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Generalised Ramsey methods for suppressing light shifts
in atomic clocks based on the coherent population trapping effect

D.V. Kovalenko, M.Yu. Basalaev, V.I. Yudin, T. Zanon-Willette, A.V. Taichenachev

Abstract. We study the possibility of suppressing light shifts in
Ramsey spectroscopy of coherent population trapping (CPT) using
generalised autobalanced Ramsey spectroscopy (GABRS) and
combined error signal in Ramsey spectroscopy (CESRS). We con-
sider CPT resonances excited by a coherent bichromatic field in an
open A-system with a ‘trap’ state. Using a rigorous mathematical
proof and numerical calculations, these methods are shown to lead
to complete suppression of the light shift and its fluctuations.
Implementation of GABRS and CESRS in CPT clocks can mark-
edly improve accuracy and long-term stability of these devices.
These methods can also be applied in atomic CPT magnetometers
and interferometers.

Keywords: Ramsey spectroscopy, coherent population trapping
resonances, light shifts, atomic clocks and magnetometers.

1. Introduction

Atomic clocks are important and demanded quantum devices
that provide high-precision measurements of frequency and
time [1-3]. They have a wide range of applications in such
areas as navigation (GPS, GLONASS, GALILEO), commu-
nication and information transmission systems, geodesy, ver-
ification of fundamental physical theories, etc. [4—7]. A sepa-
rate class of atomic clocks is the clocks based on coherent
population trapping (CPT) [8—12], the essence of which is as
follows. When interacting with a coherent bichromatic field,
atoms pass into the so-called dark (nonabsorbing light) state.
The latter is formed when the difference in the optical fre-
quencies of the field varies near the hyperfine splitting of the
ground state, which leads to the appearance of a narrow dip
(peak) in the absorption (transmission) signal. The use of
optical cells with a buffer gas or an antirelaxation coating can
significantly reduce the width of the CPT resonance, which is
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usually 0.1-1 kHz. The main advantages of CPT clocks are
compactness and low power consumption due to the use of an
all-optical scheme for exciting a radio-frequency transition
without using a microwave cavity [13—15].

The main goal of research devoted to atomic clocks is to
increase the frequency stability, which characterises random
changes in the reference frequency over time. In many cases,
the key factor limiting the stability and accuracy of atomic
clocks is the light shift of the clock transition frequency due to
the dynamic Stark effect; in this case, fluctuations in the radi-
ation power lead to instability of the oscillator frequency.
This problem, in particular, can be solved using Ramsey spec-
troscopy [16], including its various modifications and gener-
alisations. For example, to suppress light shifts in one of the
modified Ramsey schemes described in [17], it was proposed
to use pulses of different duration, with the second pulse
being composite (i.e. its part has a phase shifted by m). This
‘hyper-Ramsey’ scheme was successfully implemented in opti-
cal clocks and demonstrated suppression of the light shift by
several orders of magnitude [18, 19]. Further versions of the
hyper-Ramsey approach development relied on other meth-
ods for generating the error signal [20—24].

Relatively recently, new methods for suppressing light
shifts have been developed, such as autobalanced Ramsey
spectroscopy (ABRS) [25] and its generalisation (GABRS)
[26], as well as combined error signal in Ramsey spectroscopy
(CESRYS) [27]. These spectroscopic schemes ‘do not suffer’
from relaxation effects in an atomic medium, time-dependent
pulse fluctuations, and other imperfections in the procedure
for interrogating atoms. They are based on the excitation of
atoms by two Ramsey sequences with different times of free
evolution (dark times). The GABRS method uses two feed-
back loops, one of which is used to adjust the frequency of the
clock signal, and the other is employed to control some con-
comitant, well-controlled parameter associated with Ramsey
pulses. Simultaneous stabilisation of the atomic clock fre-
quency and the concomitant parameter provides suppression
of the light shift. Sanner et al. [25] proposed and implemented
a frequency stabilisation scheme, in which an additional
phase shift of the field during the action of the second Ramsey
pulse is used as an concomitant parameter. Yudin et al. [20]
showed theoretically that there are other scenarios when
choosing the concomitant parameter. In contrast to GABRS,
CESRS [27] uses only one feedback loop and the error signal
for frequency stabilisation is formed by subtracting (with the
corresponding calibration coefficient) two error signals for
each Ramsey sequence. The use of ABRS made it possible to
achieve stability at a level of 107!° in CPT clocks with a cae-
sium vapour cell [28, 29]. GABRS and CESRS were experi-
mentally implemented in [30, 31] for laser-cooled rubidium
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atoms, in which the light shift was suppressed by more than
an order of magnitude.

