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Abstract.  We report some results of studying optical second-
harmonic generation (SHG) on surfaces and at interfaces of centro-
symmetric media, in resonant nano- and microstructures, and 
in ferroelectric materials. The research was carried out at the 
Department of Quantum Electronics of the Lomonosov Moscow 
State University under the supervision of Professor O.A. Aktsi
petrov, and subsequently developed by his disciples. As examples 
that clearly demonstrate the possibilities of the SHG method for 
examining nonstandard objects of nonlinear optics, we discuss the 
behaviour of the nonlinear optical response of single-crystal silicon 
and germanium surfaces and their interfaces with oxides, as well as 
nonlinear electroreflection. Optical interferometry and its possi-
bilities are briefly described using the example of these systems. 
Unique sensitivity of SHG to the symmetry and resonance proper-
ties of nanostructures, including magnetic ones, is shown, which 
determines the efficiency of this method for investigating such sys-
tems. Finally, we demonstrate that the SHG effect is a unique 
remote and sensitive method for studying ferroelectric structures.

Keywords: second harmonic generation, symmetry, local field fac-
tor, resonant optical effects.

1. Introduction

Optical harmonic generation, in particular second harmonic 
generation (SHG), is one of the classical and most studied 
effects in nonlinear optics. As is known, SHG was discovered 
in a crystalline quartz crystal by Franken et al. [1]. Soon, high 
sensitivity of the SHG method to the parameters of the sur-
faces of centrosymmetric media [2], and then to their hidden 
interfaces [3], was demonstrated. This property determines 
the unique possibilities of the SHG method for studying sur-
faces of different nature, which have been demonstrated for a 
number of structures. The first works in a similar field were 
performed simultaneously by foreign researchers and by 
R.V.  Khokhlov and S.A. Akhmanov first at the Chair of 

Wave Processes, then at the Chair of Quantum Radiophysics 
(currently Quantum Electronics) of the Lomonosov Moscow 
State University; the laboratory was established in 1980 with 
the active support and participation of L.V. Keldysh, and 
headed by Oleg Andreevich Aktsipetrov (1947 – 2011). The 
main research topic of the laboratory was the study of the 
nonlinear optical phenomena discovered at nearly that time 
– giant Raman scattering of light and giant second harmonic 
(SH), which marked the beginning of a real boom in this field 
[4]. Indeed, the discovery of a giant (by 6 – 8 orders of magni-
tude) increase in the SHG intensity and Raman scattering of 
light in some metal and semiconductor nanostructures has led 
to the rapid development of both experimental and theoreti-
cal studies of the nonlinear optics of surfaces of centrosym-
metric media. In fact, the work carried out in the 1980s laid 
the foundation for the direction of surface nonlinear optics, 
which is being actively developed today.

The idea of the surface SHG method is based on the sen-
sitivity of this process to the symmetry of the medium and, in 
particular, to the breaking down of the inversion centre in the 
presence of an interface between centrosymmetric media. The 
higher rank of the susceptibility tensor describing this three-
wave process determines the possibility of observing more 
complex symmetry properties of structures than in the case 
of a linear optical response [5]. Moreover, in the case of non-
linear optical interaction, the feasibilities of spectroscopic 
studies are also expanded – resonance effects both at the 
probe frequency and at the pump frequency manifest them-
selves in an increase in the nonlinear optical conversion effi-
ciency [6, 7].

The aim of this review is to demonstrate the unique pos-
sibilities of the SHG method for studying various types of 
structures based on centrosymmetric materials, i.e. silicon 
and silver single crystals, structures with local resonances, 
and photonic and plasmonic crystals; the results of both fairly 
early work and those carried out over the past few years are 
presented.

2. SHG sources in centrosymmetric media, 
symmetry of nonlinear susceptibility tensors

2.1. Phenomenological description of SHG

The main property of the SHG process, as well as of other 
nonlinear optical effects of an even order, is the forbiddance 
on the existence of the corresponding nonlinear optical 
response tensors in the electric dipole approximation in the 
bulk of centrosymmetric media [6]. However, symmetry 
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breaking in a near-surface layer with a thickness on the order 
of the lattice constant leads to the appearance of a surface 
dipole susceptibility, 0( )

surf
2
!ct , which is the main source of 

SHG in the absence of a contribution from the bulk of matter. 
In this case, we are not talking about phase matching, since 
the second-harmonic quantum yield is small (about 10–13 in 
the case of a smooth silver surface); nevertheless, the second 
harmonic generation can be detected experimentally and car-
ries a large amount of information.

2.2. Local field effects in SHG

As is known, nanoscale structuring can lead to the appear-
ance of additional resonant properties that are plasmonic in 
the case of metals in the visible spectral range, as well as to the 
emergence of Mie resonances in dielectric and composite 
structures, resonances in photonic or plasmonic crystals, and 
whispering gallery modes for axially symmetric structures. In 
this case, the local optical field in the region of nonlinear 
sources may differ from the incident field, and the SHG inten-
sity is determined by the expression

I2w ~ ( c(2))2L2 (2w)L4 (w)I0
2,

where L(2w) and L(w) are the local field factors at the SH and 
pump frequencies, respectively; and I0 is the intensity of the 
incident radiation. The nonlinear nature of the SHG effect 
leads to a quadratic dependence of I2w   on L(2w) and to a 
fourth power dependence on L(w), i.e., near resonance, the 
growth of the nonlinear optical response is much stronger 
than that of the linear one. Taking into account the predomi-
nant localisation of SH sources in the near-surface region, 
this opens up wide opportunities for studying the resonant 
properties of interfaces and nanostructures. It should be 
noted that the SH response in resonant structures is deter-
mined not only by the increase in the local field factor, the 
symmetry and susceptibility of the c(2) tensor, but also by 
such linear optical effects as absorption and reflection at the 
pump and SH frequencies, as well as by the phase of the qua-
dratic nonlinear response. In the case of several SH sources, 
their total response is determined by the interference of elec-
tromagnetic fields at the SH frequency, with the relative phase 
of these fields playing a decisive role, especially in the spectral 
vicinity of resonances.

2.3. Magnetic field-induced effects in SHG

Nonlinear magnetooptics began to develop actively in the sec-
ond half of the 1980s, after the appearance of theoretical 
works on the study of nonlinear optical effects induced by a 
static magnetic field in the response of magnetic media [8]. 
For the first time, the generation of magnetic field-induced 
SH in films of yttrium iron garnet was experimentally 
observed in [9] that was published almost simultaneously with 
the well-known paper by R. Shen [10]. It was shown that the 
magnitude of the nonlinear optical effects in the SH response 
significantly, by one or two orders of magnitude, exceeds the 
corresponding linear optical analogues, i.e. the Faraday and 
Kerr magneto-optical effects [11]. The reason for this is that, 
in addition to the gyration vector itself, which determines lin-
ear magneto-optical effects, there arise additional compo-
nents of the nonlinear susceptibility ( )

M
2ct  (absent in nonmag-

netic media), which are, in the first approximation, a linear 
function of the magnetisation M [10] and have the same order 

of magnitude as the nonmagnetic (so-called crystallographic) 
susceptibility ( )2ccrt . In this case, it should be emphasised that 
the magnetisation, being an axial vector, does not remove the 
centre of inversion of the medium. Thus, it becomes possible 
to study the magnetic properties of regions with broken inver-
sion symmetry, including surfaces and hidden interfaces of 
many ferromagnetics, as well as nanostructures [12].

3. Second harmonic generation at the surface  
of monocrystalline silicon

Silicon, the main material of modern microelectronics, is a 
centrosymmetric m3m crystal, which makes it possible to 
use the reflected SHG signal for multipurpose investiga-
tion of the silicon surface and nanostructures based on it. 
Nonlinear optical diagnostics of Si and Si structures has a 
set of advantages: high sensitivity and possibility of study-
ing optical, electrophysical, crystallographic and other 
characteristics of objects. It is implemented remotely and 
in situ, and is nondestructive and noninvasive. The results 
of numerous experimental and theoretical works devoted 
to SHG in silicon and silicon nanostructures are sum-
marised in monograph [13].

Such parameters of the SH wave as intensity, polarisation, 
and phase contain information about many properties of the 
objects in question, with the sensitivity of the reflected SH to 
the properties of the surface of centrosymmetric crystals, their 
interfacial boundaries, and microstructures based on them 
being of particular importance. Information about the objects 
under study can be obtained based on the analysis of the 
dependences of the SH parameters on various factors. These 
include angular and polarisation dependences (reflected SH 
anisotropy method), dependences on an applied static electric 
field [nonlinear electroreflection (NER) method], depen-
dences on surface current, mechanical stresses, etc.

