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Abstract.  This paper examines the generation of high-frequency 
picosecond pulse trains as a result of modulation instability of wave 
packets with a large phase modulation depth and small amplitude 
modulation depth. We demonstrate that intermediate amplification 
of such wave packets and subsequent phase-to-amplitude modula-
tion conversion lead to the formation of pulses with peak powers 
orders of magnitude higher than their initial power. The corre-
sponding pulse generators can be used to generate a line spectrum.

Keywords: modulation instability, phase modulation, amplitude 
modulation, ultrashort pulses, generation of a line spectrum.

1. Introduction

Modulation  instability  (MI)  is  known  to  be  a  fundamental 
nonlinear process that leads to instability growth in physical 
systems [1, 2]. In optics, this effect shows up as the breaking of 
a modulated continuous wave into a pulse train [2, 3]. In addi-
tion, it is well known that MI can be ‘used’ for generation of 
a  train of short optical pulses with a controllable repetition 
rate [4 – 10].

In  this work,  to obtain a  train of picosecond pulses, we 
propose  using MI  of  wave  packets  (WPs)  with  an  initially 
strong  phase modulation  and weak  amplitude modulation. 
For this purpose, we propose that a fibre ring cavity contain-
ing a narrow-band amplifier and phase modulator be used as 
a master oscillator ensuring the formation of required pulses. 
We demonstrate  that, as a  result of  intermediate amplifica-
tion of such WPs and subsequent conversion of phase modu-
lation  into  amplitude  modulation,  the  development  of  the 
induced MI regime leads to the formation of trains of ultra-
short pulses (USPs). The peak power of the forming pulses is 
orders of magnitude higher than the optical power at the out-
put of the ring master oscillator. At the same time, the repeti-
tion rate of the forming USPs turns out to be essentially equal 
to the frequency of the modulator present in the cavity. The 

proposed  method  shows  significant  similarity  to  so-called 
direct Fourier synthesis of pulses, considered by Eigenwillig 
et al. [11] and Lobach et al. [12].

2. Dynamics of quasi-cw light with a large phase 
modulation depth and a small amplitude 
modulation depth. Formation of giant pulses

We examine the dynamics of initially phase- and amplitude-
modulated  light  propagating  in  longitudinally  nonuniform 
fibre. Consider a WP for which initial conditions can be writ-
ten in the form

p[i cos( )]t( , ) ( )A z t A t0 exs. d W= ,  (1a)

where As(t)  is  a weakly modulated  amplitude. At  the  input 
(z = 0) of a waveguide modulator, it can be represented in the 
form

[ ]( , )A z t A t0 1 coss a0 a. d W= + ] g .  (1b)

In (1a) and (1b), the parameters d and da determine the WP 
phase and amplitude modulation depths, respectively, at the 
waveguide modulator input, and W and Wa determine the cor-
responding modulation frequencies. The signal is assumed to 
be  initially weakly amplitude-modulated,  i.e.  | da | <<    1  and 
| da | <<  | d |. In addition, the amplitude and phase modulation 
frequencies are taken to be almost identical W » Wa.

In active fibre, the dynamics of a WP described by rela-
tions (1a) and (1b) is determined by the standard Schrödinger 
equation [1, 2, 8, 10]:
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where R is the nonlinear parameter; the parameter g charac-
terises  amplification  (attenuation);  tR  is  the  nonlinear 
response time; t = t – z/ugr is retarded time; ugr is the group 
velocity of the WP; and d2 and d3 are the second- and third-
order dispersion parameters, respectively [1, 2, 10].

In the case of a WP with a large phase modulation depth, 
such that | a | = dW 2/2 > 1024 s–2, with allowance for the initial 
conditions (1a) and (1b) in the d3, tR → 0 approximation, the 
propagation equation (2) can be written in the form [13, 14]
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In  (3),  we  introduce  the  parameters  ( ),A z tr   »  A(z, t)
exp[– idcos(Wt) – Gz], G = g – ad2, d2eff(z) = d2  f  2(z), S(z) = 
2a2d2  f  –2(z), and Reff = Rexp(2gz) and use the coordinates z = 
z and t' = f(z) t, where f(z) = exp(–2ad2z). Equation (3) is the 
Gross – Pitaevskii  equation  in which  the  effective dispersion 
parameter d2eff(z), effective nonlinear parameter Reff(z), and 
parabolic potential S(z) are functions of the coordinate z.