It should be noted that the theoretical analysis for optical
clocks was carried out within the framework of a two-level
atomic system [26, 27], and for CPT clocks, within the frame-
work of a closed three-level A-system [32]. However, in the
conventional scheme of pumping an atomic medium with a
unidirectional circularly polarised light o*- or o—-field, in the
case of the Dy line of alkali metal atoms, there is a so-called
trap state (‘pocket’), that is, a sublevel of the ground state
with a maximum or minimum projection of the total angular
momentum of an atom. The presence of this state leads to a
deterioration in the CPT resonance parameters (a decrease in
the amplitude and contrast), since the atoms that accumulate
in the ‘pocket’ as a result of optical excitation and relaxation
of the excited state are no longer excited from there and do
not participate in the formation of the dark state. Therefore,
it was important to generalise the study performed in [32] to
the case of an open A-system with allowance for a trap state.

In the present work, we have obtained analytical results
that rigorously prove the applicability of GABRS and CESRS
in CPT clocks within the framework of an open A-system
with a trap state and are accompanied by various numerical
calculations. For GABRS, in particular, a variant is consid-
ered when the concomitant parameter is an additional fre-
quency jump during the action of both Ramsey pulses (pump-
ing and detecting).

2. Theoretical model

As a theoretical model of an atomic medium, we consider an
open A-system (Fig. 1) taking into account the presence of a
trap state (state |4)) interacting with Ramsey pulses of a
bichromatic field (Fig. 2)

E(l) — El(t)e—i(w1t+<p1)+ E2(t)efi(wgt+<p2)+ c.c. (1)

V34

14)

Figure 1. Open A-system:

w and w, are the frequencies of resonant optical fields; A, is the light
(Stark) shift of the clock transition frequency; y3, v3, and y34 are the
rates of spontaneous decay of the population from state |3) to states |1),
|2) and |4), respectively; I'is the decay rate of coherence between states
[1) and |2); state |4) is the trap state.

The CPT resonance is excited under the condition that the
frequency difference w; — w, varies near the hyperfine splitting
frequency wyy, of the transition between the sublevels |1) and
[2) (clock transition) of the main state. We will describe the

|15 ™p T4
Phase
Jjump
0 ty 1 T 123 !

Figure 2. Ramsey scheme for CPT resonance spectroscopy. The first
pulse pumps atoms into a dark state, and the second pulse detects spec-
troscopic information.

temporal dynamics of the atomic system using the formalism
of the atomic density matrix in the basis of states {|/)} (see
Fig. 1):

ﬁ(t) = Z|m>pnm(t) <I’l| (2)

In the rotating wave approximation, the equations for the
density matrix have the form:

o,on1= piI'Tr[p] = Tpii+ y3ip3s + i(Qszl— Qip13),
0,021 = [T+ i(0r — Aw)lp21 + i(szzl— Q1053),
0pn = p2I'Tr[p] = Ty + y3p33 + i(-Q;pzz — 2y023),

0,031 = (—Yopt + 10)p31 + 121(p11 — p33) + 122021,
(3)
0,032 = (= Yopt + 102)p32+ 122(022 — p33) + 121012,

0,p33 = —(I'+ yop)pas + i(LQ1p13— Qip31) + (22023 — Q3p3),
0,pas =— (p1+ p) I'TI[P] + T'(p11+ P22+ P33) + V34033,
P2=Pis P13= P31 P3=Ph-

Here Q,= dy Ee” /i and Q, = dv,E-e” 2/ are the Rabi
frequencies for the transitions |1) = |3) and [2) = |3), respec-
tively (d5; and ds, are the matrix elements of the electric dipole
moment operator); 0; = w; — w3; and 6, = w, — w3, are one-
photon detunings of laser fields; g = @ — W, — Wy is the two-
photon (Raman) detuning; Ay, is the light (Stark) shift of the
clock transition frequency during the action of Ramsey
pulses; Y, is the decay rate of optical coherences (due to
spontaneous decay processes, collisions with a buffer gas,
etc.); y31, ¥32 and y34 are the rates of spontaneous decay of the
population from state |3) to states |1}, |2) and |[4), respectively;
7sp 18 the rate of spontaneous decay of the excited state |3) (in
the case of a closed atomic system, y, =y3; + 73+ y); the
constant I" determines the rate of relaxation of atoms (for
example, due to transit effects) to an isotropic distribution
over the sublevels of the ground state (in the absence of a light
field); and p; and p, are the relaxation coefficients to this iso-
tropic distribution.

