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Abstract.  We report a theoretical investigation of the dispersion 
resulting from electromagnetically induced transparency (EIT) and 
the associated group refractive index profiles ng  of a four-level 
inverted Y-type system formed by the interaction of three optical 
fields (probe, pump and control) with 87Rb atoms. The density 
matrix equations are derived from the semi-classical Liouville’s 
equation and solved both numerically and analytically to study the 
coherent nonlinear optical properties of the medium. We first pres-
ent the EIT, dispersion and corresponding group index profiles ng 
under the switch-on/off and on/off-resonance conditions of the 
pump and control lasers. In presence of both pump and control 
lasers, an enhancement of the EIT window, a sharp EIT spike and 
related steeper dispersion slopes are obtained at the line centre of 
the probe frequency detuning. The group index profiles with the 
variation of the strengths of individual applied optical fields are 
studied. The effect of the ground state decoherence rates on the 
group index profile is examined in detail. It is found that the manip-
ulation of ng values and the corresponding group velocities ug of the 
probe light can be easily controlled from subluminal to superlumi-
nal values or vice versa by changing the strengths of the applied 
fields and the ground state decoherence rates. Besides, the EIT-
based ‘optical switching’ phenomenon in the medium is explained 
by studying the variation of the group index with the pump and 
control Rabi frequencies.

Keywords: electromagnetically induced transparency, dispersion, 
group refractive index ng, density matrix, Rb atoms, slow and fast 
light.

1. Introduction

The group refractive index or group index ng of an atomic 
medium is associated with the dispersive properties of the 
medium. In recent years, the study of group index and the 
related group velocity ug have gained considerable attention 
of researchers due to a possibility of manipulating slow 
(subluminal) and fast (superluminal) light propagation 
through an atomic medium [1]. Theoretically, the dispersion 
of an atomic medium is calculated from the real part of the 

complex susceptibility of the medium. The positive or nega-
tive slope of the dispersion curve provides an increasing or 
decreasing value of the group index, respectively, which can 
be achieved by observing the coherence phenomena, such as 
electromagnetically induced transparency (EIT) [1 – 5], 
coherent population trapping (CPT) [6, 7], electromagneti-
cally induced absorption (EIA) [8, 9], spontaneously gener-
ated coherence (SGC) [10, 11], etc. Particularly, the EIT 
phenomenon has received great attention due to its signifi-
cantly narrow spectral linewidth and enhanced nonlinearity. 
Consequently, the slope of the EIT related dispersion signal 
becomes steeper with a higher amplitude. As a result, the 
dispersion and the related group index or group velocity are 
studied by observing the EIT phenomenon in alkali atoms 
like Rb, Cs, etc. 

The studies on EIT are carried out in different atom – laser 
coupling schemes, for example, starting from basic three-
level systems (L, V and X) to four-, five- and higher-level 
systems [12 – 15]. Some studies of EIT and its dispersion 
were also performed in a combined system of some three- or 
four-level sub-systems [16 – 18]. The four-level inverted 
Y-type system is one such combined system that is formed 
by an amalgamation of a three-level lambda (L) and three-
level cascade (X) type sub-systems [19 – 24]. Various coher-
ence phenomena have been studied in inverted Y-type sys-
tems [19 – 26] since its theoretical proposal by Joshi et al. 
[19]. In Ref. [19], the authors have studied the EIT and 
related dispersive properties and demonstrated the control-
lability of EIT and its dispersion under various parametric 
conditions. Liu et al. [20] have theoretically investigated the 
generation of optical solitons in an inverted Y-type system 
by manipulating the ultraslow group velocities of light. The 
manipulation of dispersive properties was also used for the 
demonstration of phase gates and for achieving optical 
Kerr-nonlinearity in an inverted Y-type configuration [21]. 
Some other studies using the dispersive properties of an 
inverted Y-type system have been performed based on the 
control of optical bistability and optical switching [22]. 
Recently, Yadav et al. [23] have shown that the subluminal 
and superluminal light propagation in an inverted Y-type 
system of 87Rb atoms is governed by the positive and nega-
tive values of the group refractive index and concluded that 
the control of the dispersive properties is more flexible in 
this type of system owing to the presence of the coupling 
fields. In Ref. [24], an experimental investigation was also 
carried out in a four-level inverted Y-type system using 
hyperfine levels of 87Rb atoms and the experimental results 
provided signatures of manipulating absorption and disper-
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sion windows in the medium by the control of the coupling 
fields. Moreover, single EIT, double EIT and related disper-
sion profiles, group index, group velocity, subluminal and 
superluminal propagation of light have also been studied in 
an inverted Y-type system [25, 26].

In this paper, our main objective is to study various 
effects on the group index profiles of a four-level inverted 
Y-type configuration in 87Rb atomic medium which are less 
explored in the earlier works. The four-level inverted Y-type 
system is formed by the coupling of a weak probe, a strong 
pump and a strong control laser fields in the hyperfine levels 
of the 5S1/2 « 5P1/2 « 5D3/2 transitions of 87Rb atoms. It is to 
be noted that the proposed inverted Y-type system is a com-
bination of two sub-systems, namely, a three-level lambda 
(L) and a three-level cascade (X) type sub-systems. 
Theoretically, the density matrix equations are derived from 
the semi-classical Liouville’s equation of motion and solved 
numerically as well as analytically under steady-state condi-
tions. First, we study the EIT and its dispersion spectra 
and the associated group index under switch-on/off and 
on/off-resonance conditions of the pump and control laser 
fields. Next, we study the effects of the individual strengths of 
the pump, control and probe fields on the group index pro-
files as a function of the probe detuning under the on-reso-
nance condition of the pump and control lasers. The variation 
of group index profiles with the ground state decoherence 
rates is also studied in detail. Few numerically obtained 
results are compared with the analytically obtained ones. 
Finally, the phenomenon of EIT-based ‘optical switching’ is 
explained by studying the behaviour of the group index and 
probe absorption profiles as a function of the strength of the 
pump and control fields under off-resonance conditions.