WP instability in an external parabolic potential with no 
allowance  for  higher  order  dispersion  effects  has  been  the 
subject of several studies [13 – 17]. Prior to further examina-
tion, it is important to note that Eqn (3) has singular solutions 
at fibre lengths near zcom, which can be found numerically by 
solving the integral equation

d zcom
2
2dW  » 2.  (4)

MI in anomalous dispersion fibre (d2 < 0 and d < 0) causes 
a wave packet of the form (1b) at z » zcom to break up into 
pulses whose peak power far exceeds the background power 
[13,  14].  In  this  process,  the  repetition  rate  of  the  corre-
sponding pulses remains essentially equal to the initial mod-
ulation frequency W. Thus, as a result of MI and coherent 
summation of individual spectral components, a WP with a 
strong phase modulation and weak amplitude modulation 
should transform over a fibre length near zcom into a train of 
USPs with a peak amplitude well above the average back-
ground power.

Note  that,  for  superpulse  generation  over  fibre  lengths 
below 1 km at  group velocity dispersion  (GVD)  | d2 |  of  the 
order of 10–26 s2 m–1, the condition | d |W 2 > 1023 s–2 should be 
fulfilled.  At  the  same  time,  the  modulation  wavelength  in 
‘standard’ modulators meets the inequality  Lm G   /(2 )c n0p W  
[18, 19] (here, n0 is the refractive index of the modulator). This 
imposes a limitation on the maximum possible phase modula-
tion depth: dmax µ Dnmaxw0 /W < 10–4w0 /W, where Dnmax is the 
maximum change in the refractive index in the corresponding 
waveguide modulator. Thus, in choosing standard refractive 
index modulation values, Dnmax = 10–4  to 10–6, we obtain a 
modulation depth considerably smaller  than unity,  | d | < 1, 
and as a consequence the superpulse formation condition is 
not met. In addition, we have the inequality a < Dnmaxw0W 
<<  1023 s–2.

The  effective  interaction  length  can  be  considerably 
increased  in  so-called  travelling-wave  modulators  (TWMs) 
[18 – 21]. However,  even with  such modulators, modulation 
depths  necessary  for  producing  superpulses  are  difficult  to 
achieve. In particular, in the case of TWMs with a modula-
tion frequency in the range 1 – 10 GHz, characteristic refrac-
tive index modulation values are  nmax GD  1.5 ´ 10–5 [18 – 20]. 
The condition that the modulation depth be small can then be 
written in the form d » k0Dnmaxl » 2pDnmaxl/l0 < 1, where l is 
the modulator length.

If the input centre wavelength is l0 » 1.55 mm, this condi-
tion is fulfilled at a TWM length in the range l » 1 – 2 cm. On 
the other hand, in the corresponding range of modulation fre-

quencies in typical TWMs, e.g. in those based on lithium nio-
bate  crystals,  the  travelling wavelength of  a  control  electric 
field does not exceed 3 mm [19, 20], so the achievable modula-
tion depth at such TWM lengths is  .0 15Gd . Note also that 
the  presence  of  a TWM  in  a  cavity markedly  increases  the 
cavity  loss. Besides,  such modulators  cannot  always  ensure 
spatial beam parameters necessary for implementing the pro-
posed configuration.

Classic  TWMs  are  essentially  incapable  of  ensuring  the 
formation  of  WPs  with  ultrastrong  modulation,  d  >>  10, 
because the travelling wavelength of the control field should 
then exceed 1 m, which is inconsistent with the capabilities of 
the existing TWMs. At the same time, ultrastrong modulation 
can  be  of  particular  interest  for WPs with  a  relatively  low 
modulation  frequency, W <  1010  s–1.  The  use  of WPs with 
such  characteristics  opens  up  the  possibility  of  generating 
pulses with huge peak powers, far above 1 MW.

Thus,  superpulse  generation  with  the  use  of  classic 
modulators,  including  TWMs,  presents  serious  technical 
difficulties. At the same time, we do not rule out that high-
frequency  modulators  ensuring  large  modulation  depths 
will appear  in  the nearest  future. Such modulators would 
substantially simplify implementation of the configuration 
in question.