3.1. Relationship between the anisotropy of the reflected 
SHG intensity and the crystal structure of the surface

In one of the first works in the field of reflected SHG, 
Bloembergen et al. [2] argued that the reflected SHG signal 
from the surfaces of cubic crystals, as in the case of an iso-
tropic medium, depends neither on the choice of the reflect-
ing crystal face nor on the orientation of this face. Only 15 
years later, in 1983, it was experimentally found that the 
reflected SHG signal in the case of cubic crystals (Si, Ge, 
etc.) is anisotropic and is determined both by the choice of 
the reflecting face of the crystal and by its rotation angle y 
relative to the normal [14, 15]. For the first time, analytical 
expressions for the intensity of anisotropic reflected SHG 
I2w(y) were presented in [15, 16]. The issue of the possibility 
of separating the contributions of the silicon surface and its 
volume in the case of anisotropic reflected SHG was first con-
sidered by Aktsipetrov et al. [15]. Relying on the performed 
symmetry analysis of the azimuthal angular dependences of 
the reflected SHG from the silicon surface (a layer with a 
thickness of about 1 nm) and bulk (thickness is determined by 
the depth of the skin layer), it was shown that under certain 
conditions, for a smooth surface of the (001) and (111) faces, 
the analysis of the angular dependences I2w(y) makes it pos-
sible to do this analytically, which was a very impressive result 
for an optical method. For the first time, the contribution of 
the Si and Ge surfaces to the nonlinear optical response was 
experimentally separated and an estimate was obtained for 
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the absolute value of the quadratic susceptibility of the Si sur-
face: | cs| » 10–15 SGSE units.

A general analysis of the symmetry of the quadratic sus-
ceptibility of crystalline media shows that there is a general 
rule – a so-called s-prohibition, according to which the inten-
sity of the isotropic s-polarised SH component is equal to zero 
for a nonlinear non-centrosymmetric layer of arbitrary sym-
metry, including any face of the m3m symmetry crystal; in 
other words, I2w must vanish at the minima of the angular 
dependence of the s-polarised reflected SHG. Violation of 
this prohibition was found already in [15], which was 
explained by the presence of surface roughness.

Thus, as a result of the studies performed, a method was 
proposed for noncontact real-time control of nano- and 
microroughness of the surfaces of technologically important 
semiconductors. It was shown that in measuring small-scale 
(commensurate with the atomic size) roughness, the anisotro-
pic reflected SHG method has the same sensitivity as the tra-
ditional X-ray scattering method. Calculations of the azi-
muthal angular dependences of I2w(y) for various combina-
tions of pump and SH polarisations, taking into account the 
anisotropic contributions to the nonlinear polarisation, 
P2w(y), from the surface layer and from the bulk, were per-
formed in [17, 18] for the (111), (001), and (110) faces of the 
m3m class crystals, and corresponding anisotropic and iso-
tropic (independent of the angle y) components of the 
reflected SH polarisation and intensity were separated.

The deviation of the orientation of the silicon surface 
from any crystallographic face affects the azimuthal symme-
try of its reflected SHG response. This manifests itself in the 
difference in the amplitudes of the SHG intensity maxima in 
the rotational anisotropic dependence. Schuhmacher et al. 
[19] proposed to use the technique of single-beam SH interfer-
ometry to diagnose the surface bevel. This is due to the fact 
that the presence of the surface bevel is more pronounced in 
the phase reflected SH measurements than in the intensity 
ones, and also due to the absence of the influence of the sam-
ple alignment inaccuracy, which introduces an instrumental 
function with first-order symmetry into the azimuthal depen-
dences of the SHG intensity. Thus, measurements of inter-
ferograms at several pairs of points with different azimuthal 
rotations can accurately determine the presence or absence of 

a bevel in the orientation of the surface of centrosymmetric 
semiconductors.

3.2. Generation of anisotropic reflected SH  
at the interphase Si – SiO2 interface

A series of works was carried out on the generation of aniso-
tropic SHG from an oxidised Si surface, a thin-layer Si – SiO2 
structure that is especially relevant for microelectronics. The 
works in this direction have demonstrated, first of all, the 
high efficiency of the method of reflected anisotropic SHG 
for studying the atomic structure and electrophysical proper-
ties of a given interphase boundary, as well as the presence of 
mechanical stresses in it. Kulyuk et al. [20] used two 
approaches: the study of the polarisation or azimuthal depen-
dences of I2w(y). It was found that the removal of the oxide 
layer by etching noticeably reduces the intensity of the 
reflected SHG signal and changes the shape of the angular 
dependences of I2w(y). To explain an increase in the nonlinear 
optical response of the oxidised Si – SiO2 structure compared 
to a clean surface, it was proposed to take into account addi-
tional components of the nonlinear polarisation (NP) at the 
SH frequency P(2w) º P: the stress-induced dipole compo-
nent Pstr, the dipole NP in a thin near-surface layer non-cen-
trosymmetric oxide Pcr, and electrically induced NP PE º ( )

E
3ct  

(2w = w + w + 0)E(w)E(w)Edc(0). Experiments to measure the 
time dependences of I2w(t) in situ during etching confirmed 
the need to take into account these components.

The authors of Refs [21, 22] studied the role of the inter-
ference of pump and SH waves in the oxide layer, which is 
very significant in the formation of the SHG signal from the 
Si – SiO2 structure. Van Hasselt et al. [22] investigated the azi-
muthal dependences ( )I ss2 yw  and ( )I pp2 yw  (superscripts indicate 
the SH and pump polarisation, respectively) for the Si(111) –
SiO2 structure with an oxide layer thickness of 2 – 310 nm and 
an angle of incidence q = 4 – 75°. It was found (Fig. 1) that the 
intensity of the s-polarised SH with s-polarised probe radia-
tion at the maximum of the azimuthal dependence of Imax

ss  on 
the thickness Lox of the oxide layer has an oscillating form 
typical of interference, and at some values of Lox, a one can 
observe significant increase in the reflected SHG signal com-
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Figure 1.  Experimental (points) and calculated (curves) dependences of I ssmax (111) (pump incidence angle qi = 4°) and linear reflection coefficient R 
on (a) the oxide thickness Lox and (b) on the angle of incidence qi1 at Lox = ( 1 ) 310, ( 2 ) 260, and ( 3 ) 2 nm.
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pared to a sample with natural oxide. The dependence of Imax
ss  

on the angle of incidence at a sufficiently large SiO2 thickness 
is nonmonotonic, which is also characteristic of interference. 
To explain the results, the authors of the work proposed a 
model of multiple reflection at the boundaries of the oxide 
film, which can be considered as a resonator capable of ampli-
fying fields at frequencies w and 2w.

Works [23, 24] are the only ones that describe the manifes-
tation of a fundamental physical phenomenon – the Casimir 
effect – in nonlinear optics. It was shown that under certain 
conditions, a large-scale nonlocality of the nonlinear optical 
response, the so-called Casimir nonlocality, can manifest 
itself, being the result of the interaction of a nonlinear medium 
with virtual photons of a quantised electromagnetic field. For 
a Si(111)) – SiO2 –air(water) three-layer structure with an 
oxide layer as a resonator, the angular dependences (i.e., the 
intensity of the p-polarised SH upon p-polarisation of the 
pump) were measured, which were approximated by expres-
sion

( , ) | ( ) ( ) [ ( )] 3 |exp cosiI L a L c L L( )pp
ox ox ox ox2

3 2y yY= +w .

Figure 2 shows the dependences of the isotropic component 
a, the amplitude of the anisotropic component of the 
reflected SH field c (3), and the phase shift Y between these 
components for the Si(111) – SiO2 structures in air and in 
water on the oxide layer thickness Lox. One can see, first, 
that for samples in air, one observes a pronounced depen-
dence of the controlled parameters on the thickness of the 
oxide layer. Increasing Lox to 50 – 100 nm leads to a sharp 
increase in all the parameters, which exhibit an oscillating 
dependence in the range of silicon oxide layer thicknesses 
Lox = 100 – 300 nm.

Secondly, the suppression (smoothing) of these depen-
dences is obvious when the samples are placed in an immer-
sion medium, i.e. water. In this case, the Casimir interaction 
manifested itself in the size effect, i.e., the dependence of the 
reflected SHG signal on Lox. It is important that the size effect 

associated with the Casimir interaction was distinguished 
against the background of size effects caused, for example, by 
the interference of pump or reflected SH waves.

3.3. Spectroscopy of the reflected SHG intensity  
of the silicon surface during hydrogen adsorption 

The authors of Refs [25, 26] were the first to study nonlinear 
SH spectroscopy for a clean Si(001)2  ´  1 surface (2  ´  1 
reconstruction) in the region of two-photon resonance Е1 
(the doubled energy of the pump photon varied in the range 
3 £ 2'w£ 3.5 eV) with changing temperature from 200 to 
900 K, as well as during a deposition of 0 to 1.5 monolayers 
of hydrogen atoms. The experiments were performed in 
ultrahigh vacuum, using a pp-combination of pump and SH 
polarisations. For a hydrogen layer of constant thickness, 
an increase in temperature led to a red shift of the E1 reso-
nance and to its broadening. At a fixed temperature, an 
increase in the coating thickness from 0 to 1.0 monolayers 
led to a red shift, line shape distortion, and resonance sup-
pression, while a further increase in the thickness from 1.0 to 
1.5 monolayers led to a blue shift of the resonance. Dadap et 
al. [26] came to the conclusion that the correct interpretation 
of the experimental data and, in particular, the explanation 
of the suppression of the E1 resonance during hydrogen 
adsorption require taking into account the removal of the 
surface mechanical stress, as well as the NER effect stem-
ming from the appearance of a constant electric field in the 
near-surface Si region due to charge redistribution during 
hydrogen adsorption.