2. Theoretical model

Figure 1 shows a four-level inverted Y-type system that is 
formed by the interaction of 87Rb atoms with three laser 
fields, namely probe, pump and control lasers. Here, a weak 
probe laser field (frequency wpr) couples the ground state |1ñ 
(5S1/2, F = 1) with the excited state |3ñ (5P1/2, F' = 2), a strong 
pump laser field (frequency wp) couples the ground state |2ñ 
(5S1/2, F = 2) with the common excited state |3ñ and a strong 
control laser field (frequency wc) couples the common excited 
state |3ñ with a higher excited state |4ñ (5D3/2, F'' = 3). It is 
found that the pump and probe lasers form a three-level 
L-type sub-system with the levels |1ñ, |2ñ and |3ñ, whereas the 
control and probe lasers form a three-level X-type sub-system 
with the levels |1ñ, |3ñ and |4ñ. The frequency detunings of the 
probe, pump and control laser fields are defined by Dpr = 
wpr – w31, Dp = wp – w32 and Dc = wc – w43, respectively. We 
define the Rabi frequencies corresponding to the probe, pump 
and control fields as, Wpr = m13 × Epr/' , Wp = m23  × Ep/'  and 
Wc= m34  × Ec/' , respectively, where mi j (i ¹ j) are the dipole 
matrix elements and Epr, Ep and Ec are the electric field vec-
tors associated with the probe, pump and control lasers cou-
pling the dipole allowed levels |1ñ ® |3ñ, |2ñ ® |3ñ and |3ñ ® |4ñ, 
respectively. The proposed four-level inverted Y-type scheme 
has already been experimentally realised in 87Rb atoms [24], 
where the authors have studied the probe absorption and dis-
persion profiles for different strengths and detunings of the 
control lasers. However, our main objective is to study vari-
ous effects on the dispersion-related group index profiles ng 
which have not been previously studied. Here, it is to be men-

tioned that the polarisations and wavelengths of the incident 
beams may by considered the same as those from Ref  [24] for 
experimentation. In Fig. 1, G31, G32 and G43 are the radiative 
decay rates between the electric dipole allowed transitions |3ñ 
® |1ñ, |3ñ ® |2ñ and |4ñ ® |3ñ, respectively, whereas the terms 
G21 and G12 denote the nonradiative ground state decay 
rates between the electric non-dipole allowed ground levels 
|2ñ ® |1ñ and |1ñ ® |2ñ, respectively. We consider the nonra-
diative decay rates among the ground states due to various 
natural phenomena, such as temperature fluctuation, 
atom-atom/wall collisions, buffer gas-induced collisions, 
collisional dephasing, etc., giving rise to ‘decoherence’ in 
the medium [27 – 29].

To derive the density matrix equations, we use the well-
known semi-classical Liouville’s equation (see, for example, 
Refs [15, 30])

¶
¶
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r x r= - + , 	 (1)

where r is the density matrix operator, and xrelax is the 
relaxation matrix operator in which all the radiative and 
nonradiative decay rates are included phenomenologi-
cally. The density matrix equations obtained from Eqn 
(1) under rotating wave approximation (RWA) have the 
form [15, 30]
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Figure 1.  Schematic of a four-level inverted Y-type system formed in 
the hyperfine levels of 5S1/2 « 5P1/2 « 5D3/2 transitions of 87Rb atoms by 
the coupling of a probe laser field with Rabi frequency Wpr from the 
ground state |1ñ (5S1/2, F = 1) to an excited state |3ñ (5P1/2, F' = 2), a 
pump laser with Rabi frequency Wp from the ground state |2ñ (5S1/2, 
F = 2) to the common excited state |3ñ (5P1/2, F' = 2) and a control laser 
with Rabi frequency Wc from the common excited state |3ñ (5P1/2, F' = 2) 
to another higher excited state |4ñ (5D3/2, F'' = 3).
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In Eqn (2), we redefine the decay rates as follows 
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In the above density matrix equations [Eqns (2)], the diago-
nal elements rii (i = 1  – 4) denote the atomic population dis-
tribution terms, while the off-diagonal elements rji (i  ¹ j ) 
denote the atomic coherence terms. The above density 
matrix equations are solved both numerically and analyti-
cally under the steady-state condition. The range of differ-
ent numerical values of Wpr, Wp and Wc are considered from 
the knowledge of the values used in Refs [23, 24] for the 
inverted Y-type systems. The radiative and nonradiative 
decay rates are taken as G31 = G32 = 2p ´ 5.75 MHz, G43 = 2p ´ 
0.50 MHz and G21 = G12 = 2p ´ 10.0 kHz, respectively [31, 32].

To find the analytical solution, the density matrix equa-
tions [Eqns (2)] are solved under steady-state condition by 
using the well known weak probe field approximation, that is, 
by considering the terms up to the first order of Wpr. In the 
case of weak probe field approximation, we have assumed 
that the atoms primarily remain in the ground state |1ñ which 
implies r11 » 1 and r22, r33, r44 » 0 [19, 23]. Finally, we have 
obtained the expression of the coherence term r31 correspond-
ing to the probe transition |1ñ ® |3ñ:
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In the above analytical solution, we have neglected the 
contributions of the coherence terms r24, r42 and related 
decay terms following the theoretical calculations carried out 
by the authors in Refs [19, 23]. Besides, few other coherence 
terms are neglected under weak probe field approximation. 
On the other hand, it is to be mentioned that all the contribu-
tions coming from the different coherence terms to the 
absorption and dispersion spectra have been considered in the 
numerical solutions. Now, if we examine Eqn (3), we can find 
that when the pump is turned off (Wp = 0) and the control is 
turned on (Wc ¹ 0), Eqn (3) reduces to the solution of a three-
level X-type system. Again, when the control is turned off and 
the pump is turned on, that is, Wc = 0 and Wp ¹ 0, then Eqn (3) 
reduces to the solution of a three-level L-type system. 
Therefore, we may expect that the characteristics of both L- 
and X-type sub-systems will reflect the characteristics of the 
inverted Y-type system.

