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Abstract.  We have assessed the effect of optical lattice laser field 
parameters (polarisation, intensity, and wavelength) of a cold-
ytterbium atomic frequency standard on the systematic uncertainty 
of precision clock transition frequency measurements. The spec-
trum and polarisation of the laser field of the lattice have been 
investigated in detail directly in the spatial region of interaction of 
cold ytterbium atoms with the laser field. The Stark shift of the 
clock transition in the vicinity of the magic wavelength of the laser 
has been estimated as a function of the experimentally measured 
laser field intensity in the dipole approximation. The estimates have 
been used to calculate the residual systematic uncertainty in the 
light shift of the optical lattice laser frequency.

Keywords: cold-ytterbium atomic frequency standard, portable fre-
quency standard, magic intensity, magic polarisation, magic wave-
length, light shift.

1. Introduction

Frequency standards based on optical transitions (optical fre-
quency standards, OFS’s) have made an essential contribu-
tion to improving time and frequency measurement accuracy 
[1 – 3]. The best OFS’s, based on atomic strontium transitions, 
offer a relative uncertainty under 10–18 [4, 5], but the residual 
systematic uncertainty (RSU) can be further reduced by opti-
mising OFS parameters, such as the ‘magic’ wavelength [6], 
‘magic’ intensity [7, 8], and ‘magic’ polarisation [9]. Such opti-
misation is of particular interest in the case of portable OFS’s 
because the accommodation of an entire system in a small 
volume [10] imposes significant limitations on the size of the 
laser systems for use in OFS’s. This circumstance makes it 
necessary to use diode laser systems, whose noise characteris-
tics are inferior to those of solid-state systems.

The magic intensity for Sr, Yb, and Hg atoms has been the 
subject of a number of studies [7, 8, 11]. For Sr, researchers 
found the intensity range of an optical lattice laser (OLL) 
where the light shift of the clock frequency was minimised. 
Since no magic intensity has been found to date for Yb atoms, 
one topical issue is the ability to maintain the OLL frequency 
in a predetermined range where the light shift is as small as 
possible. Brown et al. [12] experimentally studied the effect of 
the optical lattice field on the frequency shift of an Yb optical 
standard in a wide range of OLL frequency detunings (– 50 to 
30 MHz) from the magic frequency. Unfortunately, they did 
not investigate the variation of the frequency shift in the 
vicinity of the magic wavelength (frequency detuning of hun-
dreds of kilohertz).

Katori et al. [6] determined for the first time the magic 
wavelength for strontium atoms, at which the shifts of the 
upper and lower energy levels of the clock transitions coin-
cide, allowing one to get rid of the first-order Stark shift. 
Typically used in laboratory frequency standards, Ti : sap-
phire lasers are unsuitable for portable systems because of 
their large size, which causes one to employ more compact 
diode lasers as OLLs. To raise their output power, use is made 
of optical amplifiers, in which amplified spontaneous emis-
sion (ASE) may cause a relative light shift of up to several 
parts in 1015 [13].

The concept of magic polarisation, which makes it possi-
ble to minimise the effect of second-order shifts, was pro-
posed by Taichenachev et al. [9]. It is difficult to verify 
because, during experiments, the OLL output polarisation in 
a vacuum chamber is hard to monitor with high accuracy.

In this study, we have produced a pilot system for investi-
gation of the OLL diode output polarisation, studied ASE 
spectra of the diode laser, and estimated the Stark shift of the 
clock transition near the magic wavelength in order to obtain 
numerical values of the light shift and its contribution to the 
RSU.

2. Calculation of the polarisability of ytterbium 
atom ‘clock’ levels in the optical lattice field

The key characteristics of an optical lattice are the OLL out-
put intensity and wavelength. Knowledge of the intensity is 
crucial for determining the depth of the Stark potential that 
ensures reliable confinement of an atom in a limited region of 
space in a bound state with a preset vibrational quantum 
number. The choice of the magic wavelength is dictated by 
the necessity to equalise the Stark shifts of the clock levels in 
the lattice field, as a result of which the frequency of the clock 
transition is independent of the vibrational state of the atom 
trapped by the lattice. The major contribution to the depth of 
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the potential is made by optical lattice wavelength-dependent 
polarisabilities of working states. Because of this, the main 
condition in choosing the magic frequency of the lattice is 
that the dynamic polarisabilities of the clock levels be equal.