We represent the system of linear equations (3) in the vec-
tor form

ap=Lp, “4)

where the column vector p(¢) is formed from the elements of
the density matrix p(7) as follows:



Generalised Ramsey methods for suppressing light shifts in atomic clocks

P = (Pl1,/)12,/321,Pzz,pls,P31,P23,p3z,p33,P44)T, ®)
and the matrix L (Liouvillian) [see expression (Al) in the
Appendix] is determined by the coefficients of equations
(3).

As a spectroscopic signal, we investigate the absorption
during the detecting pulse (for ¢ > t,, see Fig. 2), which in the
approximation of an optically thin medium is proportional to

A() = 2Im{i(D)pa1(1) + L2(D)px(1)} (6)
The signal accumulated during the detecting time 4 is calcu-
lated by integrating expression (6) over time:

A(Bg) = ftzwA(t)dt.

&}

(N
Using the standard definition of a scalar product
(X, 9) =D XmVm,

expression (6) can be expressed as

A(1) = (1), Wa(1) Gr Wy, pin). ®)

where the vector  is defined as

Q= (03030309_igiigla_igzigboao)r' (9)

The vector p;, corresponds to the initial atomic state. The
operators sz Wp(tl,to) and W= Wd(t, ,) determine the
evolution of atoms interacting with the pump pulse (¢, < ¢
< t1) and the detecting pulse (¢ > t,), respectively. The opera-
tor Gy [see (A3)] describes the free evolution of atoms (7; <
t<t,=t,+T):

A LyT
GT:eU ,

(10)

where the Liouvillian L, (A2) is formed from Eqns (3)—(5)
in the absence of a light field (i.e., when Q; = ©, = 0 and
Ash = O)

In experiments, the dark time 7, as a rule, significantly (by
2—4 orders of magnitude) exceeds the decay times of the pop-
ulation of the excited state and decay of optical coherences,
which corresponds to the condition 7' >> y,1, 75" - Therefore,
in the diagonal elements of the matrix Gr, we can assume that
e T ~ 0and e " ~ 0. In this case, the operator Gr has
the form

0 0 0
0 e—iaﬁ _ e—ia? 0
0 0 eia;’ _ eia?
0 0 0
Do = Pai,a3) ~ Plai,oz) = 8 8 8
0 0 0
0 0 0
0 0 0
0 0 0

O DO OO O OO oo

G 0 0 Gy 0000 Gy Gy
0 e U+inT 0 0 0000 0 0
0 0 e =0T 0 0000 0 0
Gar 0 0 Gis 0000 Gy Gapo
Gonl © 0 0 0 0000 0 0
™o 0 0 0 0000 0 0
0 0 0 0 0000 0 0
0 0 0 0 0000 0 0
0 0 0 0 0000 0 0
G10,1 0 0 Gl()‘4 0000 G10,9 Glo,lo
(an

Let us consider a stabilisation scheme in which jumps (i.e.,
a step-like change) in the relative phase of the bichromatic
field (¢, — ¢,) are used to generate the error signal S, (Ogr)
before the second Ramsey pulse. Using formulae (7) and (8),
we write the expression for the spectroscopic signal taking
into account the phase jump:

A(Groaas) = f Q0. Walt) Danan) Gr Wypi) e, (12)

where the phase jump operator for the bichromatic field has
the form

(ﬁ(ahaz):

1 0 0 0 0 0 0 000
Oe@®@ o 0 0 0 0 000
0 0 e@®@pg 0 0 0 000
0 0 0 1 0 0 0 000
0 0 0 0e¢'™ ?a 0 0 00/ (13)
0 0 0 0 0 e¢“ 0 0 00
0 0 0 0 0 0 e 0 00
0 0 0 0 0 0 0 e=00
0 0 0 00 0 0 010
0 0 0 0 0 0 0 0 01

The error signal is formed as the difference between signals
(12) for two different phase jumps:

Serr(éR) = /_1(6]{,05?,&5) - 1‘](61(,0{?,&5)