3.4. Interferometric spectroscopy of the amplitude  
and phase of the SHG reflected from the surface  
of group IV semiconductors

Interferometric SHG spectroscopy in frequency domain is a 
modern version of second harmonic amplitude and phase 
spectroscopy. In works [27 – 29], it was applied to study the 
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Figure 2.  Experimental (squares) and calculated (curves) dependences of (a) the isotropic ( a, bottom) and anisotropic ( c(3), top) components of the 
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resonant response of Si(111) and Ge(111) surfaces with natu-
ral oxide. The spectral dependences of the SH amplitude 
(intensity) and phase were measured in the SH photon energy 
range from 3.6 to 5 eV (Fig. 3).

Resonance features were found in the spectra resulting 
from direct electronic transitions on the surface in the vicinity 
of the critical point E2 of the band structure of the bulk of 
silicon and germanium in the vicinity of the SH photon energy 
of 4.3 eV. The SHG intensity and phase spectra reflect the 
behaviour of optical susceptibilities and Green’s corrections. 
In the vicinity of resonances, it was important to take into 
account all the factors that demonstrate critical behaviour 
both at the pump frequency and at the SH frequency: in par-
ticular, Green’s corrections, which significantly affect the 
result of calculating the interference of the bulk and surface 
contributions, including introducing an additional phase 
shift.

In this regard, the following model representations were 
used to describe the obtained experimental dependences. The 
normalised amplitude of the SH field was represented as

( )

( )

E

E
G G

2
|| ||
(2) ( )

2

2

w

w
c c= + = = ,

where G||  and G=  are Green’s corrections for the SH field 
components parallel and perpendicular to the sample surface; 
and ||

( )2c  and ( )2c=  are the corresponding second-order effective 
nonlinear susceptibilities containing surface and bulk contri-
butions. It was believed that the spectral dependences of these 
susceptibilities are due to the superposition of several reso-
nant contributions associated with different critical points of 
the combined density of states of the silicon surface. In addi-
tion, the presence of two-dimensional and one-dimensional 
critical points was assumed, at which the |E |(p) dependence 
has extrema along two or along one axis in p-space, respec-
tively, while this dependence is monotonic along other axes. 
Two close resonances were found in the SHG intensity spec-
trum, as well as an increase in Imax at the edges of the studied 
spectral range was also revealed; these resonance features in 
the intensity spectrum correspond to sections of the spectral 
growth of the SH wave phase. In accordance with this, it was 
shown that the observed spectra are due to the superposition 
of four two-photon resonances, which indicates a complex 
mechanism for the formation of a nonlinear response of the 
Si – SiO2 structure. It turned out that the parameters of the 
SH resonances in silicon with frequencies of 3.8 and 5.2 eV, 
close to the edge of the spectral range, are uniquely and stably 
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Figure 3.  (Colour online) Experimental spectral dependences of the intensity and phase of the SH wave measured at intermediate points of the azi-
muthal dependence for (a) silicon and (b) germanium. Solid black curves are the joint approximation of the amplitude and phase spectra in the 
model that takes into account three exciton critical points; dashed curves are the result of the approximation of only the intensity spectrum and the 
phase spectrum calculated from the obtained values of the fitting parameters; solid red curves are the result of a joint approximation with two-di-
mensional line shapes for the main resonances. The insets show the band structures of the corresponding crystals and a diagram of the relationship 
between resonances.
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determined only by a combined analysis of the spectra of both 
the intensity and the phase of the SH wave. The critical point 
Е2 of the band structure of germanium has a two-dimensional 
type with a stepped line shape and a resonance frequency of 
4.3 eV.

3.5. NER in semiconductors

The dependence of the reflected SHG intensity on the strength 
of the electric field applied to the silicon and silver surfaces 
was observed for the first time in [30]. Aktsipetrov and 
Mishina [31] used this phenomenon to study the nonlinear 
response of silicon and germanium. Aktsipetrov et al. [32, 33] 
demonstrated the wide possibilities of NER for the study of 
silicon. A significant step in the development of the NER 
method was the use of metal – dielectric – semiconductor 
structures instead of the electrochemical method of applying 
a static electric field, which greatly simplified the experiment 
and interpretation of the results. Simultaneously with the 
development of experimental techniques, ideas about the 
nature of the NER phenomenon were also improved. A great 
contribution to the development of the scientific foundations 
of the NER method was made in the series of works by 
O.A.  Aktsipetrov and co-authors [3, 21, 34, 35]. Aktsipetrov 
et al. [3] were the first to use a MOS structure for the applica-
tion of an electrostatic field in a transmission scheme and, in 
this case, the anisotropy of the nonlinear response in NER 
was taken into account. In papers [13, 18, 36], a detailed the-
ory was presented that takes into account most of the factors 
determining the nonlinear optical response of a surface in the 
presence of a static electric field.

New possibilities for NER diagnostics are opened up by 
spectroscopy of silicon structures, in which, due to the action 
of a quasi-static field, electrically induced nonlinear polarisa-
tion is induced (so-called electric field induced SH spectros-
copy). Work [37] is one of the first studies in which the effect 
of electric field induced SH on the spectrum of the second 
harmonic reflected from silicon structures was studied. The 
MOS structure of Si(001) – SiO2 – Cr was studied, and the 
spectral studies were combined with the analysis of the anisot-
ropy of the reflected SHG. Two resonances were found in the 
spectral dependences of the anisotropic SHG intensity: a res-
onance at 2'w = 3.26 eV, which was independent of the metal 
electrode potential U, and a resonance at 2'w = 3.37 eV, 
which was electrically induced.

A comprehensive study of the Si(001) – SiO2 – Cr structure 
with the simultaneous use of the methods of anisotropic 
reflected SHG, NER, and modulation spectroscopy was per-
formed in [21]. This work gave a significant impetus to the 
development of the theoretical model of NER. First, the pos-
sibility of degeneracy of charge carriers was taken into 
account, and when calculating the field distribution in the 
space charge region (SCR), use was made of more general 
Fermi – Dirac statistics rather than of the Boltzmann statis-
tics. Second, it was taken into account that, at a high carrier 
concentration, the thickness of the near-surface SCR becomes 
so small that quantum effects should be accounted for. Third, 
the possibility of intense photogeneration of nonequilibrium 
carriers was taken into account. Therefore, in calculating the 
field distribution in the SCR, use was made of one of the 
methods for the theoretical description of thermodynamically 
nonequilibrium systems, i.e. Fermi level splitting into two 
quasi-Fermi levels for electrons and holes.

Dolgova et al. [38] studied the electrically induced phase 
shift of the SH wave reflected from the Si(111)) – SiO2 – Cr 
structure by varying the voltage between the chromium elec-
trode and the silicon; the measurements were carried out for a 
fixed pump wavelength of 1064 nm (Nd :YAG laser). To 
explain the experimental results, a model was proposed in 
which one more contribution to the nonlinear polarisation 
was introduced, i.e. the surface electrically induced contribu-
tion, ( ) ( ) (0) ( )zP E E ESE SE SCc w w d= t , where ESC(0) is the 
static field on the surface silicon; SEct  is the tensor of the cor-
responding nonlinear susceptibility; and d(z) is the delta func-
tion. The existence of this contribution was first reported in 
[39]. Note that Aktsipetrov et al. [32] demonstrated the pos-
sibility of separating the surface and bulk contributions to the 
SHG signal for the Si(001) – SiO2 structure using anisotropic 
electrically induced SHG spectroscopy, taking into account 
the fact that all contributions to the nonlinear polarisation at 
the SH frequency are isotropic, with the exception of the 
‘bulk’ quadrupole contribution. The hypothesis of the surface 
electrically induced contribution was developed in the afore-
mentioned work [26].

3.6. Current-induced SHG

A quasi-stationary electric current flowing in a centro-
symmetric semiconductor leads to breaking of the inver-
sion symmetry of the electronic subsystem, resulting in 
the appearance of current-induced nonlinear polarisation 
P   J (2w, J ) = ( ) ( ) ( )J E EJc w wt , where J is the direct current 
density; and ( ) ( )J J( )J J2c c=t t  is the corresponding qua-
dratic dipole susceptibility tensor. The effect of the cur-
rent-induced SH for heavily doped p-Si(001) was first 
experimentally observed in [33]. The idea of the experi-
ment was again based on the symmetry properties of the 
nonlinear response of the Si(001) surface in the presence 
of a current. Two measurement geometries were identi-
fied, for one of which the current-induced SHG is allowed, 
for the other it is prohibited. Comparison of the results of 
experiments performed using these two schemes and using 
an additional SH source (homodyne) made it possible to 
observe the current-induced SHG component and esti-
mate the maximum value of the current-induced qua-
dratic susceptibility: ( )JJct  ~ 3 ´ 10–15 m V–1. The cur-
rent-induced SHG can be used to determine the direction 
and density of currents in the near-surface regions of 
semiconductor devices.

