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Abstract.  We discuss the effect of radiation friction and quantum 
recoil on the parameters of a gamma comb with narrow spectral 
peaks, arising when use is made of laser pulses with time-dependent 
polarisation, which reduces significantly the ponderomotive broad-
ening of harmonics. A detailed numerical study of the contribution 
of the electron beam nonideality to the observability of the effect is 
presented.

Keywords: Compton scattering, Thomson scattering, polarisation 
gating technique, harmonic generation, gamma radiation, pondero-
motive broadening.

1. Introduction

Nonlinear  Compton  scattering  is  a  promising  method  for 
obtaining X-ray and gamma radiation. Recent progress in the 
field  of  laser-plasma  accelerators  has  increased  interest  in 
compact Compton photon sources [1 – 6]. Such sources have a 
number  of  useful  properties: monochromaticity,  tunability, 
high intensity, and low angular divergence. Due to this, they 
can be useful in medicine [7, 8], ultrafast radiography [9, 10], 
nuclear photonics [5], and other fields [11]. Since the cross sec-
tion of the Compton scattering process is extremely small, it is 
natural to increase the laser pulse intensity in order to obtain 
a  brighter  source.  However,  for  more  intense  laser  pulses, 
their magnetic field begins to strongly affect the dynamics of 
electrons. The presence of an envelope in a laser pulse essen-
tially modulates the electron motion, which causes a signifi-
cant broadening of the emitted spectrum (spectral pondero-
motive  broadening)  [12 – 16].  This  effect  greatly  limits  the 
applicability of Compton  sources  at  large  laser  field ampli-
tudes.

To  avoid  this  broadening,  various  methods  have  been 
actively developed for a  long time,  for example,  it has been 
proposed  to use  flat-top  laser pulses  [17] or  a  chirped  laser 
pulse, the frequency of which varies nonlinearly to compen-
sate  for  the  envelope  influence  [18,  19].  These methods  are 
rather  difficult  to  implement  experimentally  for  high  laser 
intensities; however, it has recently been shown that it is suf-
ficient to use only a linear chirp to significantly reduce pon-

deromotive broadening [20, 21]. It has also recently been pro-
posed  to  use  laser  pulses  with  time-dependent  polarisation 
(the so-called polarisation gating technique [22])  in order to 
avoid ponderomotive broadening of the harmonic spectrum 
[23]. This method is based on the fact that, at sufficiently high 
intensities,  harmonics  of  the  fundamental  Compton  line 
appear in the spectrum of backscattered radiation upon scat-
tering a linearly polarised pulse, which is not the case of the 
scattering  of  a  circularly  polarised  pulse.  The  polarisation 
gating  technique makes  it  possible  to  limit  the  emission  of 
harmonics  to  the  time  region near  the  laser  intensity maxi-
mum, where the polarisation is close to linear, and the inten-
sity gradient is smaller, which significantly reduces the pon-
deromotive broadening and leads to the presence of a gamma 
comb of spectrally narrow harmonics.

Note that at high laser intensities the spectra of adjacent 
harmonics  begin  to  overlap,  and  the  entire  spectrum  looks 
rather disorderly; however, when use is made of the polarisa-
tion gating technique, the harmonics form a narrow gamma 
comb.  In work  [23],  the method  itself  is  described  in more 
detail, the results of numerical simulation from the viewpoint 
of classical electrodynamics are presented, and it is also shown 
that for the parameters of laser radiation of interest, the effect 
of radiation friction can be neglected, since it only leads to a 
small frequency red-shift.

This work is dedicated to a more detailed analysis of the 
polarisation gating technique, namely, the effect of the classi-
cal radiation friction and the quantum recoil on the gamma 
comb  is  considered,  since  the  contribution  of  these  effects 
increases with increasing laser intensity and harmonic’s num-
ber. Moreover,  by measuring  the  spectral  shift  of  the  har-
monic peaks relative to their classical position, it is possible to 
experimentally estimate the quantum shift of high harmonics 
for  relatively  intense  laser  pulses  with  a  normalised  vector 
potential amplitude  a 10 H   (a0 = eAlas /mc2, where Alas  is  the 
laser amplitude; and e and m are  the absolute values of  the 
electric charge and electron mass, respectively). A numerical 
study of the effect of the parameters of the electron and laser 
beams on the gamma comb observability was also performed. 
The paper uses the natural system of units ћ = c =1, and the 
spatial and energy units become dimensionless using the ini-
tial laser frequency wlas: x wlas ® x, w/wlas ® w.

