates the mode intensities (proportional to 
squared amplitude coefficients) to the transverse wavenum-
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ber of amplitude perturbations, in the same way as in the case 
of propagation of a single mode in the film.

The dispersion relations between the normalised pertur-
bation growth increment  ( / )Im K fk Y= +  and the normalised 
transverse perturbation wavenumber / ,q Q fY= + , which char-
acterise the presence of modulation instability of two counter-
propagating modes of thin left-handed film with positive 
group velocities at positive (n2s > 0) and negative (n2s < 0) 
Kerr coefficients of the substrate, are shown in Fig. 2 by solid 
and dashed lines, respectively, for different ratios of mode 
amplitude coefficients dT. In this case, the instability growth 
increment is larger for the positive coefficient n2s. The incre-
ment for n2s > 0 and dT =  0 is equal to the increment for 
n2s < 0 and dT = 1. Obviously, in the case of two counter-
propagating modes with negative group velocities, the solid 
(dashed) lines correspond, vice versa, to the negative (posi-
tive) Kerr coefficient. Thus, the conditions for development 
of modulation instability of two modes with a negative group 
velocity are inverted with respect to the conditions for the 
instability development in the case of two modes having a 
positive group velocity.

It follows from Fig. 2 and formula (16) that, both in the 
first and second versions, the condition for modulation insta-
bility is fulfilled at a lower total mode intensity for that sign of 
substrate Kerr coefficient at which it can be was fulfilled for 
only one mode propagating in the waveguide.

6. Modulation instability in the case 
of copropagating modes with opposite signs 
of group velocities

This case corresponds to forward or backward propagating 
modes, one of which has a positive group velocity and the 
other has a negative group velocity, e.g., to forward propa-
gating modes with opposite signs of group velocities ( 0,f !Y+  

0f !Y- , and 0b bY Y= =+ - ). Similar to the previous case 

(Section 5), the relation for the squared longitudinal wave-
number of mode amplitude perturbations [see (15)] can easily 
be derived from NSEs (2) and (4) under the conditions C b+  º 
C b-  º 0 , after their linearization with respect to the perturba-
tion amplitudes adown

up  and bdown
up  in the following form:

( ) ( )signK
Q

Q n g2
4

1
, s

f f
1 2
2

2

2
2

2 1
2 2

d
d Y Y=

+
+ -

b
b - +7 A

	
( )

( ) ( )signQ n g16
1

16
12

s
f f

2
4

2

2
2

1
2!

d d
dY Y

-
-

-
+

b b
b+ -7 A(

	 ( ) 2 (8 )( ) ( ) ,g g g
/

f f f f4 2
1

2 2
1
2 4

1 2

d dY Y Y Y+ - +b b+ + - - 2 	(17)

where the upper and lower signs before the square root cor-
respond, respectively, to the first and second roots of the 
biquadratic equation.

As follows from the latter relation, under the conditions 
accepted, the existence of modulation instability is deter-
mined by not only the mode intensities and transverse wave-
number Q but also by the ratio of the waveguide mode propa-
gation constants db, as well as the parameters g and g1, which 
describe the influence of the difference in the spatial distribu-
tions of modes on their overlap in a nonlinear substrate [com-
pare with (15)].

Near the frequency corresponding to zero group velocity, 
the values db, g, and g1 are close to unity (g1 < g < db < 1) 
[71, 82]. It follows from formula (15) that a small deviation of 
the coefficients g and g1 from unity causes only weakly pro-
nounced quantitative changes in the dependences of longitu-
dinal wavenumber K on the transverse wavenumber Q. At the 
same time, even a small deviation of the ratio of waveguide 
mode propagation constants, db, from unity may change sig-
nificantly the character of these dependences. Note that, at 
db = g1 = g =1, the radicand in formula (17) may take nega-
tive values, in contrast to the radicand in formula (15), which 
is always positive.

If we neglect the difference in the mode propagation con-
stants, the following strict equality holds true: db = 1. In this 
case, the wavenumber K is complex for any real Q and any 
sign of substrate Kerr coefficient n2s, if the following condi-
tion is satisfied:

2 3-  » (2g/g1) – ( / )g g2 11
2 -  < dT < (2g/g1) 

	 + ( / )g g2 11
2 -  » 2 3+ 	 (18)

(this condition is imposed on the ratio of amplitude coeffi-
cients: dT = /f fY Y- + ). The dependences of the normalised per-
turbation growth increment k on the normalised transverse 
perturbation wavenumber q, characterising the presence of 
modulation instability for n2s > 0 and g1 = g = 1, are shown 
in Fig. 3a. Since the radicand in formula (17) at db = g1 = g = 
1 may take negative values independent of the transverse 
wavenumber, no threshold condition [similar to inequality 
(16)] is imposed on the mode intensities and transverse wave-
number in this case. The increment k increases with a rise in 
the ratio dT in the range under consideration.
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Figure 2.  Dispersion relations for the growth increment k(q) of modu-
lation instability of two counterpropagating modes of a thin left-hand-
ed film with positive group velocities for positive (n2s > 0, solid line) and 
negative (n2s < 0, dashed line) Kerr coefficients of the substrate at differ-
ent ratios of mode amplitude coefficients dT. The curve for n2s > 0 and 
dT = 0 merges with the curve for n2s < 0 and dT = 1.
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If the intensity ratio dT lies in the range 0 < dT < (2g/g1) – 
( / )g g2 11

