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Abstract.  Radiation emitted by fast electrons in the process of mul-
tiple tunnel ionisation of heavy atoms in the focus of a laser pulse 
with extreme intensity exceeding 1022 W cm–2 is studied. It is shown 
that the spectral-angular distribution of emitted photons in a wide 
range of angles is qualitatively determined by relations of the syn-
chrotron radiation theory. The dependences of the number and the 
characteristic frequency of emitted photons on the laser pulse 
parameters are estimated. The obtained results can be used to 
determine the maximum laser intensity in the focus.

Keywords: strong laser field, tunnel ionisation, synchrotron radia-
tion, high-power lasers.

1. Introduction

At present, the study of the fundamental properties of electro
dynamic effects in highly intense emission fields attracts inc
reased  interest. This  is  explained  first of all by a  significant 
progress achieved in recent years in the development of laser 
sources with recordhigh powers. The intensity and the abso
lute values of electric and magnetic field strengths are the key 
parameters of laser radiation and determine the character of 
its  interaction with matter  in nonlinear  and ultrarelativistic 
regimes. Therefore, the upper limit of laser intensity achiev
able in laboratories to a large extent determines the possibility 
of experimental studies of classical and quantum dynamics of 
charged particles in strong external fields. The state of the art 
in this area of research, which develops at the confluence of 
nonlinear  quantum  electrodynamics,  relativistic  optics,  and 
plasma physics, is reflected in reviews [1 – 3].

For a long time, peak powers in experiments on the phys
ics of laser light interaction with atoms, electrons, and plasma 
have  been  limited  by  several  hundreds  of  terawatts  and,  in 
exceptional  cases, by a petawatt, which made  it possible  to 
achieve an intensity of 5 ́  1021 W cm–2 in the laser focus cen
tre. There were only a few publications on achieving intensi
ties of 2 ́  1022 W cm–2 [4]. In recent years, several laser sys
tems of a multipetawatt power have been designed and fabri
cated [5 – 11]. These systems are expected to go into service soon 

and  to  increase  the  peak  intensities  in  a  laser  focus  app
roximately by an order of magnitude, that is, to 1023 W cm–2. 
The authors of recent paper [12] report on achieving, for the 
first time in the history of laser investigations, an intensity of 
1023 W cm–2 from the CoReLS laser with a radiation power of 
4 PW. Further development of the methods of adaptive optics 
and  possible  development  of  an  exawatt  laser  within  the 
XCELS project [13] allow one to hope to achieve electromag
netic pulses with intensities of 1024 W cm–2 and higher in the 
foreseeable future. It is expected that a considerable increase 
in  the  peak  strength  of  electromagnetic  fields  available  for 
experiments  will  make  it  possible  to  study  new  regimes  of 
interaction of electromagnetic radiation with matter  includ
ing the regime of dominated radiation friction in the dynam
ics  of  charged  particles,  generation  of  quantum  electrody
namic  cascades,  excitation  of  ultrahigh  magnetic  fields  in 
plasma, etc. [1 – 3].

Nonlinear  ionisation of atoms and  ions by  intense  laser 
radiation is one of the best studied effects in strong field phys
ics. The  current  state  of  the  theory  and  experiment  on  this 
effect is discussed in reviews [14 – 17] and references therein. 
Ionisation caused by the interaction of highpower laser pul
ses with gaseous and condensed media usually occurs at the 
initial stage, which itself is of no interest, and leads to the for
mation of plasma, whose  further  evolution under  action of 
laser radiation is the main object of study. Nevertheless, the 
understanding of the ionisation process is important for det
ermining the charge composition and other plasma character
istics. In addition, the observation of the tunnel ionisation of 
heavy  atoms  in  the  laser  focus  can  be  used  to  estimate  the 
peak radiation intensity [18 – 23], which is important for cor
rect  description  of  observed  effects  and  for  experimental 
design. The plasma formed by ionisation serves as a source of 
secondary radiation, whose characteristics can be of interest 
for diagnostics of both the ionising laser pulse and the formed 
plasma.  Finally,  at  intensities  exceeding  1024 W  cm–2,  elec
trons detached from atoms as a result of their multiple ionisa
tion can cause the formation of quantum electrodynamic cas
cades [24, 25].