Now, the dispersion (absorption) of an atomic medium 
which is governed by the real (imaginary) part of complex 
susceptibility c of a medium can be written in the form 
[15, 30],

e
| |

' ''i
N

pr0

13
2
31

'
c c c

m r
W= + = , 	 (4)

where c' and c'' represent the real (Re c) and imaginary (Im c) 
parts of the susceptibility c, respectively; N is the atomic num-
ber density (~1016 atoms per m3 for Rb atoms at 298 K); e0 is 
the permittivity of free space (~8.854 ´ 10–12 F m–1); m13 is the 
dipole matrix element that couples levels |1ñ and |3ñ associated 
with the probe laser ( m13 ~ 2.537 ´ 10–29 C m); and '  is the 
reduced Planck’s constant (~1.054 ´ 10–34 J s) [31]. The 
group index ng of the medium is related to the dispersive 
properties of the medium, that is, related to Re c by the rela-
tion [15]
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Here wpr is the probe laser frequency (~2p ´ 3.77 ´ 108 MHz) 
[31].

The group velocity ug of the probe light propagating 
through the medium is given by the expression [15, 30]
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where c is the speed of light in free space (~3.0 ´ 108 m s–1). 
From the above Eqn (6), it is quite natural to see that the 
manipulation of the group velocity ug of the light propagat-
ing in an atomic medium, that is, the subluminal and super-
luminal propagation of light is based upon the values of the 
group index ng. By inspecting Eqns (5) and (6), we can see 
that the subluminal (slow) and superluminal (fast) propaga-
tion of light may occur when ng > 1 and ng < 1, respectively 
[33]. This ultimately governs the manipulation of the group 
velocity ug of the light propagating in an atomic medium. 
The ng values can be calculated from the knowledge of the 
dispersive slopes ∂Re c/∂wpr of the dispersion curve Re c [see 
Eqn (5)].

3. Results and discussion

In this section, we first observe the EIT and its dispersion 
signals in the proposed inverted Y-type system for which 
the numerically obtained probe absorption Im c and dis-
persion Re c profiles are plotted against the probe fre-
quency detuning Dpr with on-resonance conditions of the 
pump and control lasers (Dp = Dc = 0). The dependences of 
the group index ng on Dpr are studied both numerically and 
analytically from the knowledge of the slope of the disper-
sion curves. Next, we present both the numerical and ana-
lytical results of the probe absorption, dispersion and 
group index ng spectra as a function of Dpr under the on/
off-resonance conditions of the pump and control lasers 
(Dc, Dp ¹ 0; either Dc or Dp ¹ 0). The effects of the indi-
vidual strengths of the pump (Wp), control (Wc) and probe 
(Wpr) laser fields on the ng(Dpr) profiles (with Dp = Dc = 0) 
have also been investigated both numerically and analyti-
cally. Moreover, the effects of the ground state decoher-
ences (G21 = G12) on the dependence of ng on Dpr have been 
investigated both numerically and analytically. Finally, the 
dependences of the group index ng and probe absorption 
Im c on both control (Wc) and pump (Wp) Rabi frequencies 
have been studied numerically by using both 3D and 2D 
plots. All the results presented in this section are discussed 
in detail.

3.1. Probe absorption and dispersion spectra at Dp = Dc = 0

Figure 2 shows the probe absorption (Im c) and dispersion 
(Re c) spectra as a function of probe detuning Dpr. In each 
plot, the probe Rabi frequency is fixed at Wpr/2p = 0.05  MHz 
and the pump and control lasers are kept at resonance, that 
is, Dp = Dc = 0. Figures 2a and 2b display the absorption and 
dispersion spectra, respectively when the pump field is 
turned on (Wp /2p = 5 MHz) and the control field is turned 
off (Wc/2p = 0). In this case, the system is a pure three-level 
L-type configuration. We observe a single EIT window 
formed in a Lorentzian shape absorption dip at the line cen-
tre (Dpr = 0) (Fig. 2a). Figure 2b shows the steep dispersion 
curve corresponding to Fig. 2a and the slope is positive at 
around Dpr = 0. Next, we turn off the pump field (Wp/2p = 
0) and turn on the control field (Wc /2p = 8 MHz) by which 
the system becomes a pure three-level X-type configuration. 
In this case, a similar type of features of the EIT window in 
the absorption spectrum is shown in Fig. 2c, and the related 
dispersion spectrum is presented in Fig. 2d. However, it is 
found that the EIT width is narrower in Fig. 2a than in 
Fig. 2c and consequently, the dispersion curve in Fig. 2b is 

much steeper (positive slope with a higher value) than the 
dispersion curve in Fig. 2d. The above-obtained results are 
quite consistent with the fact that the L-type system is ideal 
for the observation of EIT and its dispersion than the X-type 
configuration [12].