2 -  » 2 ,3-  at db = 1, the modulation instability 
is also implemented if the threshold condition, which can be 
written for both signs of the coefficient n2s as 

( ) ( ) ( ) ( )g g g2 8
/f f f f4 2

1
2

1
2 2 1 2Y Y Y Y- - ++ + - -7 A

	 ( ) ( )signn
Q
2

f f
s2

2 2
2

2Y Y+ -+ -7 A 	 (19)

is fulfilled. Figure 3b presents the dispersion relations k(q) for 
the dT values from the latter range. It is noteworthy that in 
this case, in contrast to the situation corresponding to Fig. 3a, 
the increment k, vice versa, decreases with an increase in the 
ratio dT. If dT satisfies the inequality dT > (2g/g1) + 
( / )g g2 11

2 -  » 2 ,3+  the modes propagating in a film 
with oppositely directed group velocities are not subjected to 
modulation instability.

Figures 3c and 3d show the dependences k(q) calculated 
for the parameters g1 = g = 1 (neglecting the difference in the 

mode spatial distributions) and the ratio db = 0.99, taking into 
account the small difference in the propagation constants of 
forward propagating modes with oppositely directed group 
velocities at a frequency near zero group velocity [69 – 71, 82]. 
A comparison of the curves in Figs 3a and 3c at the same 
value dT = 0.4 shows that, at a deviation of the ratio db from 
unity, the range of transverse wavenumbers at which modula-
tion instability may develop becomes finite. Another essential 
change in the dependences k(q), related to the deviation of 
ratio db from unity, follows from a comparison of the curves 
in Figs 3b and 3c at dT = 0.22. The consequence of this devia-
tion is as follows: with an increase in the transverse wavenum-
ber, there arises another region in which modulation instabil-
ity develops. One more essential feature caused by the devia-
tion of db from unity is the presence of a region of modulation 
instability in Fig. 3d at the amplitude coefficient ratio dT = 4, 
for which, as was indicated above, modulation instability is 
absent when the strict equality db = 1 is fulfilled. 

Note that the presence of modulation instability in the 
case of two counterpropagating modes, one of which has a 
positive group velocity and the other has a negative group 
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Figure 3.  Dispersion relations k(q), characterising the modulation instability of two forward propagating modes of a thin left-handed film, in the 
case of opposite signs of mode group velocities and substrate positive Kerr coefficient for (a, b) db = g1 = g = 1 and (c, d) db = 0.99, g1 = 0.98, and 
g = 0.97 at different dT.
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velocity, follows from NSEs (2) and (5) under the conditions 
C b+  º C f-  º 0 . In this case the conditions for the modulation 
instability development are completely similar to those con-
sidered in this section.

7. Conclusions

Thus, the existence of modulation instability of fast TE modes 
of a thin left-handed film on a right-handed substrate exhibit-
ing the Kerr effect at a frequency near zero of their group 
velocity can be established by analysing the solutions to four 
coupled NSEs. A solution to these equations, similar to the 
plane-wave solution of the nonlinear wave equation for a 
bulk medium, can be obtained in the general case of two for-
ward propagating modes with positive and negative group 
velocities and two backward propagating modes, also with 
positive and negative group velocities. The simultaneous 
propagation of all four waveguide modes is not only accom-
panied by perturbation of their propagation constants, which 
depend on the mode intensities; it also calls for matching the 
mode amplitude coefficients. This requirement is directly 
related to the contribution of spatial parametric mixing, 
which occurs under conditions of simultaneous propagation 
of all four modes. The aforementioned matching is absent in 
the case of propagation of any three or two modes or a single 
mode.

When a single mode propagates, its modulation instability 
may occur both at a positive Kerr coefficient of the substrate, 
if the mode has a positive group velocity, and at a negative 
Kerr coefficient, if the mode group velocity is negative. In 
both cases the conditions for developing modulation instabil-
ity, determined by the existence of imaginary part for the lon-
gitudinal wavenumber of mode amplitude perturbations, are 
identical; they relate the mode intensity to the transverse 
wavenumber of these perturbations. At a specified intensity 
of a mode, its modulation instability is possible in a limited 
range of transverse wavenumbers.

At a frequency near zero mode group velocity, there are 
two versions of counterpropagating modes with the same 
signs of group velocities. One corresponds to the propagation 
of modes with positive group velocities, and the other corre-
sponds to the propagation of modes with negative group 
velocities. In each version modulation instability may develop 
at any sign of substrate Kerr coefficient. The conditions for 
its development, which relate the mode intensity to the trans-
verse wavenumber of amplitude perturbations, can be consid-
ered as inverted with respect to each other in their qualitative 
character. Note that in the case of the first (second) version, 
the development of modulation instability for a positive (neg-
ative) Kerr coefficient is possible at a lower total intensity of 
waveguide modes than for a negative (positive) coefficient.

In the case of copropagating or counterpropagating 
modes with opposite signs of group velocities, the conditions 
for developing modulation instability depend not only on the 
mode intensities and the transverse wavenumber of perturba-
tions but also on the difference in the propagation waveguide 
mode constants. This difference affects significantly the dis-
persion relations between the longitudinal and transverse 
wavenumbers and may change their qualitative character. 
Modulation instability may develop at any sign of substrate 
Kerr coefficient for perturbation transverse wavenumber, 
either from one continuous region or from two separated 
regions, depending on the ratio of mode amplitude coeffi-
cients.
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