= [ @ a0y Do Gr Wiy d. (14)

where the superscript ‘+’ denotes the phase change for the
first jump, and the subscript ‘-’ corresponds to the second
phase jump. The Dy operator in (14) is defined as

0 0 0 0 00
0 0 0 0 00
0 0 0 0 00
0 0 0 0 00
—ia] _ g 0 0 0 00
0 el — glet 0 o oof ¥
0 0 e “@_¢gi@ 0 00
0 0 0 el _ el ) 0
0 0 0 0 00
0 0 0 0 00
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Here we have introduced the notation for the relative phase of
the bichromatic field:

a=a-ai, ar=a —a;. (16)
In accordance with (11) and (15), we obtain the following
expression for the matrix product Dy Gr:

DoGr = exp(—I'T)T, a7
where the matrixi’Thas the form
§rm (18)
0o 0 0 0000000
0 e*l(;RT(e*WJrr_ e*i“;) 0 0000000
0 0 eiBRT(ei(ﬁ_ eia?) 0000000
0 0 0 0000000
0 0 0 0000000
0 0 0 0000000
0 0 0 0000000
0 0 0 0000000
0 0 0 0000000
0 0 0 0000000

Then, taking (17) into account, the error signal (14) is calcu-
lated by the formula

Serr(8r) = exp(—I'T) f Q) W)Y Wy di. (19)

Thus, as follows from (18), the error signal is sensitive
only to a change in the relative phase a, = a; — a,, but does
not depend on the phases a;, separately. We also note that
the maximum amplitude of the error signal (19) is achieved
for phase jumps af = /2 and a; = —m/2.

In an atomic clock, the frequency is stabilised at zero of
the error signal for the central Ramsey resonance. Therefore,
one of the key parameters affecting the metrological charac-
teristics is the frequency Oelock » Which corresponds to the solu-
tion of the equation

Serr(éR) =0 (20)

relative to og.

3. Generalised autobalanced Ramsey
spectroscopy of CPT resonances

The stabilisation scheme for GABRS contains two feedback
loops acting in parallel on alternating Ramsey sequences with
different free evolution times 77 and 7. The first loop con-
trols the oscillator frequency (i.e., the Raman detuning dy),
and the second loop controls some concomitant parameter &
associated with the first and/or second Ramsey pulse. The
GABRS algorithm is organised as a series of the following
cycles. For a Ramsey sequence with a free evolution time
T}, the concomitant parameter is fixed (£ = &5,), and the fre-
quency is stabilised at zero of the first error signal
S (6r, &) = 0. Then measurements are carried out for a
sequence of Ramsey pulses with a different dark time (75),
when the previously obtained frequency is fixed (Or = Ogy)
and the concomitant parameter stabilises at zero of the sec-

ond error signal S{2(55.,&) = 0. When these iterations are

repeated, both parameters (dr = Oetock and & = &) eventually
stabilise, which corresponds to solving the system of equa-
tions
for the variables g and &.

Let us show that system (21) always has a solution dg = 0.

Substituting expression (19) for the error signal into (21), we
obtain

h+T, A A ~
[T @, et ppwdr = 0.
(22)

[ @@ veis, hpmdi= 0.

&}

It follows from (18) that, in at g = 0, we have an equality for
the matrices Tr, and Y1,

YTl(aR =0) :YTZ((SR =0). (23)
In this case, the system of two equations (22) is reduced to one
equation with an unknown parameter &:

J;tﬁm(g(t), Wa()Y (O = 0) Wipin)di = 0, (24)

which always has a solution.

Thus, it has been analytically shown that the choice of
the appropriate value of the concomitant parameter makes
it possible to completely suppress the light shift of the clock
frequency (Jcock = 0) stabilised by the CPT resonance. This
result does not depend on the parameters of Ramsey pulses
(amplitude, shape, phase), relaxation constants, errors in
the formation of phase jumps, etc. The resistance of the
method to various technical errors demonstrates its high
reliability.

As a particular case of GABRS for CPT resonances, we
consider an autobalanced scheme, in which the concomitant
stabilised parameter is an additional ‘jump’ in the frequency
difference w; — w, during the action of both Ramsey pulses,
i.e., £ = A.. The frequency jump (A, = A.) that completely
suppresses the light shift (Sgeec = 0) can be found from equa-
tion (24).