3.7. Reflected SHG in the presence  
of inhomogeneous macroscopic stresses

The reflected SH generation method is sensitive to the pres-
ence of mechanical micro- and macrostresses in silicon. This 
is due to the removal of the prohibition on SHG in the dipole 
approximation in deformed regions of silicon that lack the 
inversion symmetry, as well as to the effect of stress on the 
band structure of silicon and, thus, on its spectral properties. 
Of great interest is work [40], which experimentally investi-
gates SHG in silicon under controlled application of external 
mechanical tensions. The contribution to the SHG signal that 
occurs under the action of mechanical stresses was observed, 
and it was experimentally proved that this contribution is 
associated precisely with stress-induced changes in the band 
structure of silicon.
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3.8. SHG spectroscopy of silicon – silicon dioxide  
quantum wells

Modification of the band structure of a semiconductor by 
quantum size effects can be used to observe new nonlinear 
optical effects. As an example of the study of quantum size 
effects by SHG spectroscopy, one can cite an experimental 
study of the electronic spectrum of a series of periodic sili-
con – silicon dioxide quantum wells with widths of several 
angstroms [41].

It is important that the quantum wells were made of 
amorphous silicon, which removes the limitation on the dif-
ference between the band gaps of the layers, determining the 
depth of the quantum wells. Crystalline semiconductor super-
lattices are made only of materials that can be grown epitaxi-
ally on top of each other: to reduce mechanical stresses, the 
lattice constants of neighbouring layers must be close. 
Otherwise, the defect density is so high that the quantum size 
effects are levelled out. This imposes a limitation on the dif-
ference in the band gaps of the layers, which determines the 
depth of the quantum well. The effective band gap in the bulk 
of both amorphous and hydrogenated amorphous silicon can 
vary from 0.95 to 1.65 eV, depending on the preparation tech-
nique. Therefore, the resonance of the combined density of 
states also falls into this interval, and the observed features of 
the SHG spectrum can be associated with resonances at the 
pump wave frequency.

Figure 4 shows the intensity spectra of the p-polarised 
component of the SH radiation for semiconductor silicon –
silicon dioxide quantum wells, whose thickness of the amor-

phous silicon layer in is 0.25, 0.5, 0.75, and 1.0 nm. For com-
parison, the upper plot shows the spectrum of the Si(100) 
single-crystal silicon substrate. All SHG spectra exhibit reso-
nance features in the vicinity of 2.7 and 4 eV, in contrast to 
the substrate spectrum.

The form of the SHG spectra of periodic quantum wells is 
determined by one- or two-photon direct electronic transi-
tions between the energy subbands of a two-dimensional elec-
tron gas of amorphous silicon quantum wells. The shapes of 
the spectra reflect the shape of the line of the quadratic sus-
ceptibility of the two-dimensional electron gas. The thickness 
dependence of the resonance features is a consequence of the 
thickness dependence of the energy position of the subbands 
inside the well.

4. Resonance amplification of SHG  
in plasmonic nanostructures

Modern technologies make it possible to create artificial 
nanocomposite media with unique optical properties – from 
the resonance of local surface plasmons to induced negative 
refraction and the hyperbolic dispersion law. Let us consider 
the most striking effects found in the optical response of 
structures of different designs upon excitation of plasmon 
resonances of various nature.

4.1. Local surface plasmon resonance

Local surface plasmons (LSPs), i.e. light-induced collective 
oscillations of conduction electrons near the metal surface, 
can be excited in isolated or disordered metal nanoparticles of 
various shapes under the action of optical radiation. Interest 
in the study of LSPs sharply increased after the 1978 discov-
ery of a giant amplification of Raman scattering of light by 
molecules located near a rough metal surface [4] or in colloi-
dal solutions of metal nanoparticles, as well as the giant SHG 
in similar systems. It was soon shown that one of the main 
mechanisms of these effects is the amplification of the local 
electromagnetic field upon excitation of the LSP [42, 43], 
which demonstrated the important role of local resonances in 
increasing the efficiency of the nonlinear optical conversion 
for controlling the parameters of the quadratic nonlinear 
optical response.

4.1.1. SHG in silver island films. One of the first systems in 
which the role of plasmon effects in enhancing nonlinear opti-
cal effects, including the generation of optical harmonics, was 
studied were silver island films [44, 45] – disordered arrays of 
metal (Ag) nanoparticles fabricated by thermal deposition; 
depending on the mass thickness of the metal, dm, the average 
size of nanoparticles, as well as the interparticle distance, 
changed. These parameters, as well as the distance between 
the metal nanoparticles and the substrate, determine the reso-
nance frequency of the LSP; the island film is shown sche-
matically in Fig. 5a. This substrate effect in the manifestation 
of LSP resonance in silver island films was demonstrated in 
[45]. The LSP resonance of silver nanoparticles on a Si/SiO2 
substrate, according to calculations, should be observed at a 
wavelength of about 270 nm, which corresponded to the 
region of tuning of the doubled radiation frequency of the 
optical parametric oscillator in the range of 490 – 680 nm.

The idea of the experiment was to smoothly change the 
distance between the silver island film and the silicon sub-
strate by varying the thickness of the SiOx layer while main-
taining the other parameters of the silver island film structure 
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unchanged; a continuous Ag film with dm > 40 nm was used 
as a reference structure in which the LSP resonance is not 
excited. The use of the SHG method excluded a significant 
contribution to the recorded signal from centrosymmetric 
materials, such as SiOx and Si, and SHG in nonideal Ag 
nanoparticles was the dominant process.

The measured SHG intensity spectra for different oxide 
layer thicknesses (natural,  LSiOx  = 70 and 100 nm) are shown 
in Fig. 5a. One can see that an increase in  LSiOx  leads to (1) an 
increase in the amplitude of the SH spectral maximum and (2) 
its shift towards higher energies, which is 20 nm for a silver 
island film with dm = 1 nm. According to the LSP resonance 
model in the silver island film presented in this work, the first 
of the noted features is associated with a decrease in the influ-
ence of the imaginary part of the silicon permittivity on the 
quality factor of the plasmon resonance, while the second one 
reflects a decrease in the effective permittivity of the medium 
surrounding the Ag nanoparticles with an increase in LSiOx  
[45]. Qualitatively similar dependences were obtained by third 
harmonic (TH) spectroscopy, which reflects the generality of 
the manifestation of LSP resonances in the nonlinear optical 
response of nanostructures.

4.1.2. Array of crescent-shaped nanoparticles. The anisot-
ropy of the shape of plasmonic nanoparticles has a strong 
effect on the SHG parameters; this was shown, for example, 
in [46] using arrays of flat crescent-shaped gold nanostruc-
tures with a lateral size of about 200 nm (inset in Fig. 5b), 
fabricated by colloidal lithography. It is important that all 
nanoelements are oriented in the same way, despite their cha-
otic arrangement on the substrate, which ensures the anisot-
ropy of the response of an ensemble of nanoparticles.

In the calculated and measured linear transmission spec-
tra of such structures, three LSP resonances were found, the 
spectral position of which depends on the mutual orientation 
of the symmetry axis of the crescents and the polarisation 
plane of the probe radiation; they correspond to wavelengths 
of about 650, 890, and 2000 nm when the polarisation plane 
of the incident light is oriented along the crescent and in the 
orthogonal position at l1,2,3 = 690, 1100, and 1400 nm [47]. 
Calculations have shown that the charge density distributions 
upon excitation of these resonances are fundamentally differ-
ent, with the long-wavelength resonance corresponding to an 
electric dipole plasmon with the maximum localisation of the 
field near the sharp ends of the nanoelements.

Nonlinear optical experiments were performed at normal 
incidence of laser radiation, in the ‘transmission’ geometry. 
The azimuthal dependences of the SHG intensity were mea-
sured for parallel and crossed linear polarisations of the probe 
radiation and the SH.

It turned out that the shapes of the dependences I2w(y) 
change significantly when the wavelength of the probe radia-
tion is tuned, which is especially noticeable in the case of 
crossed polarisations of the incident and detected radiation; 
the corresponding transmission spectrum is shown in Fig. 5b. 
Thus, in the short-wavelength region of the studied range, 
two SH maxima are observed per azimuthal rotation, and in 
the long-wavelength region, six, while the SHG intensity aver-
aged over the azimuth angle increases with increasing wave-
length, which is associated with the approach of the probe 
light wavelength to the LSP excitation spectral region .

According to the performed analysis, this is caused by a 
spectral change in the relative amplitude and phase of the 
effective components of the   ( )2ct  tensor, which describe SHG 
in planar nanostructures, when the laser pump wavelength 

varies between the resonance LSP wavelengths l1 and l2, cor-
responding to different spatial configurations of the local 
electric field in nanoelements.