Below, we present an alternative technique for the genera-
tion of WPs of the form (1) with a modulation depth and fre-
quency | deff  | » 1 and W > 1011 s–1, respectively, with the use 
of a fibre ring cavity.

3. Ring configuration of lasing with a large 
phase modulation depth

In the simplest case, the proposed ring configuration (Fig. 1) 
comprises a phase modulator ( 1 ), narrow-band amplifier ( 2 ), 
broadband  filter  ( 3 ),  and  light  outcoupling  device.  The 
parameters of all the components of the ring cavity are listed 
in Table 1.

The phase modulator, needed to obtain the required phase 
difference,  is  characterised by  its  transmission  function F = 
Tmexp[idcos(Wt)], where Tm is the single-pass amplitude loss 
in  the  modulator.  The  amplifier  is  used  to  maintain  the 
required energy balance in the cavity – primarily, to compen-
sate  for  the  losses resulting from the subsequent  filtering of 
the  forming  pulse  train  and  the  partial  outcoupling  of  the 
light from the cavity in each pass. In our case, it is assumed 
that 1 % of the light  is outcoupled in each pass. Besides, we 
take into account the unavoidable loss in the phase modula-
tor, which is 0.8 in our case. The gain coefficient of the ampli-
fier can be represented in the form
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2 ,  (5)

where g0 is the gain at the resonance frequency; Wr is the reso-
nance frequency of the gain line; and DW is the gain linewidth. 

Table 1. Parameters of the ring cavity.

Modulator 1 Amplifier 2 Filter 3

modulation 
depth d

modulation  
frequency W/s–1

gain 
g0 /m–1

gain linewidth 
DW / s –1

GVD 
d2 /s2 m–1

nonlinearity 
R /W–1  m–1 length/m transmission T0

transmission 
bandwidt Dwlin /s–1

–0.1 2  ́   1011 
(33.3 GHz)

0.38 106 10–27 10–3 1 0.9  1012
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The amplifier in the proposed configuration has the form of 
active fibre with a small gain coefficient g0 and a rather nar-
row gain line, e.g. a narrow-band Brillouin amplifier with a 
standard linewidth DW  in the range 106 to 107 s–1. In effect, 
such an amplifier acts as a frequency filter, amplifying only in 
a narrow spectral region [21 – 23].

The last component of the ring cavity is a broadband filter 
with a bandwidth Dwlin. The filter is needed for a central spec-
tral  region,  which  will  correspond  to  the  main  set  of  the 
brightest  spectral  lines  in  the  output  spectrum,  to  be  sepa-
rated from the overall frequency range. The transmission of 
the filter (Fig. 1) is given by

expT T
lin

r
0

2

w
w w
D= -
-` j; E .  (6)

Besides,  we  take  transmission  in  the  operating  frequency 
range to be T0 » 0.9, which characterises the optical loss in 
the corresponding filter.

The ring oscillator under consideration ensures the forma-
tion of WPs with a strong phase modulation and a relatively 
weak amplitude modulation. Such emission has a  line spec-
trum (Fig. 2) dominated by the central line. At the cavity out-
put, the WP amplitude will then be weakly modulated (upper 
inset),  whereas  the  WP  phase  will  be  strongly  modulated 
(lower inset), and both will be determined by the initial modu-
lation depth and frequency, in accordance with relations (1). 
The frequency spacing between the generated lines will exactly 
coincide with the modulation frequency, W = 2 ´ 1011 s–1. The 
total width  of  the  line  spectrum, Dw, will  be  related  to  the 
modulation depth and frequency by Dw » | deffW |, where | deff | 
» | (jmax – jmin)/2 |.

The use of the ring oscillator makes it possible to substan-
tially  increase  the phase modulation depth. In our case,  the 
phase difference increases by about one order of magnitude 
(Fig.  2,  lower  inset). Note  that,  in  the  ‘linear’  configuration 
under consideration, the phase modulation depth increases and 
the  amplitude  modulation  depth  decreases  with  decreasing 
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|A|2 |A|2

t w
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T 1
3
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1

Figure 1. Ring cavity containing a phase modulator (see text for designations).
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Figure 2. Emission spectrum of a ring cavity laser in stable lasing mode. 
Insets: WP amplitude and phase j. 
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amplifier  bandwidth.  This  suggests  that  it  is  the  Brillouin 
amplifiers  [21 – 23]  mentioned  above  which  can  be  the most 
effective in implementing the appropriate lasing configuration.