2. Methods

The polarisation gating technique consists  in the generation 
of laser pulses with time-dependent polarisation. The experi-
mental  implementation  of  this  method  is  not  very  compli-
cated, for example, various nonlinear optical schemes can be 
used [22]. By adding laser pulses with right- and left-hand cir-
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cular polarisation with a certain delay of the pulses relative to 
each other, it is possible to obtain a laser pulse with circular 
polarisation at the front and rear edges and with linear polar-
isation at the centre. The vector potential of such a pulse, with 
the allowance for the envelope phase effects, is as expressed as:

e e
2
e e eA a g g

2 2
0 / /i i i2 2j d j d

= - + +=
j d d-

+ -c cm m; E + c. c.,  (1)

where g(·) is the time envelope; j = t – z describes the laser 
pulse  front; d  is  the  delay  between  two  circularly  polarised 
pulses;  and  e!   =  [1,  ±i]T is  the  ellipticity  parameter  corre-
sponding  to  right-  or  left-hand  circular  polarisation.  Note 
that to ensure linear polarisation at j = 0, the condition d = 
pn must be satisfied, where n is an integer.

In the classical formalism, the radiation of an electron is 
completely determined by its trajectory. In our formulation of 
the problem, the laser pulse moves in the positive direction of 
the +z axis, and the electron moves towards the pulse. Next, 
we will work in the coordinate system in which the electron is 
initially at rest, p = (m, 0, 0, 0), and the quantities of interest 
can be obtained  in  the  laboratory system using  the Lorentz 
transformations. 

If we do not take into consideration the radiation friction, 
the trajectories are obtained by integrating the equations of 
relativistic motion with  the Lorentz  force  in  the  right-hand 
side. For a plane wave, there are symmetries with respect to 
translations in space and the light cone (t – z), and an analyti-
cal solution for the 4-velocity u is known (in our case, the elec-
tron was initially at rest) [24]:

u0 – u 3 = 1,  (2) 

û  = Â ,	 (3)

u0 + u 3 =  1 + A2
^.  (4)

Taking into account the radiation friction force, it is nec-
essary  to  solve  the Lorentz – Abraham – Dirac  (LAD)  equa-
tion  [25].  If  the  characteristic wavelength    and  the  external 
field  amplitude E  satisfy  the  condition  l  >>   alC, E  <<   Ecr  
[where  a »  1/137  is  the  fine  structure  constant;  lC  is  the 
Compton wavelength; and Ecr is the critical electromagnetic 
field of quantum electrodynamics (QED)], the LAD equation 
transforms into the Landau – Lifshitz equation [25]:
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where F mn = ¶	mAn – ¶	nAm  is the electromagnetic tensor. This 
equation can be solved numerically [26, 27], and in the case of 
a plane wave, analytical expressions for the 4-velocity can be 
used [28].

The spectral radiation intensity per unit solid angle can be 
obtained using the formula [29]:
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where dW is the solid angle element, and n is the unit vector 
directed from the origin to the observation point. To obtain 

energy (in ergs), it is necessary to multiply the dimensionless 
values by e2wlas.

From  equation  (6),  we  obtain  the  centre  frequencies  of 
harmonics on the axis in the reference frame in which the elec-
tron was initially at rest (without taking into account radia-
tion friction):
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where n = 2k + 1 is a nonnegative integer denoting the har-
monic number. In the laboratory system, the frequencies have 
an additional factor 4g2.

There are several methods for numerical calculation of the 
integral  in  equation  (6);  for  example,  we  can  consider  this 
integral as a Fourier transform in terms of retarded time and 
use the fast Fourier transform for efficient calculation [30].

From  the  point  of  view  of  quantum  electrodynamics, 
Compton  nonlinear  scattering  is  described  as  a  first-order 
process in the Furry picture using the well-known solutions of 
the Dirac equation in an external field – Volkov states  [31]. 
For an electron with an initial 4-moment p m and spin polari-
sation s, the positive-energy ( p0 > 0) Volkov state Yp s has the 
form:

Yp s(x) =  p

( )
e
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where k is the wave vector of the incident pulse;  n g n= m
mt  for 

an arbitrary 4-vector nm; up s is a positive-energy free bispinor 
normalised  to unity:  u u 1p p =s sr   (the upper bar denotes  the 
Dirac conjugation); and
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is the classical action of electron in a plane wave.
Then, for the process of emission of a single photon by a 

single electron, the scattering amplitude takes the form
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where e is the polarisation vector of the emitted photon and 
k	m = (w, k) is its wave 4-vector.