In the present work, we consider the radiation emitted in 
the process of electrons’ detachment from heavy atoms in a 
rarefied  gaseous  target  irradiated  by  a  laser  pulse  with  an 
intensity of  about  1022 W cm–2. The aim of  this work  is  to 
qualitatively describe the spectralangular energy distribution 
of this radiation and its dependence on the laser beam inten
sity and other characteristics. In particular, we will show that 
the  spectralangular  distribution  of  radiation  energy  in  the 
region of not very small and not very large angles with respect 
to the laser pulse propagation direction has a universal shape 
close to the shape for synchrotron radiation and the width of 
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the spectrum in this intermediate range of angles turns out to 
be proportional to the field strength in the laser focus centre.

2. Statement of the problem

In an intense field of laser radiation, multiple sequential det
achments of electrons from atoms occur, which leads to the 
formation of ions with a high charge Z. The ionisation mech
anism is determined by the Keldysh parameter [14, 26]

gK =  eE
mI2 p

0

w
,  (1)

where Ip is the ionisation potential of the atomic level, E0 is 
the  electromagnetic wave  field  strength  amplitude, w  is  the 
frequency of this wave, and e and m are the absolute electron 
charge and the electron mass, respectively. At gK << 1, ionisa
tion occurs in the tunnelling regime in the same way as in a 
constant field. In this case, the ionisation probability per unit 
time is described by wellknown formulae [14] applicable, in 
particular, in the case of the relativistic regime. For the con
sidered  problem of  electron  detachment  from multicharged 
ions in the radiation field of an IR laser with a wavelength 
l »  1 mm and  an  intensity  of  1022 W  cm–2  and  higher,  the 
Keldysh parameter is 10–2 – 10–3 (see estimates in [21, 23]), that 
is, the tunnelling approximation is valid with a high accuracy 
and the tunnelling process occurs in the nonrelativistic regime. 
In the description of the emission of an electron appearing in 
a strong electromagnetic wave filed as a result of its detach
ment from an atom, the contribution of the tunnelling process 
itself is taken into account only in setting of the initial condi
tion for the electron propagation in the wave field. In the case 
of tunnel ionisation, an electron is released from an atom with 
the zero velocity

u(t0, r0) = 0,  (2)

where r0  is  the  radius vector determining  the atom position 
and t0 is the electron release time. If the trajectory r (t; t0, r0 ) is 
found from the solution of the equation of motion

d
d

t
p
 = eE +  c

e u ́  H  (3)

( p is the electron momentum and E and H are the strengths of 
the  electric and magnetic  fields of  the  laser wave),  then  the 
spectralangular  distribution  of  radiation  is  determined  by 
the classical electrodynamics formulae [27]

H' (W, n) =  i
c R
e
2

0

W  exp(iKR0 )
3

t0
y exp[i(Wt – Kr)] n ́  u dt, (4)

dW(W, n) =  cR
4 2

0
2

p
|H’ (W, n)|2 dodW,  (5)

where W is the radiation energy, do is the solidangle element, 
n is the unit vector in the radiation propagation direction, H' is 
the vector of the magnetic field of radiation (do not conf
use with  the magnetic  field vector H of  the  laser wave), W 
and K = W n/c  are  its  frequency and wave vector, R0  is  the 
distance to the observation point, and u(t) =  ro (t) is the elec
tron velocity.