The shift of the levels involved in a clock transition in the 
field of a standing wave is due to the well-studied Stark effect 
in an ac field E and can be described in the most general form 
by the relation [14]

( , ) ( , )E Ee e
4
1

64
1( )0 2 4 fn n a w g wD D= - - - ,	 (1)

where n(0) is the frequency of the transition between the unper-
turbed atomic states and Da(e, w) and Dg(e, w) are the differ-
ences in polarisability and hyperpolarisability between the 
excited and ground states involved in the clock transition. 
These differences depend on both the frequency w and polari-
sation vector e of the OLL output. Polarisability can, in turn, 
be expanded in terms of multipole moments:

a(e, w) = aE1(e, w) + aM1(e, w) + aE2(e, w) + . . . ,	 (2)

where we use standard notation for electric dipole (E1), mag-
netic dipole (M1), and electric quadrupole (E2) moments.

Qualitative estimates, first made by Katori et al. [6], show 
that, at typically used lattice laser intensities (~10 kW cm–2), 
the Stark shift of the clock transition frequency as a result of 
hyperpolarisability of atomic states does not exceed a few 
hundredths of a hertz. At lattice laser frequencies approach-
ing the magic frequency, the following smallness relation 
holds:

aE2(e, w) » aM1(e, w) » 10–7aE1(e, w).

Thus, to a first approximation the lattice laser-induced fre-
quency shift depends only on the difference between the 
dipole polarisabilities of the excited and ground states of the 
clock transition. 

At the same time, as shown by Katori et al. [11], taking 
into account higher order nonlinear optical effects (multipole 
character of light, anharmonicity of vibrational modes of 
atoms on lattice sites, hyperpolarisability of atomic states, 
and others) in interpreting precision OFS frequency measure-
ment results (accuracy from 10–17 to 10–18) makes it necessary 
to modify relation (1), and the lattice field-induced clock tran-
sition frequency shift with allowance for corrections qua-
dratic in field intensity I can be represented in the form [11]
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Here, nn is the vibrational quantum number; d = w – wm
E1 is the 

difference between the OLL frequency and the magic fre-
quency wm

E1 for the electric dipole polarisabilities of the clock 
levels; and x is the degree of circular polarisation of the OLL.

Detuning the OLL frequency in the vicinity of magic 
wavelengths, we can minimise the field-dependent coefficients 
c in (3). The coefficients with fractional subscripts at the 
intensity I in (3) result from the square-root variation of the 
vibrational eigenfrequencies of an atom in the potential of the 
lattice [11]. In particular, the coefficient c1/2 is determined by 
a combination of the polarisabilities (2) of the ground and 

excited states of the clock transition. The term linear in I is 
mainly determined by the difference between their electric 
dipole polarisabilities. In addition, a substantially smaller 
correction for hyperpolarisability to this term originates from 
the anharmonicity of vibrational modes of the atom. The 
coefficients c1, c3/2, and c2 depend on the difference between 
the hyperpolarisabilities appearing in the definition of the 
eigenfrequencies and depths of the potential wells that con-
fine atoms in the optical lattice.

Preliminary analysis of experimental data on the optical 
lattice field in subsequent sections of this paper shows that 
taking into account higher order nonlinear optical effects in 
frequency shift calculations leads to a clear improvement in 
accuracy in the case under consideration, which in turn allows 
only the first two terms in (1) to be retained in our calcula-
tions.

In this study, dynamic polarisabilities of the energy levels 
of the clock transition were calculated in the single-electron 
Fues model potential (FMP) approach [14], using empirical 
parameters evaluated from known atomic level energies 
[15,  16]. The most reliable numerical calculation results are 
ensured by the use of the FMP for monovalent atoms and 
ions having one outer (optical) electron. In the case of atoms 
having two or more optical electrons whose one-electron exci-
tation spectrum partially overlaps with two-electron excita-
tion spectra, the use of the FMP requires additional modifica-
tion of empirical parameters. Such modification, i.e. the use 
of additional criteria for choosing FMP parameters, ensures 
good agreement between calculated magic wavelengths of 
alkaline-earth divalent atoms and the most accurate experi-
mental data [11]. Yb atom polarisabilities obtained with a 
modified model potential are also similar to the most reliable 
theoretical and experimental values available in the literature 
[17]. Figure 1 presents the energy shift DE = – ae (g)I calculated 
for the Yb clock levels by a modified FMP method.