Recall that we are working in the reference frame in which 
the electron was initially at rest; therefore, the expressions for 
the Volkov states and the transition amplitude take a simpler 
form.  In  numerical  calculations,  to  obtain  the  differential 
probability of photon emission per unit  frequency and unit 
solid angle, we used the amplitudes of the transition probabil-
ities between Volkov states, summing them over the polarisa-
tions of the emitted photon and electron and averaging them 
over the initial projection of the electron spin
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In this case, the centre frequencies of the harmonics on the 
axis are given by the expression:
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nQED

n 2w
c
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+ +=

,  (12)

where c = 2wlas  /m is the photon recoil (in the laboratory sys-
tem, c has a multiplier of 2g, and frequencies have a multiplier 
of  4g2).  It  can be  seen  from  formulae  (7)  and  (12)  that  the 
spectral positions of harmonics on the beam axis for the clas-
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sical and quantum cases differ by  the  recoil value, which  is 
more significant for higher harmonics. Note that the distance 
between two peaks in the classical formalism is

1
2
A

2
cl cl cl

n n 2w w wD = - =
+ =

+ ,

while the difference between the classical and quantum posi-
tions of the harmonics is

(1 )(1 )A A n
ncl QED cl QED

n n 2 2

2

w w w
c
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+ + += =

- .

If Dwcl – QED is not too small, the difference can be measured 
experimentally.

From now on, we will use a Gaussian envelope with a 
centre  at j0  and a half-width  t: g(j) =  exp[– (j  – j0)2/t2 ]. 
Also, only optimally polarisation gated pulses  that  form a 
gamma  comb  in  the  spectrum  will  be  considered  (for  a 
Gaussian  envelope,  this means  that  the  delay  between  the 
pulses  is d = t,  see work  [23]). Numerical  simulation for a 
single  electron  in  the  classical  formalism  was  carried  out 
using the Fourier transform method, while the VDSR code 
was used for the classical radiation friction force and scat-
tering by an electron beam [32]. The electron beam parame-
ters are typical for modern accelerator facilities,  for exam-
ple, for DESY FLASH [33].

3. Results

This section is arranged as follows: in Section 3.1, we consider 
the effect of the classical force of radiation friction and quan-
tum recoil on the backscattered spectrum and angular distribu-
tion of radiation in the case of scattering by a single electron, 
and in Section 3.2 we analyse the effect of ponderomotive scat-
tering  and  electron  beam  nonideality  on  the  gamma  comb 
observability, and also present calculations for scattering by an 
electron beam with  regard  to  the  classical  force of  radiation 
friction.

3.1. Scattering by a single electron

Figure 1 shows the vector potential and the ellipticity param-
eter for an optimally polarisation gated pulse (a0 = 2, t = 10p) 
and  the  corresponding  backscattered  spectrum  by  a  single 
electron (g = 1000). Once again, we note that in such a pulse 
the  polarisation  is  linear  at  the  centre  and  circular  at  the 
wings. By  limiting  the  emission  of  harmonics  to  the  region 
around  the  laser pulse peak, where  the  intensity gradient  is 
smaller  and  the  harmonic  radiation  efficiency  is  higher, we 
obtain  a  gamma  comb  in  the  backscattered  spectrum with 
each  harmonic  being  narrow.  Since  the  polarisation  gating 
technique does not affect  the ponderomotive broadening of 
the  fundamental  line,  an  interference  pattern  of  the  funda-
mental line and two harmonics falling into this interval can be 
observed in the region of w/4g2 < 1. If we considered the spec-
trum for an ordinary Gaussian pulse of similar intensity (the 
amplitude a0  is specified for a single circularly polarised pulse, 
and so the effective intensity for a single Gaussian pulse will 
be higher), the harmonics would overlap, and the entire spec-
trum would  be  complex.  The  spectrum  dependence  on  the 
delay between two pulses and the effect of the intensity and 
laser pulse duration on  the distance between  the peaks and 
the width of the peaks in the gamma comb are considered in 
work [23].

For high field intensity and electron energy, the effect of 
radiation  friction  becomes  more  and  more  noticeable. 
Therefore,  it  is  of  interest  to  see  how  the  inclusion  of  the 
radiation  friction  force  in  the  classical  formalism  or  the 
recoil of electron in QED affects the gamma comb. Figure 2 
shows  the differential number of photons  in  the backscat-
tered  spectrum  (in  the  reference  frame where  the  electron 
was initially at rest) in the simulation without the radiation 
friction, in the simulation taking into account the radiation 
friction in the framework of the Landau – Lifshitz equation 
and in the simulation taking into account the electron recoil 
in the framework of the QED formalism for the cases a0 = 1, 
t = 16p and a0 = 1.4, t = 16p. The main difference from the 
classical case is the red shift of harmonics, the value of which 
is  consistent  with  formula  (12),  while  the  ponderomotive 
broadening caused by these effects is not so noticeable. For 
higher laser intensities, the situation changes, since the radi-
ation friction leads to a significant broadening of the spec-
trum over the entire interval between adjacent peaks of the 
comb.

