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Two-photon absorption of light beams of variable cross section

A.A. Gordeev, V.F. Efimkov, I.G. Zubarev

Abstract. An equation is obtained to describe two-photon absorp-
tion of light beams of variable cross section. It is shown that the
experimental values of the two-photon absorption coefficients of
focused laser beams, calculated in the plane-wave approximation in
the focal waist region and taking into account the variable cross
section of the light beam, differ by two orders of magnitude.
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1. Introduction

When observing various nonlinear processes in experimental
practice, use is often made of the focusing of the exciting radi-
ation to increase its intensity, because the efficiency of the
observed nonlinear processes, as a rule, is determined by the
intensity of the exciting radiation. This situation, in particu-
lar, takes place in observing stimulated temperature scatter-
ing caused by two-photon absorption of pump radiation by
metal nanoparticles in solutions of some liquids [1-5] or in
pure liquids [3, 5]. The two-photon absorption coefficient
depends on the square of the intensity of the exciting radia-
tion. Therefore, it is often assumed that absorption mainly
occurs in the region of the focal waist [2—6], where the pump
intensity has a maximum value. Since the wavefront of the
exciting radiation is plane in this region, the plane-wave
approximation can be used to describe the occurring pro-
cesses. As will be shown below, when the real variable of the
transverse beam structure is taken into account, the results
differ significantly, at least when focusing the exciting radia-
tion with sufficiently short-focus lenses with a numerical
aperture N = 0.1.

2. Experimental results

The schematic of the experimental setup is shown in Fig. 1.
Pumping was carried out by radiation of the second harmonic
of a single-mode single-frequency pulsed neodymium laser. In
the experiments, we measured the energy and shape of the
radiation pulses incident on a cell with liquid toluene and of
transmitted radiation pulses.
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Figure 1. Experimental setup:

(1, 2) glass wedges; (3) lens with /= 3 cm; (4) lens with /=7 cm; (5)
cell with toluene, length /=7 cm; (6, 8) calorimeters; ( 7, 9) fast photo-
diodes.

The exciting radiation was focused by lens 3 with a focal
length of 3 cm into a cell (5) with liquid toluene. Using lens 4
with a focal length /= 7 cm, the divergence of the radiation
emerging from the cell was compensated for in order to
deliver it without loss to the corresponding meters (8, 9).

Figure 2 shows the experimental dependence of the energy
of the pulses emerging from the cell on the energy of the inci-
dent pulses. When plotting it, we took into account the losses
due to Fresnel reflection from all optical surfaces through
which the corresponding laser pulses passed.
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Figure 2. Dependence of the energy e, of the pulses passed through
the toluene cell on the energy ¢;, of the incident pulses. The straight line
corresponds to the transmission of the cell in the absence of two-photon
absorption.
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3. Calculation of the coefficient of two-photon
absorption of radiation in the plane-wave
approximation

In this model, the evolution of the intensity 7 of the exciting
radiation is described by the equation,
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which takes into account possible weak linear absorption.
Here, a and f§ are the linear and two-photon absorption coef-
ficients, respectively. The variables in (1) are separated, and
therefore, solving this equation, we obtain

Tout d
. 1[1+(ﬁ/a)1 f =

2
| | T Bl | =
and after converting, the last expression has the form
fou = e ()

1+ (Bla) (1 — e‘“')

As can be seen from Fig. 2, a/ <1 in our case, and so the
solutions takes the form

_ I
Loy = T3 pil 4)
Using this expression, we calculate the two-photon absorp-
tion coefficient:

B=17(1=-1). 5)

oul

To obtain the average value of the two-photon absorption
coefficient § with allowance for the experimental measure-
ment errors, we use the dependence in Fig. 2 to form Table 1
for five values of the energies of incident pulses, multiples of
0.5 mJ.