The effectiveness of modifying the FMP method was first 
demonstrated by Derevianko et al. [18]. Subsequently, this 
approach was successfully used in calculations of polarisabili-
ties, hyperpolarisabilities, interactions of atoms with external 
fields, dynamic interactions, etc. (see e.g. Refs [14, 18, 19]). In 
this study, a modified FMP was used to calculate the polaris-
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Figure 1.  Energy shift DE = – ae (g)I as a function of wavelength at a la-
ser field intensity I = 10 kW cm–2 for Yb atoms in an excited state, 
6s6p 3P0 (dashed line), and the ground state, 6s2 1S0 (solid line), of the 
clock transition. The magic wavelength calculated in the model poten-
tial approach (762.6 nm) agrees well with experimental data 
(759.3537 nm) [17].
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abilities of the clock levels of ytterbium atoms in the wave-
length range 740 – 780 nm, where most of the diode laser ASE 
is located. These quantities were then used to evaluate the 
contribution to the uncertainty of an Yb atom frequency 
standard due to the spontaneous emission of the optical 
amplifier (emission of the diode laser). Details of numerical 
calculations of such a contribution are completely analogous 
to those of the uncertainty of a strontium atom frequency 
standard [19].

The main idea underlying FMP modification is as follows: 
First of all, we introduce noninteger orbital momenta of trip-
let S states, S,l3l  which should nevertheless differ little from 
the real momenta of S states, Sl3l » lS = 0, and the effective 
momenta of singlet and triplet D states should satisfy the 
equality l D3l » l D1u » lD = 2. This choice leads to redefinition 
of the integer radial quantum number nr, ensuring the original 
equality S 1l n nr nl3 + + =l u  for the effective principal quantum 
number nnlu , which can be determined from the energy 

/(2 )E Z nnl nl
2 2= - u  of the |nl ñ atomic state.

This modification of the FMP method was used in this 
study in calculating the entire set of characteristics for Yb 
atoms. The magic wavelength calculation results presented in 
Fig. 1 agree well with the most reliable data in the literature 
[5, 11, 17], thus confirming the reliability of the modification.

3. Experimental

Figure 2 shows a schematic of a pilot system which can be 
used to study spectra and polarisation of laser light. The beam 
of a Moglabs diode laser emitting at a wavelength of 759.4 nm 
is launched into a polarisation-maintaining single-mode fibre. 
The beam emerging from the fibre passes through a half-wave 
and a quarter-wave plate for polarisation control. Lenses 
with a focal length f = 250 mm produce a beam waist in a pilot 
vacuum chamber, which contains a detection system with a 
polarimeter. At the laser beam waist, a laser beam profiler 
was located, which was used to determine the beam waist size: 
40 ´ 40 mm. Polarisation was measured in the waist region 
and after the beam passed through both windows of the vac-

uum chamber. The spectrum was also measured in the waist 
region. The pilot chamber can be rotated around its axis to 
determine the polarisation after the beam passed through dif-
ferent points in the windows of the vacuum chamber. Inside 
the chamber, normal atmospheric pressure is maintained, but 
the windows are slightly curved because they are tightly 
secured to the chamber. In our experiment, we used CF40 
vacuum windows fabricated using borosilicate glass (Kodial).

4. Magic intensity

Katori et al. [7] examined how the frequency shift of a clock 
transition varied with the OLL frequency detuning from the 
magic frequency at various laser output intensities. Whereas 
in the case of strontium there is a narrow magic intensity 
range where the OLL frequency can be tuned to the magic 
frequency to within a few megahertz, in the case of ytterbium 
atoms there is essentially no magic intensity range. In this 
case, we can consider a magic detuning of the OLL frequency. 
At OLL output intensities below 30 kW cm–2, the frequency 
shift is essentially a linear function of intensity. To obtain a 
clock transition frequency shift of ~1  ´ 10–18 at the magic 
detuning, the frequency should be stabilised to within 200 kHz 
at an intensity I = 10 kW cm–2 and to within 100 kHz at I = 
20 kW cm–2 [7] (Fig. 3).