In addition,  for higher harmonics and electron energies, 
the  difference  between  classical  and  quantum  predictions 
becomes more significant. For example, for the first case [a0 = 
1, t = 16p, g = 1000, llas = 0.8 mm (llas is the laser wavelength)] 

/cl QED cl
5 5l lD -  »  2.7 ´  10–2, where  cl QED

5lD
-   is  the difference 

between the classical and quantum predictions for the wave-
length of the fifth harmonic, l5cl » 8.9 ´ 10–5 nm. At a lower 
electron  energy  (g  =  10),  the  difference  becomes  smaller: 
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Figure 1. (Colour online) Normalised vector potential of an optimally 
polarisation gated pulse and its ellipticity;  A = (Ax, Ay, 0) is the 3-vector 
potential, laser pulse parameters: a0 = 2, t	=	10p; for an electron g = 
1000 (a), and (b) is the corresponding backscattered spectrum.
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/cl QED cl
5 5l lD -  » 2.7 ´ 10–4, l5cl » 8.9 ´ 10–1 nm. In the second 

case (a0 = 1.4, t = 16p, g = 1000) for high harmonics, it can be 
seen that the difference between the predictions becomes even 
greater. In the QED formalism, the following estimates can 
be given for the probability of photon emission by an electron 
for the entire time of interaction with a laser pulse: in the first 
case Nph » 0.52, and in the second Nph » 0.91.

The  broadening  caused  by  radiation  friction  becomes 
more  noticeable when  considering  the  angular  distribution. 
Figure 3 shows the angular distribution of the laser radiation 
scattering spectrum (at a0 = 1.4 and t = 16p) for a plane with 
a polar angle equal to zero. For the classical case, the gamma 
comb  is  clearly  visible  in  the  entire  region  under  consider-
ation,  and,  taking  into  account  the  radiation  friction,  the 
greater the distance from the axis, the more blurred the spec-
trum. Therefore, it is most likely worth using smaller collima-
tion angles.

3.2. Scattering by an electron beam

The results of numerical simulation of the scattering of a laser 
pulse by an electron beam are presented here. The laser pulse 
is  considered  in  the paraxial approximation, with  the beam 
size w0 at the focus. An electron beam consisting of 108 elec-
trons  (16  pC)  is  represented  by  2400 macroparticles  and  is 
characterised by a normalised emittance (e r pn s s= , where sr  
is  the  radial divergence and sp  is  the momentum spread), a 
central gamma factor g = 1000 and an energy divergence dE.

It is of interest to see how many photons can be obtained 
in a single peak of the gamma comb. According to equation 
(6), the differential number of photons is obtained from the 
relation
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Figure 2. (Colour online) Differential number of photons in the spectrum of backscattering by a single electron (in the reference frame where the 
electron was initially at rest) of an optimally polarisation gated pulse simulated with allowance for the Lorentz force (blue curve), the classical ra-
diation friction force in the framework of the Landau – Lifshitz equation (orange curve) and QED formalism (green curve) for (a) a0 = 1,  t = 16p, 
and (b) a0 = 1.4, t = 16p. Blue dashed line shows the classical position of the harmonic corresponding to formula (7), and the green dashed line shows 
the quantum prediction of the harmonic position corresponding to formula (12).
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which  should  be  integrated  over  the  polar  angle  and  the 
selected collimation angle qcol. Figure 4 shows the differential 
number of photons per unit frequency for an optimally polar-
isation-gated pulse (a0 = 2, t = 24p, w0 = 32) on the electron 
beam (sr = 4.2, sp = 0.3, dE = 0.1 %). Such radial and angular 
divergences  correspond  to  the  normalised  emittance  en  ~ 
1 mm mrad. In this case, we used a relatively small collima-
tion angle, gqcol = 0.4. It can be seen that due to a nonideal 

electron  beam,  the  gamma  comb  is  significantly  blurred 
(which  is more noticeable  for higher harmonics), but  it  can 
still  be  clearly  visible.  For  the  parameters  under  consider-
ation, the spectral window Dw/w » 0.12 of the seventh har-
monic  contains  about  105 photons, which  is  comparable  to 
standard photon sources in photonuclear experiments [34].