Figures 2e and 2f correspond to the case when we turn on 
both the pump and control fields with Wp /2p = 5 MHz and 
Wc /2p = 8 MHz, respectively. In this case, the system becomes 
a four-level inverted Y-type system, which is an amalgama-
tion of three-level L- and three-level X-type sub-systems. 
Hence, the nonlinear optical properties of the inverted Y-type 
system will have some characteristics of either a L- or a X-type 
system [19, 23]. Here, it is found that the amplitude and width 
of the resultant EIT window increase due to simultaneous 
action of both the pump and control fields (Fig. 2e). Besides, 
we have also found a very narrow and small ‘spike’ (EIT-
spike) on top the resultant EIT window (shown in the inset of 
Fig. 2e). The reason behind this spike is the superposition of 
two independent EIT peaks at Dpr = 0 obtained from the con-
tribution of the two individual L- and X-type sub-systems at 
Dp = Dc = 0. This observation agrees well with the earlier 
results presented in Ref [19]. It is observed that the width of 
the EIT-spike is narrower than the individual L- or X-type 
EIT width. The respective dispersion curve of Fig. 2e is shown 
in Fig. 2f where we have obtained a positive dispersion slope 
for the large EIT signal at around Dpr = 0 and an additional 
sharp small positive slope is also observed at Dpr = 0 due to 
the sharp EIT-spike on top of the EIT window (shown in the 
inset of Fig. 2f). Next, we have increased the strengths of the 
pump and control fields proportionately up to Wp /2p = 
20  MHz and Wc /2p  = 30 MHz. We have found that the 
width of the resultant EIT signal increases (Figs 2g and 2i) 
and the corresponding dispersion curves become wider 
(Figs  2h and 2j). At the same time, the amplitudes of the 
EIT-spike and the related dispersive signals (shown in the 
inset of Figs 2e – 2j) decrease with increasing pump and con-
trol field strengths, which is due to the power broadening 
effect of the strong pump and control fields. The above fea-
tures of the dispersion profiles are used to calculate and dis-
cuss the group index of the medium under various condi-
tions in the next sub-sections.

3.2. Group index profiles at Dp = Dc = 0

Following Eqn (5), we have calculated both numerically and 
analytically the group refractive index ng of the medium using 
Re c and ∂Re c/∂wpr data. In Fig. 3, we have plotted numeri-
cally (left panels) and analytically (right panels) obtained 
dependences of ng on Dpr under the resonance conditions of 
the pump and control fields (Dp = Dc = 0). The probe Rabi 
frequency is always fixed at Wpr /2p = 0.05 MHz for each plot. 
Here, we have taken Wp /2p = 20 MHz and Wc /2p = 30 MHz 
(used in Fig. 2) for which the dependences of ng on Dpr	 show 
prominent features at Dpr = 0 (Figs 3c and 3f). Now, similar 
to Fig. 2, we first consider the case when the control field is 
turned off (Wc /2p = 0) and the pump is turned on (Wp /2p = 
20  MHz). Figure 3a displays the group index profile of the 
system (three-level L-type) where a small positive hump-like 
feature is observed at around Dpr = 0. Next, we consider the 
case for which the pump field is turned off (Wp /2p = 0) and 
the control field is turned on Wc /2p = 30 MHz), that is, three-
level X-type system (Fig. 3b). Here, the positive hump-like 
feature disappears at around Dpr = 0, but two strong positive 



	 R. Hazra, M.M. Hossain734

–40 –20 0

0

0

0

0

– 2

– 2

– 4

– 4

– 6

0

– 2

– 4

– 6

0

– 2

– 2

– 2

– 2

– 1

– 1.0

– 1.5

– 0.5

– 4

– 3– 6

– 3

– 4

– 6

0

0

4

2

– 2

– 4

0

4

2

– 2

– 4

0

4

2

– 1

3

2

1

1.5

1.0

0.5

Im
c 

(a
rb

. u
n

it
s)

Im
c 

(a
rb

. u
n

it
s)

Im
c 

(a
rb

. u
n

it
s)

Im
c 

(a
rb

. u
n

it
s)

Im
c 

(a
rb

. u
n

it
s)

R
e

c 
(a

rb
. u

n
it

s)
R

e
c 

(a
rb

. u
n

it
s)

R
e

c 
(a

rb
. u

n
it

s)
R

e
c 

(a
rb

. u
n

it
s)

R
e

c 
(a

rb
. u

n
it

s)

Wp/2p = 5 MHz
Wс /2p = 0 MHz

Wp/2p = 5 MHz
Wс /2p = 8 MHz

Wp/2p = 10 MHz
Wс /2p = 16 MHz

Wp/2p = 20 MHz
Wс /2p = 30 MHz

Wp/2p = 0 MHz
Wс /2p = 8 MHz

20 Dpr/MHz –40 –20 0 20 Dpr/MHz

– 0.04

– 0.05

– 0.10
– 1

– 1

– 0.02

– 0.2 0.2

0

0

0 1

– 1 0 1

1

1

0

0

0

– 1
– 2

2

1

0

0

– 0.5
– 0.2

0.5

0.2

0

0

– 0.2

– 0.4

– 0.6

0

а b

c d

e f

g h

i
j

Figure 2.  (Colour online) Results of numerical calculations of probe absorption (Im c) and probe dispersion (Re c) spectra as a function of probe 
detuning Dpr at different values of the pump (Wp) and control (Wc) Rabi frequencies. In all cases, the probe Rabi frequency is Wpr /2p  = 0.05 MHz 
and the detunings of the pump and control lasers are fixed at Dp = Dc = 0.
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wings of ng peaks are formed at both sides of Dpr = 0 (Dpr > 0 
and Dpr < 0). Now, when we switch on both the pump and 
control fields (Wp /2p = 20 MHz and Wc /2p = 30 MHz), we can 
see that an interesting feature is revealed by the ng curve at Dpr 
= 0: a very narrow positive spike of ng is formed on top of the 
wide positive hump of the ng curve at Dpr = 0 (Fig. 3c). The 
reason behind this positive spike of the ng value at Dpr = 0 is 
revealed from the nature of the spike on the EIT window and 
the related dispersion curves obtained in Figs 2e – j. Moreover, 
in Figs 3a – 3c, we have also found negative ng dips for the non-
zero values of probe frequency detuning, that is, at both sides 
of Dpr = 0 (Dpr > 0 and Dpr  < 0). The formation of these 
negative ng dips is explained by the existence of negative 
slopes of the dispersion curves for Dpr > 0 and Dpr < 0 in Figs 
2b, 2d, 2f, 2h and 2j. Therefore, depending on the position of 
probe frequency detuning Dpr, there exist both positive and 
negative slopes (∂Re c/∂wpr) of the dispersion Re c curves in 
Fig. 2, which leads to both positive and negative values of ng in 
Fig. 3. Now, curves in Figs 3d – 3f show the respective analyti-
cally obtained dependences of ng on Dpr for the same set of 

parameters used in Figs 3a – 3c. We notice that the analytical 
curves are in good agreement with the numerically obtained 
curves except in Figs 3b and 3e. In Fig. 3e, the analytical curve 
shows a widened positive hump-like feature at around Dpr = 
0, while in Fig. 3b this feature is absent. This difference may 
arise due to some approximations made in the analytical solu-
tion of Eqn (3) in the case of a weak probe field (Wpr /2p = 0.05 
MHz), specifically, due to neglecting the coherence terms r24, 
r42, some other coherence and related decay terms in the ana-
lytical solution. Thus, the ng curves of the inverted Y-type sys-
tem having a positive hump around Dpr = 0 and a spike at Dpr 
= 0 can be used for the manipulation of group velocities ug of 
the probe light in the EIT-induced medium. 