To make an OFS with a frequency uncertainty of 10–18, 
the magic wavelength should be determined with an accuracy 
of ~100 kHz. State-of-the-art commercial laser systems with-
out frequency stabilisation have an emission linewidth of the 
order of hundreds of kilohertz. Therefore, to ensure an RSU 
under 10–18, the OLL frequency should be stabilised.

5. Magic wavelength and emission spectra  
of the diode laser

To produce an optical lattice, one should use a clear narrow 
spectrum of magic wavelength laser emission. Such a spec-
trum is offered by a Ti : sapphire solid-state laser [20], which 
is, however, poorly suited for portable systems because it has 
a large size and requires periodic alignment. Diode lasers have 
a compact design, consume less power, and have the required 
structural stability for transportation. A distinctive feature of 
the diode laser used in this study is the presence of an interfer-
ence filter which forms a clean laser emission spectrum. 
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Figure 2.  Experimental setup for measuring the laser output spectrum, 
beam profile, and beam polarisation. At point 1, the laser beam polari-
sation and profile at the focal waist are measured. At point 2, the po-
larisation and spectrum of the laser beam transmitted through the win-
dows of the vacuum chamber are measured. In the pilot vacuum cham-
ber, no vacuum is produced, but its windows are slightly curved (see 
Fig. 6).
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Figure 3.  Light shift of the clock transition frequency vs. magic fre-
quency detuning at different intensities I.
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However, to obtain an optical power sufficient for confining 
atoms in an optical lattice, an optical amplifier is needed. It 
produces emission spectrum components whose polarisation 
is difficult to control because the shape of the ASE envelope 
depends on temperature and amplifier current [21].

Figure 4 shows ASE spectra at different diode tempera-
tures and amplifier currents. The rated working temperature 
of the Moglabs diode is 23 °C, but it is seen from Fig. 4a that 
the emission spectrum is cleaner at lower temperatures. 
Moreover, the diode temperature influences the laser output 
power as well. The amplifier current also has a strong effect 
on the emission spectrum of the laser. The cleanest spectrum 
with the optimal output power was obtained at an amplifier 
current of 3500 mA. The output power was 1.5 W.

At an insufficiently clean laser emission spectrum at the 
output of the optical amplifier, the ASE pedestal (back-
ground) can be reduced using an optical filter (Fig. 4d). 
Figure 4c shows emission spectra obtained at the outputs of 
multimode and single-mode fibres and at the output of single-
mode fibre with the use of an interference filter in the experi-
mental setup.

It is seen from Fig. 4c that the filter allows ASE to be 
almost completely eliminated, but this is accompanied by 
rather large power losses. Since a large depth of the optical 
lattice potential is needed for atom confinement (U > 350Er = 
700 kHz, where Er = 2 kHz is the photon recoil energy at the 
magic frequency [11]), it is necessary to estimate the corre-
sponding light intensity I = 2P/(pw0

2  ), where P is the output 
power and w0 is the laser beam waist radius in the region of 

optical lattice formation. The depth of the optical lattice, U = 
ag(e)(wm)I, is determined by the product of the intensity and 
the dynamic polarisability of the clock levels [ground (g) or 
excited-state (e) level]: ag(wm) = ae(wm) = 40.5 kHz kW–1 cm2 
[7, 11].

The thermal energy of ytterbium atoms cooled to a tem-
perature T » 20 mK is ET = 

2

3 kBT = 626 kHz » 313Er. Using 
lenses with a focal length f = 250 mm, we were able to obtain 
an OLL beam waist radius at half maximum w0 » 40 mm. At 
an optical power of 1 W, this corresponds to an optical lattice 
depth U = 1612 kHz » 806Er. At w0 = 50 mm, we obtain U = 
1032 kHz » 516Er; at w0 = 100 mm, we have U = 258 kHz » 
130Er. Therefore, the available laser power may be quite suf-
ficient for atoms cooled to 20 mK to be confined in an optical 
lattice.

We estimated the OLL frequency shift after the optical 
amplifier and after the optical fibre. As a result of unfiltered 
ASE, the maximum shift is – 6.09 (±3.70) Hz, or –1.34 ´ 10–14 
(±0.70 ´ 10–14) in relative units. The rather large uncertainty 
in the clock transition frequency is due to the asymmetry of 
the spectrum. In the case of filtered light, the shift is about 
– 0.01(±0.33) Hz, or –1.84 ´ 10–17 (±0.63 ´ 10–17). The analo-
gous uncertainty in the optical lattice laser frequency in stron-
tium systems [19] is 2.60 ´ 10–16.