4.1.3. An array of nickel nanorods. Interesting effects were 
found in plasmonic nanostructures made of ferromagnetic 
metals [48]. The structures are arrays of nickel nanorods (with 
a diameter of 20 nm and a length of 175 nm) in an anodic 
alumina matrix oriented perpendicular to the substrate (inset 
in Fig. 5b). This structure combines magnetic and plasmonic 
properties, and LSP resonances can be excited across and 
along the rods; the corresponding wavelengths, according to 
calculations, are l1 » 380 nm and l2 » 1150 nm. At the same 
time, these resonance features did not manifest themselves 
in the linear reflection spectra, which is apparently due to 
significant ohmic losses in nickel and a low quality factor of 
the LSP resonances. Therefore, an attempt was made to 
visualise these features by the SHG method, using its sym-
metry capabilities, as well as its high sensitivity to the mag-
netic and resonance properties of nanostructures at the SH 
frequency.

The intensity spectra of the crystallographic (nonmag-
netic) SH, I2w(l), in the tuning region of a Ti : sapphire laser 
(730 – 880 nm), did not show a resonant increase in the SHG 
at l = 760 nm, corresponding to the transverse LSP resonance 
at the double pump frequency, i.e., 2l1, due to its low quality 
factor. Therefore, studied were the spectral features of the 
nonlinear optical response, namely, the magnetic contrast of 
the SHG intensity, defined as

( ) ( )

( ) ( )

I I

I I
2

2 2

2 2

- .

- .
r =

+

-
w

w w

w w ,

where ( )I2 -w  and ( )I2 .w  are the SH intensities measured in 
opposite directions of the static saturating magnetic field 
using the scheme of the transverse magneto-optical Kerr 
effect. It turned out that in the case of s-polarisation of the 
pump radiation, which provides the highest efficiency of exci-
tation of the transverse LSP in nanorods, an increase in the 
magnetic contrast is observed in the vicinity of l = 760 nm 
(Fig. 5c) due to the resonance amplification of the magneti-
cally induced SH component, while in the case of p-polarisa-
tion of the pump radiation, the r2w spectra are monotonic. 
The symmetry analysis of the tensor ( )2ct  confirms this conclu-
sion. Thus, the excitation of a transverse LSP in nanorods can 
only be detected when studying the magnetic field induced SH 
in a certain experimental geometry, which indicates a special 
sensitivity of nonlinear optical techniques to the resonant and 
magnetic properties of structures.

4.2. Structures with magnetic dipole plasmon resonance

Let us now consider SHG in structures with the so-called 
magnetic (dipole) resonance induced in nanoparticles of a 
more complex composition by the magnetic field of a light 
wave. The metasurfaces were a 2D square lattice with a period 
of 400 nm, at the nodes of which there were three-layer, Au/
MgF2/Au, nanodisks [49, 50]. The linear transmission spectra 
of this structure show two minima with centre wavelengths l1 
» 640 nm and l2 » 780 nm (blue curve in Fig. 5d). Calculations 
in the CST Microwave Studio package demonstrated that at 
l = 640 nm, the currents induced by pump radiation in two 
metal nanodisks are codirectional, and at l = 780 nm, they are 
oppositely directed (see the diagram above Fig. 5d). This cor-
responds to the induction of an effective magnetic dipole in 
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and SH (the inset shows the scheme of single-beam SH interferometry [50]). (f) SHG intensity spectra in an array of gold nanodisks coated with a 
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image of the structure; upper inset, frequency-angular transmission spectrum of the sample under p-polarised probe radiation [51]).
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the direction perpendicular to the current oscillation plane 
and a strong localisation of the electromagnetic field in the 
structure [52]. To increase the visibility of the resonant non-
linear response, the SHG spectroscopy was carried out in the 
‘transmission’ geometry with normal incidence of the pump 
radiation on the structure (Fig. 5d); the cases of parallel 
(black dots) and orthogonal (light dots) polarisations of 
pump and SH radiation were considered. In the first case, a 
pronounced maximum was observed in the vicinity of the 
wavelength l2 corresponding to the spectral position of the 
magnetic dipole resonance. In the second case, the SHG 
intensity is approximately an order of magnitude lower, and 
the dependence I2w(l) decreases monotonically, i.e., the reso-
nance properties do not appear. These polarisation properties 
of the resonance dependence of the SH confirm the observa-
tion of the magnetic dipole resonance.

The spectrum of the SH phase upon excitation of a mag-
netic dipole resonance was measured by single-beam inter-
ferometry adapted to the case of tightly focused femtosec-
ond radiation from a Ti : sapphire laser. The idea of the 
method is that the SHG signal from the structure under 
study interferes with the SH wave from the reference sample 
(etalon), which was an indium tin oxide (ITO) film placed at 
the focus of two spherical mirrors (see the diagram in 
Fig.  5e). The reference sample is placed on a translation 
stage, so that during the measurement the difference of opti-
cal paths at the pump and SH frequencies between ITO and 
the structure under study varies, while the measured value is 
the dependence of the SHG intensity on the reference coor-
dinate z. The measured interferograms I2w(z) were approxi-
mated by a function of the form I2w ~ cos(2pz/d + j), from 
which the value of the SH phase j was calculated; here d is 
the period determined by the air dispersion at the corre-
sponding wavelength. It is not the absolute value of the SH 
phase that has a physical meaning, but its change during the 
transition of the laser radiation wavelength through the res-
onant features of the structures under study. It was found 
that upon excitation of a magnetic dipole resonance, the SH 
phase modulation is observed by almost 360° (Fig. 5e). 
Apparently, the main contribution to the SH generation at 
normal incidence of laser radiation is made by the magnetic 
dipole component emm

yxxc  (the coordinate axes are shown in 
the inset in Fig. 5d). When the pump wavelength passes 
through resonance, the phase of the corresponding local 
field factor changes by 180°, and so the field phase at the 
doubled frequency E emm

2w  ~ ( )L Bemm
yxx x x

2 2c w  changes by 360° 
(Bx  is the magnetic field component of the incident wave). 
This corresponds to the interferometry data and also con-
firms the resonant nature of the observed phenomena.

4.3. Lattice (diffraction) plasmon resonance

Another type of resonance response of an array of nanopar-
ticles, the so-called lattice plasmon resonance (LPR), is 
observed in 2D arrays of metal nanoparticles with a period on 
the order of several hundreds of nanometres. Dipoles induced 
in periodically arranged metal nanoparticles by a linearly 
polarised light wave field radiate in phase in a certain direc-
tion, which leads to a multiple amplification of the scattered 
radiation compared to the response of an isolated particle. 
The dependence of this condition on the lattice parameters 
gave the name to this resonance feature. A corresponding 
increase in the SHG intensity was observed in 2D arrays of 
metal nanoparticles of various types [53], while we first dis-

covered the LPR effect during the generation of the magneti-
cally induced SH [54].

A 2D array of gold nanodisks located at the sites of a 
square lattice with a period of 400 nm, with a 100-nm-thick 
Bi : YIG magnetic dielectric layer, was studied. The combina-
tion of a ferromagnet and a plasmonic metal is a fairly popu-
lar technique for producing high-quality magnetoplasmonic 
structures that are interesting from the point of view of mag-
netic methods for controlling the optical response parameters 
by applying a static magnetic field to the structure [53]. An 
AFM image of the investigated LPR structure after its anneal-
ing, which is necessary for garnet crystallisation, is shown in 
the inset to Fig. 5f. The presence of an LPR in this structure 
manifests itself in the form of a transmission minimum at l = 
780 nm, which is independent of the angle of incidence in the 
case of p-polarised pump radiation (top inset in Fig. 5f).

The SHG intensity spectra obtained with p-polarised 
pump radiation and opposite values of the magnetic field are 
shown in Fig. 5f for an angle of incidence q = 15°. One can see 
that in the vicinity of the LPR, an increase in the SHG inten-
sity is observed, and the SH maxima shift by approximately 8 
nm when the sign of the applied magnetic field changes. The 
reason for this spectral behaviour of the magnetically induced 
SH is the presence of several interfering contributions to the 
SH, i.e. crystallographic and magnetic: resonant (from the 
Au/Bi :YIG interface) and nonresonant (from the air/Bi :YIG 
and quartz/Bi:YIG interfaces). The relative value and the 
phase shift between the corresponding fields at the SH fre-
quency change significantly upon tuning the pump radiation 
wavelength in the spectral vicinity of the LPR, which causes a 
spectral shift of the resulting curve I2w(l).

5. SHG in photonic crystals and microcavities

The term ‘photonic crystal’ (PC) was introduced for media 
with spatial periodic modulation of the permittivity in one, 
two or three directions. The simplest implementation of the 
PC is a 1D layered subwavelength periodic structure formed 
by alternating layers with refractive indices n1 and n2. There is 
a spectral region in which waves cannot propagate in a PC. It 
is called the photonic band gap (PBG), by analogy with the 
electronic band gaps in crystals, and is characterised by a 
maximum reflection coefficient and a minimum transmission, 
and its spectral position is determined by the optical thick-
nesses of alternating layers and shifts with a change in the 
angle of incidence of light on the structure. In a PC, in which 
a PBG centred at a wavelength of l0 is observed under normal 
incidence of light, the optical thickness of the layers is l0/4 
[54]. If there is a defect in a periodic layered medium (usually 
a layer with an optical thickness of l0/2 is made), then this 
structure is called a microresonator (MR) (see the diagram in 
Fig. 6b), and a narrow spectral region appears in the PBG, 
called the microresonator mode, where there is a reflection 
minimum and a strong localisation of the electromagnetic 
field in the MR layer.