3.3. Probe absorption, dispersion and group index spectra at 
Dp ¹ Dc ¹ 0

Figure 4 shows the numerical plots of absorption (Im c), dis-
persion (Re c) and group index (ng) spectra as a function of 
probe detuning Dpr at Dp ¹ Dc ¹ 0 and either Dc or Dp ¹ 0, that 
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is, under the off-resonance conditions of the pump and/or 
control lasers. In each plot, the fixed value of the probe Rabi 
frequency is Wpr /2p = 0.05 MHz. Figures 4a, 4c and 4e show 
the numerically obtained dependences of Im c (red dashed 
curves) and Re c (blue solid curves) on Dpr, while Figs 4b, 4d, 
and 4f demonstrate the respective dependences of ng on Dpr. 
We first consider the case (Fig. 4a) for which the pump is 
turned on (Wp /2p = 20 MHz) and kept at off-resonance (Dp = 
20 MHz), while the control light is turned off (Wc /2p = 0 and 
Dc = 0). In this case, the inverted Y-type system becomes a 
three-level L-type for which the EIT and the corresponding 
dispersion spectra are shifted towards Dpr = + 20 MHz. In 
addition, the shapes of the EIT and its dispersion signals are 
asymmetric due to the off-resonance condition of the pump 
field. The respective group index profile is also shifted towards 
Dpr = +20 MHz (Fig. 4b). Now, when we turn off the pump 
(Wp /2p = 0 and Dp = 0) and turn on the off-resonance control 
light (Wc /2p  = 30 MHz and Dc = 30 MHz), the system behaves 

like a three-level X-type which displays the EIT and the 
related dispersion windows around Dpr = –30 MHz (Fig. 4c). 
Figure 4d shows the respective ng spectrum which is also 
shifted towards Dpr = – 30 MHz. Finally, in Figs 4e and 4f, 
when both the pump and control fields are turned on and 
kept at off-resonance (Wp /2p  = 20 MHz, Wc /2p = 30 MHz, 
Dp = 20 MHz and Dc = 30 MHz), we have observed two sepa-
rate EIT windows and the respective dispersion slopes at 
around Dpr = + 20 MHz and Dpr = – 30 MHz. At the same 
time, the associated group index features show two positive 
signatures at the respective positions of the EIT windows. In 
comparison to Fig. 2 (Dp = Dc = 0), the EIT and dispersive 
signals of Fig. 4 are asymmetric under off-resonance condi-
tions. Moreover, under the off-resonance conditions of both 
pump and control fields (Dp  ¹ Dc ¹ 0), we have found two 
EIT, two related dispersion slopes and associated two positive 
group index signatures on either side of the line centre of 
probe frequency detuning Dpr = 0. Hence, under the off-reso-
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nance conditions of pump and control fields, the positive sig-
natures of the group index can be obtained at two off-reso-
nance positions of the probe detuning, while under the on-
resonance conditions of pump and control fields, the tuning 
of the positive group index is limited around the probe detun-
ing Dpr = 0. Therefore, we can say that the shape and position 
of the EIT, related dispersion and the associated group index 
curves are much richer and can be better controlled in an 
inverted Y-type system under off-resonance conditions rather 
than under the on-resonance conditions [19]. Besides, Fig. 5 
shows the analytical plots of Im c, Re c and ng spectra as a 
function of Dpr for the same set of parameters and under the 
same conditions of the pump and control fields as considered 
in Fig. 4. Comparing all plots of Figs 4 and 5, it is found that 
most of the analytical curves are in good agreement with the 
numerical ones, except for Figs 4c, 4d and Figs 5c, 5d.

3.4. Effect of the pump, control and probe strengths  
on the dependence of ng on Dpr at Dp = Dc = 0

In this subsection, we first study the effect of different 
strengths of pump Rabi frequencies (Wp) on the group index 
(ng) profiles both numerically and analytically. The fixed 
probe and control Rabi frequencies are taken as Wpr /2p = 
0.05 MHz and Wс /2p = 30 MHz, respectively. The detunings 
of the pump and control lasers are always kept at Dp = Dc = 0. 
Figure 6a shows the numerical plots of the dependence of the 
group index ng on the probe detuning Dpr for different 
strengths of the pump field Wp /2p = 0, 5, 10, 15, 20 and 30 
MHz. We first turn off the pump laser (Wp /2p = 0) and we see 
that no positive hump is observed at around Dpr = 0 (black 
colour solid i line), which is also consistent with the numerical 
result of Fig. 3b. Next, we turn on the pump and set it at 
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Wp /2p = 5 MHz. The group index curve displays two sym-
metrical positive humps (at both sides of Dpr = 0) accompa-
nied by a very narrow spike at Dpr = 0 (red colour dashed j 
curve). This ng spike belongs to both negative and positive 