To describe the electromagnetic field of a laser wave, we 
will use  the approximation of a  linearly polarised Gaussian 
beam with the lowest TEM00 mode,

E(r, t) = 
/z z
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H(r, t) = n0 ́  E.  (6)

Here, w0 is the waist radius, zR = pw 20 /l is the Rayleigh length, 
R(z) = z(1 + z 2R/z2) is the radius of the wavefront curvature, 
y(z) = arctan(z/zR) is the Gouy phase, n0 is the unit vector in 
the beam propagation direction  (along  the z  axis),  and k = 
2p n0/l is the wave vector. For numerical calculations, we use 
the  following parameters: l =  1 mm, w0 =  2 mm, and  zR » 
12.6 mm; in this case, the beam cross section in the focus at 
half maximum of the intensity distribution is d0 =  ln2 2w0 » 
2.4 mm and the angular beam divergence is

Q = arctan w0p
lc m » 0.16.  (7)

These parameters are close to those reported in [5] for SULF 
with a power of 10 PW. The electromagnetic field strength in 
the  focal  spot  centre  is  characterised  by  the  dimensionless 
parameter

a0 = mc
eE0

w .  (8)

We will  also  use  the  notation  a  =  a0(r)  for  the  rdependent 
parameter (8). To achieve the peak value a0 = 102, which cor
responds to the intensity I » 2 ́  1022 W cm–2, at the considered 
laser  beam  parameters,  it  is  necessary  to  have  a  power  of 
~1.5  PW, that is, an energy of ~50 J at a pulse duration t = 30 fs.

3. Main equations

3.1. Trajectories

To  calculate  the  spectralangular  distribution  of  radiation 
energy, it is necessary to find the electron trajectory by solv
ing Eqn (3). The trajectory  for a Gaussian beam (6) can be 
found only numerically. Before considering the numerical cal
culation  results,  let  us  perform  some  estimates,  which  will 
allow us to qualitatively understand the electron motion char
acter, using the uniform crossed field approximation, that is, 
assuming that

E = E(r0, j0),    H = H(r0, j0),  (9)

where j0 = wt0 – kr0 is the phase of the laser wave field at the 
time  of  electron  detachment  from  an  atom  located  at  the 
point r0. The applicability of the crossed field approximation 
can be justified as follows. The trajectory of an electron prop
agating with the zero initial velocity in a highintensity elec
tromagnetic field is strongly stretched in the pulse propaga
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tion direction, and the electron motion rapidly becomes ultra
relativistic. In the case of this copropagating motion, the field 
phase  j  = wt  –  kr  varies  along  the  trajectory  much  more 
slowly  than  the  dimensionless  time wt,  so  that  the  electron 
leaves the strong field region for an proper time shorter than 
the laser wave period (see estimates below). We will assume 
that the electric field is polarised along the x axis. Then, the 
electron trajectory lies in the xz plane and the electron motion 
is described by the expressions

xu  =  a
2
j2,   zu  =  a

6

2
j3,   px = mca j,   pz = 

mc a
2

2 2j ,

ekin = mc2
a

1
2

2 2j
+c m,  (10)

where

xu  =  2 xp
l
,   zu  =  z2p

l
,   j =  s2p

l
, and

s = c
t

/dt c1
t

2 2

0

u-y   (11)

are the dimensionless variables; px and pz are the transverse 
and longitudinal momentum components; and ekin is the elec
tron kinetic energy.

Formulae  (10) and (11) make  it possible  to estimate  the 
time of electron presence in the laser focus. The final point of 
this time is determined by the time of electron escape from the 
strong field region through the side surface of the focal region, 
or through the pulse trailing edge due to a phase lag, or due to 
the electron motion together with the laser pulse to the region 
in which  the Gaussian beam  is already defocused. For esti
mates, let us consider a trajectory beginning in the focal spot 
centre at the time when the field is maximum (r0 = 0, j0 = 0). 
We will assume that an electron escapes through the side sur
face of the focal region if its coordinate is x = bw0, where b is 
a numerical coefficient of the order of unity. Then, the field 
phase corresponding to the escape time is

d jx = 2 a
b
0Q
.  (12)

The phase at which an electron propagating along the z axis 
enters the region of the weak field (with the same strength as 
in the previous estimate) is

d jz = 
e
a

12
/b

2
0
2

1 32

Q
e o .  (13)

Finally, the phase at which an electron escapes the highinten
sity  region  through  the  trailing  edge of  the  laser pulse with 
duration t is determined from the condition ct(d jt) – z(d jt) » 
c t as

d jt = wt.  (14)