When considering the electron beam effect on the gamma 
comb  observability,  it  is  necessary  to  separate  two  effects: 
broadening  due  to  ponderomotive  scattering  of  electrons 
from the focal volume of laser radiation and broadening due 
to  the  electron  beam  imperfection  (angular  divergence  and 
energy  spread).  In  this  regard,  Fig.  5  shows  the  scattering 
spectrum of laser radiation (a0 = 2, t = 24p, and w0 = 32) on 
electron beams with different radial divergence (sr = 2, 4, 8) 
and  zero  angular  divergence  and  zero  energy  spread.  The 
upper row corresponds to the backscattered spectrum, while 
the lower row shows the corresponding angular distributions. 
It can be seen that already at sr = 8 the broadening becomes 
noticeable  over  the  entire  distance  between  the  harmonics, 
and after collimation, the picture becomes even more blurred. 
Separately, it should be noted that in the presence of angular 
divergence or energy spread, the broadening from pondero-
motive scattering is even higher.

A large radial divergence is expressed in a more noticeable 
ponderomotive  scattering,  and  the  effects  of  angular  diver-
gence  and  energy  spread  are  the  same:  an  electron with  an 
energy other than the central one and not in the beam focus 
will  emit  other  frequencies  [different  from  the  central  ones 
from Eqn (7)], and so the final spectrum will consist of a wider 
frequency range, resulting in substantial broadening. Figure 6 
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Figure 4. Differential number of photons per unit frequency at a0 = 2, t = 
24p, w0 = 32 upon scattering by an electron beam with sr = 4.2, sp = 0.3, 
dE = 0.1 %; the collimation angle is gqcol = 0.4.
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shows the differential number of photons for electron beams 
with various energy spreads and angular divergences. It can 
be  seen  that  for  a  sufficiently  large  divergence,  the  gamma 
comb is still visible, but for less ideal beams the high harmon-
ics are completely blurred (see the case dE = 1 %). 

When  considering  scattering  by  a  single  electron,  we 
have  shown  that nonlinear  effects  increase with  increasing 

laser intensity, while the spectral distance between the har-
monics decreases, and if it were not for the polarisation gat-
ing  technique,  the  spectra of  the  first and  third harmonics 
would already overlap for a0 ³ 2. Figure 7 shows the results 
for  various  laser  intensities  (a0 =  1.5,  2,  2.5). As  the  laser 
intensity  increases,  the  gamma  comb  becomes  more  and 
more blurred.
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Considering  the  effect of  radiation  friction and  electron 
recoil, we mentioned that for the parameters used, the broad-
ening  caused  by  these  effects  will  not  be  very  significant 
against the background of the broadening due to the electron 
beam nonideality. It can be seen from Fig. 8 that the contribu-
tion  of  radiation  friction  is  only  reduced  to  the  red  shift, 
which can probably be measured experimentally.

4. Conclusions

Recently, it has been proposed to use laser pulses with time-
dependent  ellipticity  (polarisation  gating  technique)  to  sig-
nificantly reduce the ponderomotive broadening of the har-
monics of Compton scattering. This method leads to the for-
mation of a narrow gamma comb in the spectrum. We have 
considered the effect of classical radiation friction and elec-
tron recoil on the gamma comb in the case of scattering by a 
single electron. The proposed method can be used for experi-
mental  measurement  of  the  quantum  shift  –  the  difference 
between the harmonic position and its classical prediction. A 
fairly  detailed  numerical  study  of  the  effect  of  the  electron 
beam nonideality on  the gamma comb observability  is  also 
given.  For  laser  beams with  a  focal  spot  size  several  times 
larger than the electron beam size, it has been demonstrated 
that the gamma comb spectrum is preserved for a wide range 
of  electron  beam parameters.  The  polarisation  gating  tech-
nique is pretty easy to implement experimentally and, appar-
ently,  the gamma comb can be observed experimentally  for 
quite standard electron beams.
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work were obtained using the Zhores cluster of the Skolkovo 
Institute of Science and Technology [35].
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Figure 8. (Colour online) Differential number of photons per unit fre-
quency at  a0 = 2, t = 24p, w0 = 32, sr = 4.2, sp = 0.3, dE = 0.1 % , calcu-
lated with allowance (orange curve) and without allowance (blue curve) 
for radiation friction. Collimation angle is 	gqcol = 0.2.