regions. When the pump Rabi frequency is set at Wp /2p = 
10 MHz, it is found that two symmetrical positive humps at 
both sides of Dpr = 0 are converted into symmetrical negative 
dips and a wide positive hump of the ng is found at around 
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Dpr = 0, which is similar to the pattern of ng in Fig. 3c (blue 
colour solid k curve). At the same time, the spike becomes 
only positive and the amplitude of the positive spike of ng at 
Dpr = 0 decreases with increasing Wp (blue colour solid k 
curve, shown in the inset). Further, when we gradually 
increase the pump Rabi frequency up to 15, 20 and 30 MHz, 
the amplitude of the positive spike at Dpr = 0 and the sym-
metrical negative dips at both sides of Dpr = 0 also decrease 
gradually (magenta colour dashed l, green colour solid m and 
purple colour dashed n curves). Particularly, the negative dips 
of ng curves at both sides of Dpr = 0 decrease in amplitude 
after the value of Wp /2p = 10 MHz and are shifted away from 
each other with an increase in Wp /2p up to 30 MHz. The ana-
lytical curves (Fig. 6b) also reveal almost similar patterns, 
only the noticeable difference at Wp /2p = 0 is that there exists 
a small positive hump around Dpr = 0 (black colour solid i 
curve in Fig. 6b). This is similar to the analytical curve of Fig. 
3e. In the case of analytical plots, all the spikes belong to the 
positive region only. At Dpr = 0, it is found that the amplitude 
of the spike decreases with increasing pump Rabi frequency 
for all the cases (from 5 to 30 MHz) both in numerical and 
analytical plots (shown in the inset of Figs 6a and 6b). Besides, 
we observe that there occurs symmetrical shifting of the nega-
tive dips with an increase in the values of Wp (cf. all plots in 
Figs 6a and 6b). As mentioned earlier in subsection 3.2, the 
analytical solutions are performed with some approximations 
under the weak probe regime and probably this results in 
minor differences among the analytical and numerical curves 
in Figs 6a and 6b.

In Figs 6c and 6d, we have studied the numerically and 
analytically obtained dependences of the group index ng on 
the probe detuning Dpr for the different strengths of the con-
trol field (Wc /2p = 0, 5, 10, 15, 20 and 30 MHz). The other 
fixed parameters are Wpr /2p = 0.05 MHz, Wp /2p = 20 MHz 
and Dp = Dc = 0. When the control field is turned off, that is, 
Wc /2p = 0.00 MHz, we observe a small positive hump with-
out any spike-like features (black colour solid i curve), which 
is analogous to Fig. 3a. As the strength of the control field is 
gradually increased, we have found a wide positive hump of 
the ng at around Dpr = 0 and two symmetrical negative dips 
at both sides of Dpr = 0. Also, as the value of Wc increases, 
the amplitude of the widened positive hump decreases and 
the negative ng dips are shifted away from each other. 
However, at Dpr = 0, we have found a positive downward 
spike of the ng curve for Wc /2p = 5 MHz (red colour dashed 
j curve) and the amplitude of the downward spike decreases 
with increasing value of Wc /2p up to 10 MHz (blue colour 
solid k curve). But, when we further increase the value of Wc 
(Wc /2p = 15, 20 and 30 MHz), the downward spike again 
converts into a positive upward spike where the amplitude 
of the spike increases with increasing Wc (magenta colour 
dashed l, green colour solid m and purple colour dashed n 
curves, shown in the inset). Thus, in the case of numerical 
plots, a flipping of ng values (from a positive downward 
spike to an upward spike) is observed at Dpr = 0. This type of 
flipping of the ng ‘spike’ may have some possible applica-
tions in the storage and retrieval of the light pulse, pulse 
shaping phenomena, etc. [34 – 36]. Next, in Fig. 6d, we have 
analytically studied the same dependence of ng on Dpr for the 
same set of parameters used in Fig. 6c. The analytical curves 
of Fig. 6d reveal almost similar features as those of the 
numerical ones (Fig. 6c), but the analytical curves show 
only positive upward spikes of ng at Dpr = 0 for all the cases 

and the amplitudes of the spikes increase with increasing 
Wc. The differences between the analytical and numerical 
spikes at Dpr = 0 may be due to some approximations con-
sidered in the analytical calculation under the weak probe 
limit (already discussed in subsection 3.2).

Next, we have studied both numerically and analytically 
the dependences of the group index ng on the probe detuning 
Dpr for the different strengths of the probe Rabi frequency 
Wpr /2p = 0.00, 0.03, 0.05, 0.08, 0.50, 0.80 MHz); the numeri-
cal and analytical results are shown in Figs 6e and 6f, respec-
tively. The other fixed parameters are Wp /2p = 20 MHz, Wc /2p 
= 30 MHz and Dp = Dc = 0. In Fig. 6e, when the probe light is 
turned off (Wpr /2p = 0), it is expected that there exists no 
hump- or spike-like a feature of the ng spectrum (black colour 
solid i line). As the probe light is turned on and set at Wpr /2p 
= 0.03 MHz, there exists a very small positive spike of ng at 
Dpr = 0 (red colour dashed j curve in Fig. 6e). Further, when 
we increase the values of Wpr /2p by 0.05 and 0.08 MHz, there 
occurs a gradual enhancement of the positive spike at Dpr = 0 
and a positive hump-like feature having a very small ampli-
tude of the ng curve is found at around Dpr = 0 (blue colour 
solid k and magenta colour dashed l curves). At Wpr /2p = 0.50 
MHz, the magnitude of the positive spike is increased quite 
considerably and also there exists a quite visible signature of 
the positive hump along with a set of symmetrical negative 
dips on both sides of Dpr = 0 (indigo colour solid m curve). 
Finally, at Wpr /2p = 0.80 MHz, a positive spike at Dpr  = 0 and 
positive humps accompanied by negative dips of ng on either 
side of Dpr = 0 are enhanced significantly (purple colour dot-
ted n curve). In Fig. 6f, we have analytically plotted depen-
dences of ng on Dpr for the same set of parameters used in the 
numerical plots (Fig. 6e). The analytical curves exhibit almost 
similar features as compared with the numerical ones, 
although the insets of the curves show minor differences and 
for the whole graph, the differences are quite pronounced. 
These differences may arise due to some approximations con-
sidered in the analytical calculation under a weak probe limit. 
All the above dependences of ng on Dpr can be explained by 
using the dispersion curves presented in Fig. 2. The contribu-
tions from the positive and negative slopes of the dispersion 
curves at Dpr = 0 and both sides of Dpr = 0, respectively lead to 
the features exhibited in Fig. 6. Particularly, at Dpr = 0, the 
ng spike is narrow with respect to Dpr and thus one may say 
that ng is very sensitive with the variation in Dpr. Thus we 
may conclude that the judicious choice of the powers of the 
probe, pump and control fields play a vital role in the 
manipulation of the ng value, that is, related group velocity 
ug of light for an inverted Y-type configuration [21, 23]. 
Nevertheless, due to the significant variation of ng at Dpr = 0 
and either side of Dpr = 0 of the inverted Y-type system, one 
can manipulate the group velocity ug of the probe light 
through the EIT-induced medium by varying the strengths 
of the coupling, pump and probe fields as well as the fre-
quency detuning of the probe laser (Dpr) [15]. This may be 
applied for the EIT-based optical switching effect (sublumi-
nal to superluminal or vice versa).