Table 1.

e;/ml eou/ml
0.5 0.46
1.0 0.88
1.5 1.19
2.0 1.5

2.5 1.67

The FWHM duration of the exciting radiation pulses at
the second harmonic frequency of the neodymium laser is
T;, = 28 ns. The divergence of this radiation is @ = 3 x 10~ rad.
The focal length £, of lens 3 in the cell, taking into account the
refractive index of toluene n = 1.5, is 4.5 cm; therefore, the
diameter of the focal spot is dy = 0f, = 13.5 x 10* cm. The
radius of the Gaussian beam in the focal waist is wy, =
(Azy/m)'2, where 2 = 0.53 um is the pump radiation wave-
length, and z, is the focal waist length. Hence, z, = tw/4, and
since wy = d; /2, then zo=2.7% 1072 cm. The area of the focal
waist is Sp = wg = 1.43 x 1076 cm?, the radiation intensity is
1 = ¢;,/(t;,Sy), where 7, = 2.8 x 10~ $ s. Using these values, we
transform the data in Table 1 into the intensities of the cor-
responding pulses and then, proceeding from the fact that
[ = z,, we calculate the two-photon absorption coefficients by
formula (5). From the results given in Table 2, we obtain the
average value B,, = (2.56 = 0.26) x 1019 cm W~.

Table 2

I.,/10" W cm™ I, /10" W cm™ B11070cm W1
1.26 1.15 2.8

2.5 2.2 2.0

3.75 2.97 2.59

5.0 3.75 2.47

6.24 4.17 2.95

4. Two-photon absorption of light beams
of variable cross section

The power of the exciting radiation pulses propagating
through a medium does not depend on their cross-sectional
area. Therefore, it is necessary to obtain an equation describ-
ing the evolution of the power of an exciting beam of a vari-
able cross section as it propagates through a nonlinear
medium. To this end, we use the expression for the pulse
intensity /(z) = P(z)/S(z), where P(z) is the power of the light
pulse, and S(z) is its variable cross-sectional area. Let us dif-
ferentiate both sides of this equality and compare the result
with equation (1) without a linear term. As a result, we obtain

dr 1 dP P dS 2 B

oSO d s d s PlEg P ©)
or

dl_fdlz_ﬁp2 (7

dz S dz A

The change in the radius of a Gaussian beam along the length
of the medium is described by the expression

w(z) = w1 + (Zio)z]”z, (8)

and Gaussian beam area has the form

SG) = me) = il + (£]], S=mi2(Z)E O

dz 20/ 2o
Then, denoting the coefficients in equation (7) as
—1dS _  —z5  _oasrzyl_ 22 _
S = miis Zg)nw (ZO>ZO =T iaC p(2),

B —pzi "
o= B = go),

B wwd(z2+ z3) B

we reduce equation (7) to the classical form of Bernoulli’s
equation

dpP

& trer= q(z) P™

(11)

with the exponent m = 2. As is known, the general solution of
Bernoulli’s equation has the form [7]

P(z) = {exp

Jon = pzyez]

x{c+f(1 ~ mygexp [ (1- m)p(z)dz]dz}}l/(“"’). (12)

This expression contains the following integrals:
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f(m — Dp(z)dz = _2f ZZdZ s=—In|z?+ z3|, Since in our case zy = 2.7 X 1072 cm and f,, = 4.5 cm, then,
"tz neglecting the value of z§ in comparison with £ in the denom-
inator of expression (18), we reduce it to its final form:
dz
(1—m)p(z)dz_2f 242z 23, .
J Bu= P14 520 25} (20)

(13)
f(l — m)g(z)exp(In | 22 + z2|)dz

_ ﬂzg dz

awd) 22+ z

exp(ln|z + 23

_ ﬁzgf dz = ﬁzo
TCW(% TCW()

Substituting these integrals into the general solution, we
reduce it to the form

P(z):(zc A )ﬁ.

z +23 Tcwg 22+23

(14)

Since the exciting radiation is focused into the cell by a lens
with a focal length £,, the range of z variation is determined by
the inequalities

<z<f, (15)
where z = —f,, corresponds to the input plane of the cell, and
z = f,, corresponds to its output plane. In this case, z = 0 cor-

responds to the focal plane of lens 3 in Fig. 1. As a result,
solution (14) takes the form:

Pm=< c__FBi ) )_1

fi+zi mwg fi+zd
(16)
2 —1
Pout: ¢ + ﬁZO 7](;1 ) .
fi+zi mwg fi+zg
We represent these expressions in the form
, 1 1 1
Bo=—p =41 B~ 4-B+2B

T (A-B)[1+2B(A—-B)] 1+2BP,’

and, as a result, we obtain

—1

2
Pout = Pin(1 + ﬁZO 21;

-1
o fo+ 2o

Py
A frezt
(18)

In the limiting case, this expression turns into formula (4).
Indeed, we substitute the expression P = IS in (18), where
S(z)= nwd[l + (z/z9)*]. As a result, (18) takes the form

Lou = { + B2 f I,Hnwo[1+( 0)2]}. (19)

In the plane-wave approximation, the focal waist length z,
increases indefinitely. Then, (z/zp)* — 0, /; << z¢, and since
Az = mwd, and 2f, = [, we obtain (4).