Interest in the nonlinear optical properties of PCs and 
MRs is due to two factors: at the PBG edges, due to strong 
dispersion, the phase-matching condition k2w = 2kw can be 
satisfied, which will significantly increase the SHG efficiency; 
strong spatial localisation of the light field energy in the MR 
layer can lead to a significant increase in the SHG intensity.

Various options for the manufacture of PCs and MRs 
have been developed; however, the simplest implementation, 
which does not require expensive deposition techniques, are 
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structures based on porous silicon obtained by electrochemi-
cal etching of silicon (100) in a hydrofluoric acid solution. 
Varying the current density during etching makes it possible 
to control the porosity of the layers and, consequently, their 
refractive index.

The quadratic response of porous silicon PCs and MRs was 
studied in [55 – 60]. Figure 6 shows the SHG intensity spectra 
and the corresponding reflection spectra of the MR based on 
porous silicon at different angles of incidence of s-polarised 
probe radiation. These dependences demonstrate a significant 
enhancement of the SHG signal at the edges of the PBG (as a 
result of the closing of phase matching) and in the MR mode 
(due to field localisation in the MR layer). For example, at q = 
45°, the enhancement of the SHG intensity in the MR mode 
reaches 500 times as compared with the values outside the 
PBG; at the long-wavelength edge of the PBG, the enhance-
ment of I2w is much smaller and does not exceed 100. A decrease 
in the angle of incidence leads to a shift of all resonances to the 
long-wavelength region, which corresponds to the angular 
dependence of the spectral position of the PBG and the MR 
mode. In these works, it was also shown within the framework 
of the formalism of nonlinear propagation matrices that the 
resonances found in the MR mode are primarily due to the 
localisation of the pump field near the half-wave resonator 
layer (the field amplitude increases by a factor of four com-
pared to the incident wave), and the resonant behaviour of the 
SHG intensity when the pump wavelength passes through the 
edge of the photonic band gap is due to a combination of two 
mechanisms: the fulfilment of the phase matching conditions at 
the edge of the photonic band gap and the enhancement of the 

pump field in the final photonic crystal (the amplitude dou-
bles). Calculations show that the SH enhancement increases 
with an increase in the difference in porosity (permittivity) of 
the layers and an increase in the number of periods in photonic 
crystals, i.e. microresonator mirrors.

It should be noted that similar mechanisms lead to an 
increase in the TH at the edges of the PBG and in the MR 
mode in PCs and MRs [60, 61]. Subsequently, enhancement 
of nonlinear optical effects was also found in three-dimen-
sional PCs based on artificial opals [62, 63].

6. Nonlinear optics of ferroelectrics

Ferroelectrics are materials that have spontaneous polarisa-
tion, the orientation of which can be changed by means of an 
external electric field. This ability to switch between two sta-
ble polarisation states is the basis for the development of non-
volatile ferroelectric random access memory (FeRAM) ele-
ments and electro-optical modulators. Ferroelectricity is 
inherent only in crystals in which the centre of inversion is 
broken; therefore, ferroelectrics occupy a special place in 
nonlinear optics. In particular, (commercial) harmonic gen-
erators are produced using ferroelectric crystals, such as bar-
ium beta-borate, lithium niobate, etc. On the other hand, the 
generation of the optical second harmonic is one of the most 
effective methods for studying these materials. While for har-
monic generators it is fundamental to implement the phase 
matching condition, for diagnostic tasks this condition is, on 
the contrary, undesirable, since it can distort information 
about the material under study.

z

w

w
2w

Si(001)- su
bstr

at
e

q = 45° q = 40° q = 30°

800 900 1000 800 900 1000 800 900 1000

Wavelength/nm

0

0

0.2

0.4

0.6

0.8

1.0

1

2

3
N

o
rm

al
is

ed
 S

H
G

 in
te

n
si

ty
R

ef
le

ct
io

n
 c

o
ef

fi
ci

en
t

q = 45° q = 40° q = 30°

a b c

d e f

Figure 6.  (a, b, c) Intensity spectra of reflected p-polarised SH in a microresonator based on porous silicon under s-polarised laser radiation and 
(d, e, f) reflection spectra of s-polarised light at different angles. The inset shows a diagram of a microresonator [55]. The values of the SHG inten-
sity in panel (b) are increased by 7 times, and in panel (c), by 20 times. Solid curves are the results of model calculations.



	 I.M. Baranova, T.V. Dolgova, I.A. Kolmychek, et al.418

The fundamental (phenomenological) law, which is the 
basis for the diagnostics of ferroelectrics by the SHG method, 
is presented in [64]:

I 2w µ ( )P E E PE E( ) ( )
P

2 2 3 2
h hc c=w w w wt t ,	 (1)

where P is the dielectric polarisation. Publications on the experi-
mental observation of SHG in ferroelectrics appeared almost 
immediately after the first observation of this effect [65, 66].

Ferroelectricity exists only in a certain temperature range. 
When the critical temperature (Curie temperature TC) is 
reached, a structural phase transition occurs to a phase with a 
higher symmetry and, ultimately, to a paraelectric (centro-
symmetric) phase. Since SHG is impossible in a centrosym-
metric medium in the dipole approximation, this method is 
effective in studying phase transitions in ferroelectrics.

Ferroelectrics have a domain structure: they consist of 
uniformly polarised regions, whose (static) polarisation vec-
tor, in the general case, has an arbitrary direction. Since rela-
tion (1) is tensorial, the SHG efficiency from domains will be 
different.

6.1. Domain structure and ceramics: SH scattering

If the sizes of domains or micro-(nano-)crystallites of a fer-
roelectric are smaller than the wavelength, the SH scattering 

is an effective investigation method [64, 67]. A nonlinear opti-
cal technique based on joint measurements of the azimuthal 
dependences of the SHG intensity and scattering indicatrix 
was used to study textured (PbZr)TiO3 (PZT) thin films in 
[68 – 71] and was further developed in [72]. Figure 7 shows the 
scheme of the experiment and the results obtained. The 
dependence I2w(y) is a superposition of a significant isotropic 
background and an anisotropic dependence with two max-
ima. All scattering indicatrixes were measured at the maxi-
mum and minimum of the anisotropic dependence. It was 
shown that the SHG scattering indicatrix at the maximum of 
the anisotropic dependence consists of two parts: a sharp 
peak in the specular direction and the background, which is 
SH radiation of lower intensity in a wide range of polar 
angles. At the minimum of the anisotropic dependence, the 
scattering indicatrix represents only the background, coincid-
ing within the experimental error with the background 
attained for the maximum of the SHG scattering indicatrix. 
This means that the diffuse part of the signal is isotropic, 
while the specular part (minus the diffuse background) is 
completely anisotropic, i.e. it vanishes at the minima of the 
azimuthal dependence.

Aktsipetrov et al. [68] proposed a stochastic model of the 
microcrystalline structure of a film, in which the film is con-
sidered as a mixture of (111) and (100) crystallites with an 
arbitrary orientation of the polar axis in the film plane. The 
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shape of the SHG scattering indicatrix with a maximum 
shifted from the specular direction is determined by spatial 
fluctuations of the orientation of microcrystallites in the film 
plane, and the shift of the scattering maximum from the spec-
ular direction is caused by anticorrelations of microcrystallite 
orientation. Approximation of the shape of the SHG indica-
trix yields a correlation length of about 250 nm, which corre-
sponds to the average microcrystallite size in the film plane 
and indicates that anticorrelations arise mainly in neighbour-
ing microcrystallites.

The SHG scattering technique (measurement of scattering 
diagrams or indicatrixes) for studying inhomogeneities in fer-
roelectrics was further developed in Refs [73 – 75].

6.2. Investigation of ferroelectric phase transitions  
by the SHG method

From the point of view of symmetry, ferroelectric phase tran-
sitions are transitions from a centrosymmetric paraphase to a 
noncentrosymmetric ferroelectric phase as the temperature 
decreases to TC. These transitions are the simplest from the 
point of view of their study by the SHG method, since the 
transition to the noncentrosymmetric ferroelectric phase is 
accompanied by a sharp increase in the SHG intensity. Phase 
transitions in the bulk of crystals were observed almost imme-
diately after the experimental discovery of SHG in crystals, 
since many widespread nonlinear optical crystals are ferro-
electrics [76]. The studying ferroelectric phase transitions in 
thin films seems to be a more difficult task, especially if the 
ferroelectric is a complex multicomponent system, texture, or 
ceramic, and also has surface properties.