It is obvious that, at a0 >> 1, inequalities d jt >> d jx, d jz are 
fulfilled, which justifies the constant field approximation. Let 
us estimate the relation between phases (12) and (13). For b = 
2, we have

z

x

d
d
j
j
 » 0.33(Q a0 )1/6.  (15)

This  estimate  shows  that phases  (12) and  (13) are  close  to 
each other in a wide range of parameters, because of which 
each of them can be used for approximate calculation of the 
effective time of electron presence in the focus. The electron 
escape from the highintensity region occurs mainly due to 
its motion along the z axis only in a very strong field and at 
strong focusing. The characteristic values of phases (12) and 
(13) for a0 = 102 are d jx » 0.5 and d jz » 0.9. These values 
are  small  in  comparison  with  2p  but  are  considerable  in 
comparison with unity. Thus, the crossed field approxima
tion can be used, strictly speaking, only for qualitative esti
mates. Nevertheless, as is seen from the results given below, 
in some cases it is also applicable for quantitative consider
ation.

Figure  1  shows  the  electron  trajectories  obtained  in  the 
crossed field approximation and by the exact numerical solu
tion of Eqn (3) in field (6) for several values of r0 inside the 
focal region. In all cases,  it was assumed that an electron is 
detached from an atom at the time when j0 = 0, that is, when 
the  electric  field  is maximum and directed  counter  to  the x 
axis. One can see that the crossed field approximation is gen
erally valid and, in the initial trajectory segment, which lies in 
the  region of  the maximum  intensity  and,  therefore, makes 
the maximum contribution to radiation,  the exact and app
roximate  trajectories  almost  coincide. An  important  role  in 
the  description  of  radiation  characteristics  is  played  by  the 
electron velocity direction, which makes the following angle 
with the z axis:
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Figure 1. (Colour  online)  (a) Electron  trajectories  in  the  plane  of  di
mensionless parameters xu zu  found ( solid curves ) numerically from Eqn 
( 3 ) and ( dashed curves ) by formulae ( 10 ) for initial points with coor
dinates ( black curves ) x0 = y0 = z0 = 0, ( red curves ) x0 = ±1 mm, y0 = 
z0 = 0, and ( blue curves ) y0 = 2 mm, x0 = z0 = 0, as well as isolines of the 
Gaussian beam intensity ( 6 ). (b) Dependences of the angle of inclina
tion c ( 16 ) on the phase j for the same trajectories.
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c = arctan p
p
z

x  = arctan a
2
j .  (16)

The phase at which the velocity direction falls into the solid 
angle formed by the laser beam cone is

d jQ =  a
2
0Q

,
 

(17)

and  turns out  to be rather  small, namely, at  the considered 
parameters for the trajectory beginning in the focal spot cen
tre (Fig. 1b), it is d jQ » 0.1 << d jx,z.

3.2. Radiation

Next, let us study the characteristics of radiation emitted in 
the case of electron motion along the trajectories considered 
in the previous section. The crossed field approximation all
ows one to qualitatively estimate the spectralangular distri
bution of  emitted photons without  calculating  integral  (4) 
along the r(t) trajectory. The calculation based on approxi
mate evaluation of this integral will be presented in a more 
detailed future work. For trajectory (10) in a crossed field, 
the closed analytical formulae for the spectralangular dis
tribution of radiation can be obtained in some special cases 
[28,  29],  for  example,  for  asymptotically  free  trajectories 
propagating through the field region. These results cannot 
be used for our problem due to the initial condition accord
ing  to  which  the  trajectory  starts  inside  the  focal  region 
rather than outside it.