6. Magic polarisation

After elimination of the effect of ASE, one of the most impor-
tant shifts is the shift of second order in lattice field intensity. 
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Figure 4.  (Colour online) ASE spectra at different diode temperatures (a) and amplifier currents (b), emission spectra obtained at the outputs of 
multimode and single-mode fibres and at the output of single-mode fibre with the use of an interference filter (c), and schematic of the experimental 
setup containing an interference filter (d).
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The third term in (1) represents corrections to the clock tran-
sition frequency due to the hyperpolarisabilities of the atomic 
states of this transition, which depend on the frequency and 
polarisation of the optical lattice field. The existence of a 
magic polarisation at which the effect of the shifts of second 
order in field intensity can be minimised is a hypothesis, first 
formulated by Taichenachev et al. [9]. The theoretical esti-
mates made by them indicate that the optical lattice field 
polarisation should have the shape of an ellipse with an ellip-
ticity coefficient of ~0.7. To experimentally confirm this 
hypothesis, it is necessary to investigate a wide variety of 
effects and experimental conditions, in particular to study 
variations of the polarisation as the beam passes through var-
ious optical components.

One component influencing the laser beam polarisation is 
optical fibre. We investigated temporal polarisation stability 
at the output of a temperature-stabilised polarisation-main-
taining single-mode fibre. Over the observation time (8 h), the 
polarisation angle changed by no more than 2°, and the ellip-
ticity angle, by no more than 1° (Fig. 5). Thus, if fibre is tem-
perature-stabilised, polarisation varies in it only slightly.

Another optical component capable of unpredictably 
changing beam polarisation is the windows of the vacuum 
chamber. Here, polarisation is distorted as a result of the bire-
fringence induced by the stress in the tightly secured windows 
of the chamber [22]. At present, we model this effect in rela-
tion to the coupling bolt torque for fastening the vacuum win-
dows. Note that a torque of 5 N m leads to bending of the 
window, with the maximum displacement in its centre reach-
ing 0.35 nm (Fig. 6).

It was shown experimentally that the beam polarisation 
was indeed distorted as the beam passed through the windows 
of the vacuum chamber. In our experiment, the beam passed 
through the two windows of the vacuum chamber at normal 
atmospheric pressure and was detected at the exit by a polar-
imeter. As a result, the ellipticity angle increased by ~3.5° for 
the linear and elliptical beam polarisations.

Moreover, the change in polarisation varied from point to 
point because of the nonuniform stress distribution over the 
windows of the vacuum chamber [23]. We evaluated the 
polarisation of the laser beam passing through one of the win-
dows of the vacuum chamber ~5 mm from its centre while the 

chamber was rotated around its axis. The results are pre-
sented in Fig. 7 in polar coordinates for linear and elliptical 
polarisations. Since the ellipticity angle of elliptically polar-
ised light changes by no more than 1.5°, and the polarisation 
angle, by no more than 0.2°, this effect has no significant 
influence on the magic polarisation.

Investigation with the use of the pilot vacuum chamber 
and subsequent simulation results will provide necessary 
information about the accuracy with which one will be able to 
monitor the polarisation angle in the vacuum chamber in cold 
atom experiments.

7. Conclusions

The Stark shift of the clock transition frequency in the vicin-
ity of the magic wavelength of a laser has been estimated as a 
function of the experimentally measured laser field intensity 
in the dipole approximation. The estimates have been used to 
calculate the RSU in the light shift of the optical lattice laser 
frequency. The optical spectrum and polarisation of the laser 
field of the lattice have been studied experimentally directly in 
the spatial region of interaction of cold ytterbium atoms with 
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the laser field. In addition, we have experimentally studied the 
effect of all optical components, including the windows of the 
vacuum chamber, on laser beam polarisation and demon-
strated that the polarisation angle varies only slightly and is 
stable over time. According to our estimates, the noise intro-
duced into the spectrum of the optical lattice field by the opti-
cal amplifier can lead to a frequency shift at a level of a few 
parts in 1016. The optical lattice laser field parameters esti-
mated in this study will be used in designing a portable cold-
ytterbium atomic OFS.
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