Papers [77, 78] present the results of studying two-dimen-
sional organic polyvinylidene fluoride (PVDF) films obtained 
by the Langmuir – Blodgett (LB) technique. For the first time, 
the existence of ferroelectric ordering in two-dimensional sys-
tems (in films up to two monomolecular layers thick) was 
proved by the SHG method in LB films, and two phase tran-
sitions were discovered.

Figure 8 shows a schematic representation of an LB film 
with indication of all contributions to the nonlinear suscepti-
bility and experimental temperature dependences of the SHG 
intensity in the vicinity of the surface phase transition for LB 
films with a thickness of 60 and 15 monolayers (Figs 8a and 
8b, respectively). One can see that at a temperature below 
30 °C, the dependence of the SHG intensity on temperature 
exhibits a pronounced peak at about 28 °C, and a further 
monotonic increase in the nonlinear response with the SHG 
signal reaching saturation occurs at a temperature below 
10 °C. At temperatures above 35 °C, the SHG signal changes 
slightly, and as the temperature rises to about 100 °C, at which 
saturation occurs, the nonlinear response gradually increases. 
Sample cooling is accompanied by the appearance of a wide 
SHG intensity hysteresis loop with a maximum at approxi-
mately 80 °C. Similar dependences were observed for a film 
with a thickness of 15 monolayers.

These features of the SHG temperature dependences indi-
cate the existence of two phase ferroelectric – paraelectric 
transitions. The first one is a phase transition with a film 
thickness-independent Curie temperature TC

B = 80 °C, associ-
ated with the 3D ferroelectric state of the PVDF bulk mate-
rial. The second phase transition of the first kind is observed 
at TC

S = 20 °C; it corresponds to ferroelectric ordering in the 
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upper surface layer of the PVDF film. Modelling the depen-
dences I 2w (T ) with allowance for the interference of various 
contributions (Fig. 8a, inset at the top) yields good agreement 
with the experimental results.

Papers [79, 80] present the results of detection and study 
of the structural phase transition in the near-surface region of 
the potential ferroelectric strontium titanate, SrTiO3(110), 
which has a bulk structural phase transition m3m ® 4/mmm 
with a Curie temperature TC = 105 K (Fig. 9).

The angular distribution of the SHG intensity shows the 
presence of two components: coherent radiation I2w coh in the 
specular direction and incoherent radiation I2w scat in a wide 
range of scattering angles: I2w = I2w scat + I2w coh. The feature at 
Т = ТC is associated with critical opalescence during the struc-
tural phase transition of the bulk crystal. There is a tempera-
ture Т  * at which the dependence undergoes a kink: at Т > Т  * 
the intensity I2w is zero, and at ТC < Т <  Т  * it increases with 
decreasing temperature. At Т = ТC, there is a kink in the tem-
perature dependence of the SHG intensity. The dependences 
obtained for the field of the coherent SH are well described in 
terms of the Landau theory.

Thus, for single-crystal strontium titanate, based on the 
SHG study, the presence of a near-surface phase transition 
was established at a temperature Т  * = 150 K, i.e., 45°C higher 
than the temperature of the bulk phase transition ТC. The 
temperature dependence of the order parameter is described 
by a power dependence with the exponent b = 1/2. The SHG 
intensity of the radiation scattered due to fluctuations of the 
volume order parameter is sufficiently high; against its back-
ground, critical scattering by the surface near the phase tran-
sition was not detected.

6.3. Polarisation switching 

Since in most ferroelectrics there is nonswitchable polarisa-
tion (pinned domains) induced by the presence of electrodes 
(and near-electrode regions) and defects, which is especially 
important for thin films, then formula (1) can be rewritten in 
the form [81]:

I 2w µ ( )P P E E( )
P E
3

0
2

hc + w wt , 	 (2)

where ( )
P
3ct  is the third-order nonlinear susceptibility; PE is the 

switchable (depending on the applied electric field) polarisa-
tion component; and P0 is the part of the ferroelectric polari-
sation that is not switched by the electric field and whose con-

tribution to SHG is coherent to the contribution of the 
switched component. Expression (2) makes it possible to 
obtain the ratio of the switchable polarisation to the non-
switchable one, as well as the hysteresis loops of the dielectric 
polarisation.

This expression takes into account, and this is significant, 
that the main contribution to the SHG signal is made by 
domains with certain polarisation, i.e. the contribution is 
essentially crystallographic. This corresponds to the generally 
accepted statement of electro-optics, according to which the 
lattice makes the main contribution to the polarisability of a 
ferroelectric at optical frequencies [82]. At the same time, 
when saturation of the dielectric polarisation is reached, as in 
electro-optical effects, the dependence on the external field in 
the SHG signal is associated with the electronic polarisability, 
which manifests itself as a function of the field of optical con-
stants, primarily the refractive index.

The ability of ferroics (ferroelectrics and magnets) to 
switch between two stable states is a basic principle of mod-
ern storage technology. However, with the absolute domi-
nance of ferromagnetic materials in the market for memory 
devices, the possibilities of using ferroelectrics in such appli-
cations remain underestimated, despite the significant 
potential for their integration into semiconductor technolo-
gies [83].

One of the problems in the development of functional 
ferroelectric-based elements is the fundamental limitation 
imposed by the rate of polarisation switching. In particular, 
when an electric field is applied to a ferroelectric using elec-
trodes and an electric field generator included in the electric 
circuit, the rate of polarisation switching between two stable 
states depends on the time characteristics of the employed 
devices. Optimisation of the electrode structure, as well as the 
development of alternative methods for generating pulses, 
including those using photoconductive switches, made it pos-
sible to achieve polarisation switching with a time constant of 
about 100 ps [84].

Advances in laser physics have led to the creation of high-
power sources of electromagnetic pulses with a field ampli-
tude of several tens of MV cm–1 and a duration of about 1 ps, 
which are used as a pump in the generation of radiation in the 
terahertz (THz) range. This contributed to the development 
of electrodeless methods for applying an electric field to a fer-
roelectric and, as a consequence, to the observation of new 
effects of THz excitation of coherent phonons of ultrafast 
dynamic switching.
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To detect polarisation switching, the pump – probe 
method is used, in which pumping is performed by a THz 
pulse, and either optical or X-ray radiation is used as a 
probe. THz excitation of polarisation state switching pro-
cesses, in turn, is based on two mechanisms: direct reso-
nant excitation of a polar phonon by a broadband THz 
pulse with a frequency of 0.5 – 2.5 THz and a duration of 
1  ps [85], or resonant excitation by a narrow-band and 
higher-frequency THz pulse of an IR active phonon associ-
ated with the polar phonon by the phonon – phonon inter-
action [86].

The theory of generation of coherent oscillations in 
pump – probe THz spectroscopy is described in [87]. The use 
of optical radiation as a probe makes it possible to distinguish 
between linear and nonlinear regimes of mode oscillations 
[88]; in this case, dynamic and, in the case of occurrence, per-
manent polarisation switching are recorded [89]. X-ray meth-
ods make it possible to directly measure the displacements of 
polar ions and the absolute value of the polarisation modula-
tion (reversal) [85].

It is known that coherent phonons can be excited using 
optical pulses of femtosecond (50 – 100 fs) duration, while 
changes in the polarisation state of the ferroelectric caused by 
the action of a laser pulse, which can also be recorded in the 
experimental pump – probe scheme using optical or X-ray 
radiation as a probe, are similar to those described above for 
the case of THz pumping. Using this technique, polar pho-
nons or soft modes in LaAlO3 and KMnF3 [90], as well as in 
ammonium sulfate [91], were studied, but the problem of 
searching for materials in which these effects would be most 
pronounced remains topical. In the pioneering work of a 
group led by A. Kimel [92, 93], it was suggested that the 
observation of an all-optical switching of the ferroelectric 
order parameter is most likely in a semiconductor ferroelec-
trics, where it is possible to lower the barrier for polar ions 
due to polarisation screening by photoexcited carriers in the 
conduction band.

6.4. Remote and ultrafast polarisation switching

The possibility of remote ultrafast control of the order param-
eter in ferroic materials (ferroelectrics, magnets, multiferro-
ics) is promising for use in memory elements and for manipu-
lation of light fluxes, primarily in an optical computer. To this 
end, it is necessary to switch the dielectric polarisation by an 
electromagnetic pulse. Moreover, for non-volatile memory 
elements, a long-term single switching is necessary, while for 
random access memory and modulators, dynamic (nonsta-
tionary) switching is sufficient. For remote switching, it is 
possible to use not only femtosecond optical pulses (of the 
visible and IR ranges), but also picosecond pulses of the THz 
range. Time dependences of polarisation under the action of 
an electromagnetic pulse are studied according to the optical 
(THz) pump/optical probe scheme.

How can switching of the dielectric (ion) polarisation be 
achieved by electromagnetic pulses? Under dynamic action, 
coherent phonons are excited by a short pulse. The idea is that 
if a polar (in particular, soft) mode with a significant ampli-
tude is excited, then the transition of an ion is possible from 
one minimum of the potential well to another.