3.5. Effect of ground state decoherence  
on the group index profiles at Dp = Dc = 0

In the proposed inverted Y-type system, the pump and probe 
lasers form a three-level L-type system where the ground state 
decoherence rates (G12 = G21) play an important role in the 
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EIT coherent phenomenon [27 – 29]. The term ‘decoherence’ 
implies the loss of coherence properties of the medium leading 
to broadening and reduction in the EIT and its related disper-
sive window. The ground state decoherence in the medium 
arises due to various mechanisms namely, elastic and inelastic 
atom-atom/wall collisions, fluctuation in temperature of the 
medium, etc. In our work [27], we showed that the EIT line 
width increases and the peak height decreases with the 
increase in ground state decoherence rates. The respective dis-
persive windows also display less steep slopes with an increase 
in the decoherence rates. In Fig. 7a, we numerically present 
the effect of different ground state decoherence rates on the 
group index profiles ng as a function of probe detuning Dpr. 
The pump, control and probe Rabi frequencies are fixed at 
Wp /2p = 20 MHz, Wc /2p = 30 MHz and Wpr /2p = 0.05 MHz, 
respectively. The pump and control lasers are kept at reso-
nance (Dp = Dc = 0). We assume that the nonradiative decay 
rates between the states |1ñ ® |2ñ and |2ñ ® |1ñ are equal in 
magnitude, that is, G12 = G21. The ground state decoherence 
rates (G12 = G21) are gradually varied from 2p ´ 0.00 MHz to 
2p ´ 0.30 MHz. When the ground state decoherence rates are 
taken as 2p ´ 0.00 MHz, that is, in absence of any ground 
state decoherence rates, we have found a wide positive hump 
having a very small amplitude of ng at around Dpr = 0 and two 
symmetrical negative ng dips at both sides of Dpr = 0 (black 
colour solid i curve). However, a narrow and high amplitude 
positive spike of ng is formed at Dpr = 0. When we slowly 
increase the ground state decoherence rates, the amplitudes of 
both the positive hump (at around Dpr = 0) and the symmetri-
cal negative dips (at both sides of Dpr = 0) increase, but the 
narrow positive spike at Dpr = 0 gradually decreases (cf. black 
colour solid i, red colour dashed j and blue colour solid k 
curves). Interestingly, at G12 = G21 = 2p ´ 0.04 MHz, the spike 
at Dpr = 0 completely vanishes (magenta colour dashed l 
curve) but the value of the ng hump is still positive (shown in 
the inset). Besides, there is a slight increase in the magnitude 

of the negative ng dips at both sides of Dpr = 0. Further, the ng 
spike reappears and is inverted downward within the positive 
value of ng at Dpr = 0 when G12 = G21 =2p ´ 0.05 MHz (green 
colour solid m curve). Here, we notice that when the ground 
state decoherence rates (G12 = G21) become comparable with 
the probe Rabi frequency (Wpr), that is, when G12 = G21 ~ Wpr, 
a flipping from upward to downward of the positive spike is 
observed. Next, when the value of G12 = G21 increases beyond 
Wpr (G12 = G21 = 2p ´ 0.08 MHz and 2p ´ 0.10 MHz), the over-
all ng curve is inverted with respect to the previous ones 
(indigo colour dashed n and purple colour solid o curves). 
Also, ng becomes negative at around Dpr = 0 and the curve is 
accompanied by symmetrical positive dips on both sides of 
Dpr = 0. Particularly, at Dpr = 0, the ng spike belongs to the 
negative region of ng and just crosses the ng = 0 line. Therefore, 
there might exist some threshold value of the ground state 
decoherence rates (G12 = G21) at which the spike flips from a 
positive to a negative one and vice versa. With a further 
increase in ground state decoherence rates at G12 = G21 = 2p ´ 
0.30 MHz, the value of ng is almost zero with respect to any 
values of Dpr (maroon colour dashed p curve). Now, in the 
case of analytical curves (Fig. 7b), we have not found any 
inversion or flipping of the ng curves with the increase in 
ground state decoherence rates (G12 = G21). We have only 
found that the amplitudes of the positive ng spikes at Dpr = 0 
gradually decrease with the increase in ground state deco-
herence rates and finally, the amplitude of the spike van-
ishes at G12 = G21 = 2p ´ 0.30 MHz (maroon colour dashed 
p curve). The reasons behind such differences among the 
numerical and analytical curves may be due to the analyti-
cal solutions performed under the weak probe limit where 
the contributions of all the coherent and related decay 
terms are not accounted for (mentioned in detail in Section 
2). Therefore, we may conclude that at the resonance con-
dition of all lasers (Dp = Dc = Dpr = 0), the group index of 
the atomic medium is significantly changed with the ground 
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state decoherence rates which indirectly reflects the reduc-
tion or enhancement of the group velocity of the probe 
light.