It is seen from Fig. 2 that, in the case under consideration, 
we  have deff »  –1,  i.e.  the magnitude  of  the  corresponding 
modulation  depth  is  about  one  order  of  magnitude  larger 
than the depth that can be ensured by the modulator used in 
the ring configuration. At the same time, the amplitude mod-
ulation depth da remains essentially unchanged: ~0.03 ´ 10–3. 
As a consequence, the amplitude of the central line remains 
considerably  larger  than  those  of  the  other  lines,  and  this 
results  in  cw  (weakly amplitude-modulated)  lasing mode of 
the proposed ring oscillator.

Thus, at the ring cavity output we obtain quasi-cw light 
with weak amplitude modulation and strong phase modula-
tion  (Fig.  2,  insets).  As  a  consequence,  the  initial  emission 
spectrum  transforms  into  a  set  of  spectral  lines,  where  the 
main (central) line has the highest intensity and, farther away 
from it, the peak intensity of the side lines decreases apprecia-
bly. The spacing between two neighbouring spectral  lines  is 
equal to the modulation frequency.

Note  that,  unlike  in  the  case  of  classic  mode  locking, 
which requires that the cavity round-trip time be matched to 
the modulation  frequency,  this  is  not  necessary  in  the  case 
under consideration. The field in the ring cavity is quasi-uni-

form  in  intensity, weakly modulated  in  time  and  along  the 
coordinate. Therefore,  the  configuration  in  question  differs 
significantly  from  the  ‘classic’  active  mode  locking  scheme 
[1, 18, 24 – 26].

4. Cascaded fibre configuration for generation 
of USPs with a broad line spectrum

To generate trains of USPs having a broad line spectrum, the 
ring cavity configuration considered above should be supple-
mented  with  a  fibre  cascade  comprising  passive  and  active 
fibres. Figure 3 shows a schematic of a USP generator, and 
Table 2 presents calculated parameters of the additional fibres 
(cascade elements 4 – 6 ). The nonlinear response time tR and 
GVD d3 were taken to be identical for all cascade elements: 
tR » 3 fs and d3 = 10–41 s3 m–1. 

The dynamics of light in the cascade can in this case be 
described by  the nonlinear Schrödinger  equation  (2), and 
the  output  parameters  of  the  fibre  generator  considered 
above are used as initial conditions for the light launched 
into the fibre cascade. The strongly phase-modulated light 
generated by it (master oscillator) is launched into the fibre 
cascade (4 – 6 ), where a stable pulse train is formed over a 
length roughly equal to zcom owing to intermediate amplifi-
cation  and  phase-to-amplitude  modulation  conversion, 

Table 2. Calculated parameters of the cascade comprising passive ( 4, 6 ) and active ( 5 ) fibres.

Passive fibres 4, 6 Active fibre 5

GVD 
d2/s2 m–1 

nonlinearity 
R /W–1 m–1 length /m

GVD 
d2/s2 m–1 

nonlinearity 
R /W–1 m–1 length /m gain g0/m–1 gain linewidth 

Dwlin /s–1

–5 ´ 10–26 0.005
        800 (4)
480, 200, 180 (6)

10–26 0.005 1 3.9 1011, 4 ´ 1011, 1012

3

2

6

7

5

4

1

d2 < 0

d2 < 0

d2 > 0

Figure 3. Schematic illustrating the formation (generation) of high-repetition-rate USP trains: (1) modulator; (2) narrow-band fibre amplifier; (3) 
filter; (4, 6) passive fibres; (5) broadband fibre amplifier; (7) output coupler.
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which  is  accompanied  by  a  sharp  increase  in  pulse  peak 
power. The amplifying  fibre  ( 5 )  in  the  cascade  is needed 
for raising the average power of the modulated light and, 
hence, the peak power of the pulses resulting from further 
MI development.