The ferroelectric polarisation P in an electric field, includ-
ing an electromagnetic pulse, is described by the Landau – 
Khalatnikov equation

¶
¶

d
d

d
d

t t
FP P
P

E
0

2

2

2

0

2

e
m

e
gm

+ =- + , 	 (3)

where m is a coefficient containing the charge and mass num-
bers of the vibrational mode; g is the attenuation coefficient; 
and E is the external electric field.

The two-minimum thermodynamic potential F for an ion 
is described in the simplest case by the expression

F P P
2 4
2 2 4 4a a

= + , 	 (4)

where a2 µ T – TC and a4 are Landau expansion coefficients.
6.4.1. Optical pulse. The frequencies of optical radiation 

are much higher than phonon frequencies, and the excitation 
is nonresonant with respect to lattice vibrations. Therefore, 
the external field in equation (3) is assumed to be zero, and 
the optical momentum enters this equation in the form of ini-
tial conditions P'(t = 0) = 0, P' (t = 0) = P'0. In this case, coher-
ent phonons (the initial push described by the initial condi-
tion) are excited during the electron – phonon interaction with 
electrons that were directly excited by the optical pulse.

Coherent phonons can be excited by optical pulses accord-
ing to the pulsed stimulated Raman scattering scheme. In this 
case, the excitation is resonant, since for a pulse with a dura-
tion of 130 fs, the difference in frequencies corresponding to 
the edges of the pulse spectrum can be equal to the frequency 
of the soft mode. The experiments were carried out in KDP 
crystals [94], and the light intensity was measured at the dif-
fraction maximum (in the case of diffraction by a phonon).

It should be noted that although there is soft mode excita-
tion, switching is absent. One of the reasons is the presence of 
too much chaos (cells are not connected to each other, and 
everything is averaged).

6.4.2. Terahertz pulse. The THz range pulse is resonant to 
the soft mode. In equation (1), the external field can be repre-
sented in a form close to the experimentally observed one:

c( ) ( 4 / ) (2 )exp sinE t A t tTHz
2 2 pt= - , 	 (5)

where A is the field amplitude, and t is the pulse duration. The 
initial conditions are not of great importance in this case.

The solution to equation (4) with the right-hand side in 
the form of (5) allows one to obtain the dependence of the 
dielectric polarisation on time. We consider the initial state of 
the ferroelectric to be unpolarised: the number of ions in two 
possible minima (see insets in Fig. 10a) is the same. 
Substituting solution (3) into the expressions for I2w, (1) or 
(2), we obtain the dependence I2w (t). An example of this 
dependence for a BaSrTiO3 (BST) film is shown in Fig. 10. 
When a THz pulse is excited by a pulse of sufficient ampli-
tude, the ion oscillates between two minima and can finally 
undergo a transition to the minimum that is opposite to the 
initial one, i.e. both dynamic and long-term polarisation 
switching occur. For a BST, excitation by a THz pulse is reso-
nant, since the frequency of the soft mode at room tempera-
ture is 1.9 THz, i.e. it is rather close to the frequency maxi-
mum of the THz pulse (1.4 THz). It can be seen that the pre-
sented model (Fig. 10b) describes well the experimental 
dependences.

The results of the experiment and calculation are the 
dependences I2w (t) and ETHz (t). Thus, the SH hysteresis loop 
I2w (ETHz) is parametrically set (Fig. 10c). Using (2), one can 
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calculate the dielectric polarisation PE, i.e. obtain a conven-
tional ferroelectric hysteresis loop (Fig. 10d). Note that in the 
calculation, we used the convolution of the optical and THz 
pulses when they were superimposed.

Thus, the resonant excitation of the soft mode leads to 
local polarisation switching. In this case, switching between 
initially opposite minima in the SHG signal is indistinguish-
able and, therefore, averaging over all elementary cells after 
the termination of the pulse leads to I2w (t ® ¥) ® 0. Dynamic 
zeroing does not occur, since the minima are not equivalent 
with respect to the external field.

A well-known technique for separating a SHG signal 
whose sources have different signs is the use of interference 
with a source of a given nonlinear susceptibility [95 – 97]. This 
scheme was used in [86]. It was also shown there that the 
dielectric polarisation can be switched by resonant action on 
a higher-frequency polar mode. In this case, the excitation of 
the soft mode and the subsequent switching of the polarisa-
tion are achieved due to the phonon – phonon interaction.

7. Modern development of the SHG method

Without claiming to be a complete review of the modern use 
of the SHG method, we will present some recent examples of 
the development of those areas, the beginning of which was 
largely initiated by the works presented in this paper.

First of all, it should be noted that polarisation micros-
copy of SHG crystals, films and, most of all, biological fibres 
such as collagen has been developed. For biology, SHG 
microscopy has become, in fact, a standard method for deter-
mining the crystallographic structure of fibres, which has 
clear advantages over X-ray diffraction analysis. Methodical 
works [98 – 101] describe approaches that make it possible to 

determine the structure of a material not only qualitatively, 
but also quantitatively. Polarisation SHG microscopy is also 
routinely used to characterise new crystals, including organic 
ones [102], and the domain structure of ferroelectrics [103].

Polarisation SHG microscopy proved to be extremely 
effective for studying new van der Waals materials, especially 
mono- and bilayers. For such layers, the SHG method can 
easily determine the orientation of crystallites during their 
deposition on a substrate by both exfoliation and CVD meth-
ods [104 – 106], as well as the mechanical stresses arising dur-
ing the deposition [107]. Of particular interest are interlayer 
excitons in molecular bilayers. For centrosymmetrically 
packed bilayers, the SHG efficiency sharply decreases. 
However, in the spectral region of excitation corresponding 
to interlayer exciton resonances, it is possible to achieve the 
SHG intensity from a bilayer that is comparable to the SHG 
intensity from a noncentrosymmetric monolayer. The appli-
cation of an electric field leads to the removal of the degener-
acy of interlayer excitons due to the Stark effect and to an 
increase in the SHG signal by two orders of magnitude [108]. 
A variety of physical effects have been found in van der Waals 
materials, which, combined with their two-dimensionality, 
make these materials unique; in many cases, the SHG method 
makes it possible to study these properties.

In photonic-crystal and plasmonic structures, SHG is 
used not only for diagnostics, but also for fabricating devices 
for nonlinear photonics. In connection with the best compat-
ibility with the modern technological base, silicon nonlinear 
nanophotonics has received significant development. The 
removal of centrosymmetry and enhancement of SHG in such 
structures is achieved due to electrically induced effects at the 
interfaces and resonances in nanoplasmonic structures depos-
ited on the silicon surface [109]. Other materials that are 
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Figure 10.  (Colour online) Calculated time dependences of (a) dielectric polarisation PE and (b) SHG intensity and terahertz pulse field ETHz, as well 
as dependences of (c) SHG intensity and (d) polarisation PE on the field ETHz. Insets show the position of the ion in the potential well; the maximum 
amplitude of the THz field is 30 MV cm–2.	
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placed inside nanoresonators or bonded to metasurfaces are 
also used to enhance SHG [110 – 114]. The magnetic proper-
ties of two-dimensional structures and hidden boundaries, as 
well as the features of the magnetic nonlinear optical response 
and local field effects in plasmonic magnetic nanostructures 
and crystals, are also currently being studied using the SHG 
method [115 – 118].

8. Conclusions

This paper provides an overview of some of the works per-
formed at the Chair of Quantum Electronics, Lomonosov 
Moscow State University, demonstrating unique possibilities 
of the SHG method for studying a wide class of structures 
based on centrosymmetric media, as well as ferroelectric ones. 
Our goal was not to describe all the studies carried out by our 
team in the field of SHG, especially in obtaining highly effi-
cient conversion in nonlinear crystals. On the contrary, we 
tried to present less standard experiments, in which the analy-
sis of parameters of the nonlinear response of various systems 
that included intensity, polarisation, and phase of the SH 
radiation, as well as the symmetry of nonlinear polarisation at 
the SH frequency, made it possible to reveal a number of 
parameters of the studied systems that did not appear in lin-
ear response. This applies, first of all, to separating the contri-
bution of the surface nonlinearity of a number of resonant 
nanostructures and photonic crystals against the back-
ground of the ‘bulk’ quadrupole in the case of the Si/SiO2 
interface.

The reviewed papers present the foundations of the 
methodology for studying nano- and microstructures using 
a group of approaches based on SHG and its modification 
by external influences. They were carried out within the 
framework of international cooperation with representa-
tives of advanced research centres – the University of Texas 
(Austin, USA), the Catholic University (Leuven, Belgium), 
the Radbout University in Nijmegen (Netherlands), the 
Laser Center (Göttingen, Germany) and others, which also 
reflects significant interest of scientists all over the world to 
the considered problems of nonlinear optical effects. At 
present, similar studies are being developed on the basis of a 
more modern experimental and technological base. Almost 
all of them are performed using femtosecond laser sources, 
and the temporal dynamics of nonlinear optical processes 
and the response of a substance to an intense laser impact at 
ultrashort times are analysed. However, the unique sensitiv-
ity of the optical SHG to the properties of surfaces, inter-
faces, and nanostructures is still used, which determines the 
relevance of considering the earlier works presented in this 
review.
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