3.6. Variation of the group index with pump  
and control Rabi frequencies at Dp ¹ Dc ¹ 0 and Dpr = 0

Following the effect of pump (Wp) and control (Wc) Rabi fre-
quencies on the group index (ng) vs. probe detuning (Dpr) pro-
files (see Figs 6a –6d), here we numerically study the variation 
of the group index ng with a change in both Wp and Wc at Dpr 
= 0, Dp = 20 MHz and Dc = 30 MHz (Figs 8a and 8b). The 
fixed probe Rabi frequency is Wpr /2p = 0.05 MHz. Figure 8a 
displays the 3D surface plot of group index ng which reveals 
the variation of ng with respect to the simultaneous variation 
of Wp and Wc. The colour bar on the left-hand side represents 
the change in magnitude of ng values, where the order of the 
ng value (~104) is similar to Fig. 4f at Dp = 20 MHz and Dc = 
30 MHz. The 3D curve of ng clearly shows the existence of 
both positive (orange colour region) and negative (blue colour 

region) values of ng and also displays a narrow spike of ng in 
the positive region. The nature of the curve indicates that the 
value of ng (ng > 1 and ng < 1) can be controlled by the varia-
tion of both pump and control field strengths, that is, the 
switching from subluminal to superluminal propagation of 
light or vice versa can be easily achieved by the simultaneous 
variation of Wc and Wp under off-resonance conditions (Dp = 
20 MHz, Dc = 30 MHz). Now, to extract the value of ng for 
some given values of Wc and Wp, we present the 2D figure of 
the group index ng as a function of Wc for the different values 
of Wp (0, 10, 20, 30, 40, 50, 60 and 80 MHz) (Fig. 8b). The 
other parameters are the same as Fig 8a. Figure 8b also shows 
the existence of both positive and negative values of ng with 
the simultaneous variation of Wp and Wc. Further, to under-
stand the absorption behaviour of the medium to the probe 
field under the same conditions of Figs 8a and 8b, we numeri-
cally plot the probe absorption Im c with the variation of both 
Wp and Wc (Figs 8c, 8d). Figure 8c shows the 3D surface plot 
of the probe absorption as a function of both Wp and Wc. The 
colour bar on the left-hand side of Fig. 8c represents the 
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change in magnitude of Im c. It is found that the amplitude 
of Im c decreases with increasing pump and control field 
strengths, that is, the medium becomes less absorptive 
when both Wp and Wc increase. Hence, the probe absorp-
tion, as well as probe dispersion related group index ng of 
the medium can be controlled by the variation of Wp and 
Wc. Figure 8d shows the 2D plot of probe absorption Im c 
as a function of Wc for the different values of Wp (0, 10, 20, 
30, 40, 50, 60 and 80 MHz), where the amplitude of Im c 
also varies with increasing Wc and Wp. Figures 8c and 8d 
are consistent with each other. Besides, in Figs 4 and 5, we 
have already seen that the tuning of the group index can be 
better controlled under the off-resonance conditions of the 
pump and control laser fields. Therefore, we may conclude 
that the inverted Y-type system under off-resonance condi-
tions may be successfully used in EIT-based optical switch-
ing-based circuits [23 – 24].

4. Conclusions

In this paper, we have theoretically studied the EIT and 
associated dispersion spectra as well as various effects on 
the dispersion related group index profiles of a four-level 
inverted Y-type system in 87Rb atomic medium. It is shown 
that the inverted Y-type system can be treated as a combi-
nation of three-level L- and three-level X-type sub-systems. 
We have found that the absorption/dispersion spectrum 
and the group index profiles display characteristic features 
as exhibited by a typical three-level L- and a three-level 
X-type system in the presence of either pump or control 
fields, respectively. When both the pump and control fields 
are turned on with resonance condition, the resultant EIT 
spectrum displays an enhancement along with a very sharp 
and narrow EIT-spike at the line centre. At the same time, 
the respective dispersion spectrum displays a small but 
steeper positive slope at the central position. The reason 
behind such observed spectra is explained based on the 
superposition of two spectra formed by the individual L- 
and X-type sub-systems. Then, we have studied in detail 
the group index profiles of the medium, which is associated 
with the EIT and its dispersion spectra under various con-
ditions. It is found that the group index profiles show both 
positive and negative ng values depending on the frequency 
detuning of the probe laser. Particularly at the line centre, 
the ng curve shows a very sharp spike and the amplitude of 
this spike is found to be sensitive to the variation of the 
strength of the applied optical fields (pump, control and 
probe). Besides, we have studied both numerically and 
analytically the absorption, dispersion and related group 
index (ng) of the medium under off-resonance conditions of 
the pump and control lasers, revealing better control of the 
optical responses over a wide range of tuning of the probe 
laser in comparison to the on-resonance conditions. 
Therefore, it is possible to control the ng values by manipu-
lating the strengths of the applied fields and also by vary-
ing the pump, control and probe detunings. Consequently, 
the group velocity of the probe beam in the EIT induced 
medium can be manipulated from subluminal to superlu-
minal propagation and vice versa. Further, it is found that 
the ground state decoherence rates also play an important 
role in the positive or negative values of ng of the medium, 
that is, indirectly reflecting the associated group velocity of 
the probe beam. Finally, we have presented the phenome-

non of ‘EIT-based optical switching’ by studying the varia-
tion of group index and probe absorption against the pump 
and control field strengths. Most of the numerical results 
are compared with the analytically obtained results. Note 
that the numerical results are more significant than the 
analytical results as the formers are obtained by taking 
into account all orders of the probe, pump and control 
Rabi frequencies as well as all the coherent and decay 
terms. The significant advantage of the inverted Y-type 
system is the bigger tunability owing to the presence of the 
two coupling fields (pump and control) in comparison to 
the three-level L- or X-type system. The inverted Y-type 
system provides a richer opportunity for optical switching 
between subluminal and superluminal regimes. Such an 
optical switching phenomenon may be applicable in quan-
tum information processing and other EIT-based switch-
ing devices.
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