According to (10), the electron motion becomes relativis
tic at

j – j0 º d j’ =  a
1
0
 << d jQ << d jx,z ,  (18)

that is, long before the electron escapes the focus. Thus, the 
electron motion along the most part of the trajectory in the 
strong  field  region  is ultrarelativistic. Since  the  longitudinal 
momentum  in  this  case  increases  faster  than  the  transverse 
one [see formula (10)],  the electron motion rapidly becomes 
concurrent, which, as is known, leads to strong suppression of 
quantum effects even at very high a0. Therefore, to describe 
the radiation characteristics, we can use the classical electro
dynamics  formulae,  in  particular,  their  ultrarelativistic  asy
mptotics.  Further  simplification  is  possible  by  taking  into 
account that, throughout most of the trajectory, the angle of 
its  inclination considerably exceeds the angle corresponding 
to the effective width of the radiation cone [27]

d q »  1g  »  /a1 2
1
0
2 2j+

,  (19)

which becomes small d jQ > j > > 1/a0. In (19), g is the relativ
istic  factor  and q  is  the angle  that determines  the  radiation 
propagation direction (cos q = nn0). In the angular range c0 > 
q > > dq (Fig. 1b), radiation can be described in the synchro
tron approximation  [27]  taking  into account  that  the radia
tion at  each  time  instant  t  is directed along  the u(t)  vector, 
that is, q ≈ c. Here, c0 is the angle corresponding to the phase 
at which the motion becomes ultrarelativistic. If the ultrarela
tivistic range boundary is taken to be g = 10, then, for a0 = 

102, we have c0 = 0.44 = 25°. The total radiation power in the 
crossed field approximation remains constant, which contra
dicts the physical statement of the problem because the elec
tron  rather quickly  escapes  the  strong  field  region. As  seen 
from the  shape of  trajectories  shown  in Fig. 1,  the electron 
escape  from  the  strong  field  region  occurs  at j  ≈  0.2 – 0.4. 
Under these conditions, a reasonable approximation for cal
culating the power is its evaluation along the trajectory obt
ained in the case of the crossed field by the formula [27]

P = 
1 /

( / ) ( ) /
m c
e

c
c cE H E

3
2
2 3

4

2 2

2 2 2

u
u u#

-

+ - ,  (20)

using  the  exact  values  of E  and H.  Figure  2  shows  depen
dences P(j) calculated by formula (20) for trajectories found 
in the crossed field approximation and numerically calculated 
from Eqn (3) for field (6).

Taking  into  account  that,  in  the  case of  ultrarelativistic 
motion in the range q >> d q, acceleration uo  is almost orthog
onal to the velocity, the qualitative form of the angular distri
bution can be easily determined using the formula [27]

dP = 
( )cos
d

c
e

c

o
4 1

3

2 2

4p u q c
u

-
-

o

; E
.  (21)

To calculate energy dW emitted in solid angle do, it is neces
sary  to  integrate  (21)  over  time.  Omitting  the  calculation 
details, we present the approximate result for the case of the 
crossed field in the form
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Figure 2. (Colour  online)  (a)  Dependences  of  radiation  power P  on 
phase j calculated by formula ( 20 ) along the trajectories found ( solid 
curves ) numerically from Eqn ( 3 ) and ( dashed curves ) in the crossed 
field approximation for the Gaussian beam field ( 6 ); (b) dependences of 
power P on the trajectory inclination angle c. The initial conditions are 
the same as for Fig. 1. The power for trajectories starting from point x0 
= – 1 mm is higher than for trajectories starting from x0 = +1 mm. The 
power  is normalised  to P( j = 0 )  at point  r = 0, where  the Gaussian 
beam field is maximum.
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where j* = 2/(a0tan q ). Function (22) sharply increases in the 
region of small angles, as it should be in a crossed field, where 
the  velocity  asymptotically  becomes  codirected  with  the  z 
axis. If we use in (21) a precise trajectory taking into account 
the electron escape from the focus, then the angular distribu
tion will be stretched forward as before but remained every
where finite.