Figure 3a shows the behaviour of the error signal for the
conventional Ramsey scheme for different values of the light
shift Ag,. Graphs of error signals for stabilisation of the con-
comitant parameter A, are presented in Fig. 3b. Figure 3c
demonstrates the error signals for frequency stabilisation
when A, = A.. It can be seen that the light shift in this case is
completely suppressed, and the error signals completely coin-
cide and have an antisymmetric shape. Finally, from Fig. 3d
it follows that the frequency jump A, linearly depends on the
light shift: A, = Agy,.

4. Combined error signal in Ramsey spectros-
copy of CPT resonances

This approach is based on the excitation and interrogation of
atoms using two sequences of Ramsey pulses with different
free evolution times 7 and 7,. However, unlike GABRS,
only one feedback loop is used here, and the error signal for
frequency stabilisation is formed as a linear superposition of
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Figure 3. (a) Error signal S gZ; (Or, A. = 0) in the conventional Ramsey scheme at various values of the light shift Ag,; (b) error signal SérTrZ) (6R

A,) for stabilisation of the compensatmg frequency jump A; (c) error signal Serr (Or, A= AC) for frequency stabilisation of the Raman detumng
in GABRS with the compensating frequency jump; (d) dependence of the frequency jump A, on the shift of the clock transition frequency Ag,.
Numerical dependences are calculated for the light shift of the Raman transition Ay, /I"= ( ]) 0, (2) 7 and (3) 21. Other parameters of the model

1nclude!21 =037, 731 = V32 =734 = Vsp/3: Vopt = 50¥sps T= 5% 10y, p1=py = 113, T} = 051“1 T,=0.1I'"", 7, = oo (steady state), 7y = 0.1,

and af = 7/2.

two ordinary error signals obtained separately for each
Ramsey sequence:

SngrES)((SR) Sgrc)((SR) ﬁcalSerr (5R): (25)
where ., is some calibration coefficient. The stabilised fre-
quency of the oscillator corresponds to the condition when

0.2F 2===0
—
o
L i 7
Q
= o
g o1t /
St i
v - 3 1
4 -1
i -
0 /7 —
4 //
/' -
r et 2
-7
-— ’
—0 . 11— === //
’
/”
Beeo -
~0.2 1 1 1 1 1 1 1 1 1 1 1 1
3 2 1 0 1 2 O6jT

Figure 4. Error signals for the conventional Ramsey scheme at 7= (/)
0.5I'"and (2) 0.05I" !, as well as a combined error signal at (3) T} =
0.5 " and T, = 0.05I" . Other parameters of the model include Ay,/I"
= 7 'Ql ‘QZ =0. 3y>pv V31 =V32=Vu= ysp/3 yo? - Soysp’ r=5x 107575197
p1=p>=1/3, 7, = oo (steady state), 7y = 0.1I'"", and ai" = £7/2.

the combined error signal is equal to zero: S (5x) = 0.
Substituting (19) into expression (25), we obtain

SEEVG0) = e | [T QM. Wal 0 1 W) di-

1.2
=
PS
0.8
1
0.4F
47
0 e L
3 -
1 1 1 1 1 1 1 1
0 5 10 15 AT

Figure 5. Clock frequency shifts dy,q as functions of the light shift Ay,
for the conventional Ramsey scheme at 7'= 0.5I'"! (1), as well as for
CESRS at 7}, =0.5I'"" and T,=0.05I""! when the calibration coefficient
Peal equals the ideal value (2) and when S, deviates by +5% and —5%
from the ideal value [( 3) and (4), respectively]. Other parameters of the
model include = £ = 0.3y, ¥31 = V32 = V34 = Vsp/3, Yopt = 507/sp,

5% 107, p1 = pr = 1/3, 7, = oo (steady state), g = 0.1I' !, and ¢ =
+n/2.




500

D.V. Kovalenko, M.Yu. Basalaev, V.I. Yudin, et al.

D+ ~ A A~
B [T @ W0 Hopdr| . (26)
o)
When choosing a calibration coefficient such that
ﬁcal = e—I‘(T]— TZ)a (27)

the expression for the combined error signal (26) can be writ-
ten as

SEES) () = eI j @), Wi

X (U, =Y Wopin)di. (28)

_ Taking into account equality (23) for the matrices %Tl and
Y7, with Or = 0, expression (28) makes it possible to obtain

SEE0) = 0. (29)

Thus, the performed analysis proves the absence of a light
shift for the oscillator frequency stabilised at zero of the com-
bined error signal (25) with the calibration coefficient (27).