At the parameters chosen, stable and sufficiently perfect 
picosecond pulse trains will be observed at the output of the 
system. Figure 4a shows generated USP trains after the cas-
cade of passive and active fibres at gain linewidths Dwlin = 
1011,  4 ´  1011  and  1012  s–1. At  the  parameters  chosen,  the 
pulse repetition rate is determined with high accuracy by the 
modulation  frequency  of  the  phase modulator  in  the  ring 
oscillator, W, and the pulse peak power depends on the gain 
coefficients and linewidths of amplifiers 2 and 5. According 
to our calculations,  it  is optimal to use amplifiers with the 
maximum  possible  gain  linewidth  in  the  fibre  cascade 

(Fig. 4a), because  they are capable of ensuring  the highest 
USP  peak  power.  Besides,  at  a  larger  amplifier  linewidth, 
the  superpulse  formation  length  is  determined  by  relation 
(4) with higher accuracy.

Of  special  note  is  that  the  spectral  width  of  generated 
pulses exceeds the luminescence linewidth of the active fibre. 
Thus, it is desirable to use a narrow-band amplifier in the ring 
oscillator configuration under consideration and an amplifier 
with the widest possible gain band in the cascaded gain ele-
ment.

It seems likely that an optimal gain element of the master 
oscillator is a narrow-band Brillouin amplifier, whereas that 
of  the cascade  is a Raman or parametric amplifier with  the 
widest possible gain band. Of special importance is that USPs 
at  their  formation  point  will  also  have  a  line  spectrum 
(Fig.  4b).  As  a  consequence,  the  described  system  can  be 
regarded as a fibre generator of a line spectrum, a so-called 
comb generator  [27 – 29], with a  spectral brightness of  indi-
vidual components exceeding the average level.

The final width of individual lines in the forming line spec-
trum  is  determined  by  several  factors.  The most  important 
role  is played by nonlinear effects, primarily, by MI due  to 
four-wave interaction. In the general case, the question of the 
smallest  possible  width  of  individual  spectral  lines  requires 
detailed analysis. It is reasonable to assert that, in the system 
considered  here,  with  the  fibre  and  input  light  parameters 
chosen, the comb linewidth is of the same order as the line-
width of the line spectrum generated by the master oscillator. 
This linewidth is in turn roughly equal to the gain linewidth of 
the active medium of the master oscillator.

That the even and odd harmonics of the line spectrum 
in Fig. 4b differ in shape and width can be accounted for as 
follows:  The  output  of  the master  oscillator  is  a  train  of 
long  chirped  pulses  whose  repetition  rate  is  equal  to  the 
modulation  frequency.  At  the  same  time,  the  oscillation 
period of WPs (equal to the modulation period) turns out 
to  be  considerably  shorter  than  their  duration.  The WP 
duration  is  roughly  equal  to  the  inverse  of  the  gain  line-
width of  the  active medium of  the master  oscillator. The 
shape of  the  corresponding pulses  (Fig.  2, upper  inset)  is 
such  that  there  is a  small  local  ‘dip’  in  their  central part, 
corresponding to the region of the minimum in the phase 
of the WP. The amplitude and phase modulation asymme-
try arising during generation (Fig. 2, insets) and the subse-
quent  influence  of  nonlinear  effects  and  further modula-
tion instability development result  in the spectrum shown 
in Fig. 4b.

5. Conclusions

A technique has been proposed for obtaining light with strong 
phase modulation  and weak  amplitude modulation using  a 
ring cavity as a master oscillator. We have examined the for-
mation  of  picosecond  pulses  with  a  subterahertz  repetition 
rate from such initially cw light with a weak amplitude modu-
lation. It is shown that the peak power of such pulses can be 
orders of magnitude higher than the power of the input quasi-
cw  light. We  have  examined  the  feasibility  of  using  corre-
sponding fibre cascades as all-fibre generators of a line spec-
trum. The use of broadband amplifiers with a gain linewidth 
above  10  nm  opens  up  the  possibility  of  generating  pulses 
with  huge  peak  powers  (above  100  kW).  The  feasibility  of 
generating  such  pulses  will  be  discussed  in  our  subsequent 
reports.
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Figure 4. (a) Pulse power as a function of gain linewidth Dwlin and (b) 
emission spectrum at  Dwlin  =1012 s–1 after the ring cavity and the cas-
cade of passive and active fibres. Inset: spectrum on a semilog plot. The 
parameters of the fibres are given in Table 2.
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