The spectrum of emitted photons can also be qualitatively 
described without exact calculation of integral (4) keeping in 
mind that, in the wide range of angles p /2 > q >> d q, radia
tion in the given direction is formed on a small trajectory seg
ment that can be considered as a circle with the instantaneous 
radius of curvature r(j) and angular velocity

weff (j) »  ( )
c

r j
.  (23)

In  this  approximation,  electrons’  emission  is  equivalent  to 
synchrotron radiation in the magnetic field

Heff =  e
mc effw g

,  (24)

and  the spectrum  in  the given direction can be  found using 
wellknown formulae (see, for example, § 73 in [27]), in which 
the magnetic field strength has the form of (24) and the har
monic  number  n  =  W/weff  is  considered  as  a  continuous 
parameter. Let us estimate the characteristic frequency W in 
the emission spectrum as a function of angle q using the well
known relation [27]

W* =  mc
eH g2.  (25)

In the crossed field approximation,

W* = wa0
a

1
4
0
4 4j

+
* .  (26)

In the range of angles q ≈ Q, this estimate yields W* » 2wa0 /Q 2. 
Figure 3 shows the ratios W*/w obtained by formula (26) and 
by the exact numerical solution of equations of motion in the 
range of angles 10° – 30°, which approximately coincides with 
the range [Q, c0]. One can see that the exact and approximate 
results almost coincide.

4. Conclusions

The results presented in this work make it possible to qualita
tively describe the main specific features of the spectralangu
lar  distributions  of  radiation  emitted  upon  tunnelling  ioni
sation of atoms by  laser pulses of ultrahigh  intensities. The 
main  distinction  of  the  presented  formulae  for  trajectories 
and spectra from the previously known formulae for the cases 
of a  crossed  field  [28, 29] and a plane electromagnetic wave 
[30] is related to the initial condition (2) for motion of an elec
tron appearing in the strong field region with a zero velocity. 
Our results also significantly complement the results of work 
[31], the authors of which considered the electron motion and 
emission in the field of a focused laser pulse but did not dis
cuss  the spectralangular radiation characteristics, while  the 
approximation  for  the  wave  electric  field  in  [31]  was  even 
rougher than the Gaussianbeam approximation (6) used in 
the present work.

The role played by the field focusing in the radiation for
mation is significant because it is responsible for the limited 
values  of  the  interaction  time  determined  by  formulae  (12) 
and (13) and for the finite radiation power in the direction of 
the  laser wave propagation. Comparison of  the  trajectories 
and emission characteristics obtained by numerical solution 
of the equations of motion and in the crossed field approxi
mation shows that the latter is applicable with a rather high 
accuracy.  This  circumstance  will  considerably  simplify  the 
calculation of radiation parameters in a realistic experimental 
situation, description of which requires calculation of a large 
number of trajectories corresponding to the initial points with 
coordinates r0, j0 and to the fields in them. The characteristic 
frequencies (26)  in the emission spectra depend on the  laser 
wave field amplitude, which provides the principal possibility 
of estimating the laser radiation intensity in the focus by the 
shape of the spectrum.

An  important  feature of  the  considered  case  is  the  rela
tively low radiation power, which is linearly proportional to 
the intensity in the focal spot of the laser pulse, that is, P µ a 20, 
while the radiation power in the case of electron motion in the 
field  of  a  strong  electromagnetic wave with  a  zero  average 
velocity quadratically increases with increasing intensity, P µ a 40 
[27, 30]. As a result, the total energy emitted by an electron for 
the time spent to its escape from the focal plane,

W » P(0)dt = P(0)
d
dt
j
d jx, z,    P(0) =  c

e a
3

2 2 2
0
2w   (27)

is  also  low  for  our  parameters,  namely, W »  103 – 104  eV. 
Taking  into  account  that  the  characteristic  energy  of  an 
emitted photon is estimated from (26) and Fig. 3 to be also 
103 – 104 eV, we come to the conclusion that the average num
ber  of  photons  emitted  by  one  electron    is  low,  because  of 
which experimental observation of emission can be very dif
ficult.  The  requirements  to  experimental  diagnostics  neces
sary  for  recording  emission  under  these  conditions  will  be 
considered in detail in a future publication.
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Figure 3. Dependences of the characteristic frequency ( 25 ) normalised 
to the laser wave frequency on the radiation propagation direction. The 
solid  curve  shows  the  result  found  using  exact  trajectories  and  the 
dashed curve corresponds to the result obtained in the crossed field ap
proximation by  formula  ( 26 ). The  exact  and  approximate  results  al
most coincide.
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