Figure 4 shows the error signals for the traditional Ramsey
scheme at two different free evolution times (7,/7, = 10) and
the combined error signal as function of the Raman detuning
Or. It can be seen that with an accurate calibration coefficient
Bea (27), the light shift for CESRS is completely suppressed.
However, in real conditions, ., may differ from the ideal
value, which leads to the appearance of a residual shift for
CESRS. Nevertheless, as calculations show (Fig. 5), even at a
+5% deviation of f3, from the ideal value, suppression of the
light shift is about 17 times greater in CESRS as compared to
conventional Ramsey spectroscopy (with the free evolution
time T])

5. Conclusions

We have rigorously proven the applicability of generalised
autobalanced Ramsey spectroscopy and the combined error
signal in Ramsey spectroscopy of CPT resonances in an open
A-system with a trap state, which simulates the case of the D,
line of alkali metal atoms in a bichromatic circularly polarised
field. The obtained analytical results are supported by numer-
ical calculations demonstrating the high efficiency of suppres-
sion of the light shift and its fluctuations. With regard to
GABRS, a variant is considered when an additional fre-
quency jump in the value of the Raman detuning is an con-
comitant parameter for suppressing the light shift.
Implementation of GABRS and CESRS will significantly
improve long-term stability (to a level below 10~'%) and the
accuracy of CPT clocks. These methods can find application
in atomic CPT magnetometers and interferometers. The
advantage of these spectroscopic schemes is also their high
immunity to various distortions of the pulse shape, relaxation
processes, errors in the formation of phase jumps, etc.
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Appendix

The Liouvillian defined by Eqns (3)—(5) has the form

L=
-(1-p)T 0 0 nl -iQ iQ 0 0 yai+ pil nl
0 —T'—i(6r — Agh) 0 0 -2, 0 0 Q] 0 0
0 0 —T'+i(6R — Ash) 0 0 iQ5 —iQ 0 0 0
pal’ 0 0 -(1=pT 0 0 ~i€; 192 a2+ pal’ pal’
—iQ -9 0 0 ~Yopt—i01 0 0 0 Q] 0
iQ 0 iQ, 0 0 —Yopt + 161 0 0 -iQ 0
0 0 —iQ —i95 0 0 —Yopt— i 0 125 0
0 iQ 0 i, 0 0 0 —Yopt + 162 -iQ, 0
0 0 0 0 iQ -0 i, —iQ5 —yp—T 0
(I=pi—p)T 0 0 (I=pi—p)T 0 0 0 0 4+ (I=pi=p) I —(p1+p) I
(A1)
In the absence of a light field (£2; = €, = 0 and A, = 0), the
Liouvillian is expressed as
-(1=-p)I 0 0 nl 0 0 0 0 v+ pll’ nl’
0 -r—isg 0 0 0 0 0 0 0 0
0 0 —I'+idg 0 0 0 0 0 0 0
p2T 0 0 ~(1=p)T 0 0 0 0 v+ pol p2T
. 0 0 0 0 —Yopt — 101 0 0 0 0 0
Lo= 0 0 0 0 ’ "0 ~Yopt + 101 0 0 0 0 (A2)
0 0 0 0 —Yopt — 162 0 0 0
0 0 0 0 0 0 0 ~Yopt + 02 0 0
0 0 0 0 0 0 0 0 —ysp—T 0
(I=pi=p) I 0 0 (I=pi=p) I 0 0 0 0 viat+(I=pi—p)I" =(pi+p2) I
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The operator Gr= eL°T, which describes the free evolution of
atoms, is defined as

G 0 0 Gis
e (T+i6R) T 0 0

S O O

0 e—(r— o) T 0

0 G 0
e*(}’oler io)T 0

oS O OO

0 e (opt— io)T
0

>
OOOOO@OO
o O OO

SO oo o oo

0
0
0
0
0
0

S O O O

0
0
Gio,1 Gios 0

where
Gy=p+(1-ppelT;
Giu=Gyo=pi(1 - e 1Ty,

_ piysi+yn+yu+T) n (1= pysi— pi(ysn+ y4) o IT

G
" Ysp + r Ysp

B Ysp(Va1+ pil) + T[(1 = p)ysi— pi(ys+ ya4)] e DT
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