A Ja

Hence, we obtain an expression for the coefficient 8 of two-
photon absorption of radiation in this model:

Z0 2 ( Pm >
=P, -1 21
p=(Z5m) (22 @0
or, using the above values for z, 4, and f,,,
1 ( P >
_ —1). 22
ﬁ 2.26 X 10 P, Pou ( )

Let us recalculate the data of Table 1 for the pulse power, tak-
ing into account the duration of the exciting radiation pulse
of 2.8 x 1078 5. Then, using expression (22), we calculate the
corresponding values of the two-photon absorption coeffi-
cient 8. The results are presented in Table 3, according to
which the average value is B,, = (2.32 £ 0.30) x 108 cm W1

Table 3.

P, /104 W P, J10*W BI1078 cm W-!
1.8 1.6 3

3.6 3.1 2

5.4 4.25 2.2

7.2 5.4 2

8.9 6.0 2.4

5. Conclusions

In our previous work [6], we unfortunately made a misprint in
the reduced value of the two-photon absorption coefficient:
B~ (0.5-1)x 10° cm MWL, Actually, 8 ~ (0.5 - 1) x
102 cm WL, This value was estimated in order of magnitude
in the plane-wave approximation using some of the results
presented in Fig. 4 from Ref. [6]. The value of obtained with
this estimate differs only by two—four times from that given
in Table 2.

In Ref. [6], Fig. 4 shows the dependence of the ratio
Aeley, = (e — eou) /e on e;,. Using the results presented in
Fig. 2 of this work, we plotted the same dependence (Fig. 3).

Aele;,
0.4
0.3F .t
0.2F .
L]

1% o * e A

0.1 L % -*
- - I I
0 1 2 ein/mJ

Figure 3. Dependence of Aele;, on e;,, plotted using the experimental
points in Fig. 2.
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Here the scatter of points significantly exceeds that
observed in [6]. A significant difference between these depen-
dences is the range of pump pulse energies. The large scatter
of points in Fig. 3, in our opinion, indicates that in plotting
the dependence of the difference between two experimentally
measured quantities, the smaller the absolute values of the
quantities themselves, the greater the role of the relative mea-
surement errors.

Let us plot one more experimental dependence of the type
shown in Fig. 3. To do this, we construct the dependences

M ) — Iin_ [out — ﬂlIl
Iin (Im)_ Iin - l +ﬁl in,
(23)

APy _ Poa—Pu _ B2 25 (1, B22, !
o (Po) = To fou B fan<1+ - fan).

When calculating them, we use the data from Tables 2 and
3. It turned out that the values obtained using both formulae
coincide within the measurement errors. The calculation
results are shown in Fig. 4. The scatter of these data is no
longer as large as that in Fig. 3.
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Figure 4. Dependences of the ratios Al/l;,, AP/P;, (23) on the input
pulse energy, which can be recalculated into the intensity or power of
the input radiation using the data from Tables 2 and 3.

In conclusion, we note once again that to determine some
nonlinear coefficients, in particular, the coefficient of two-
photon absorption of radiation, the dependence of the energy
of laser pulses passing through a nonlinear medium on the
energy of incident pulses is usually measured experimentally.
In this case, to increase the pump intensity, the exciting radia-
tion is often focused into a nonlinear medium. Then the coef-
ficient of two-photon absorption of radiation is calculated
using expressions obtained within the framework of some
theoretical models. Experimentally measured parameters of
the type shown in Fig. 2 are substituted into these expres-
sions. We have shown that the calculated two-photon absorp-
tion coefficients differ by two orders of magnitude when using
expressions obtained on the basis of the following theoretical
models: the plane-wave approximation, when it is assumed
that all absorption occurs at the length of the focal waist,
where the wavefronts of the radiation pulses are plane; and
the second used approximation when the focusing of a real
Gaussian beam with a variable cross section is considered.
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