
Quantum Electronics  52 (5)  491 – 496  (2022)	 © 2022  Kvantovaya Elektronika and IOP Publishing Limited

Abstract.  The optical scheme of a flat-field stigmatic X-ray spec-
trograph, which includes a grazing-incidence focusing mirror and a 
concave fan-type diffraction grating crossed with respect to the 
mirror and mounted in a conical diffraction scheme, is calculated 
analytically. Spectral images of a point monochromatic source are 
obtained by numerical ray tracing, confirming the high quality of 
spectral images at a level of 1 ´ 4 mm. It is assumed that the use of 
small grazing incidence angles in combination with the application 
of multilayer reflective coatings, including aperiodic ones, will 
make it possible to extend the working spectral range of the stig-
matic spectrograph to the region of the ‘tender’ (ħw » 1.5 – 6 keV) 
X-ray range. 

Keywords: tender X-ray range, conical diffraction, fan grating, flat 
field, stigmatism.

1. Introduction

Recent years have seen the advent of new sources of X-ray 
radiation with unique properties [high instantaneous (pulsed) 
brightness and spatial coherence, small size] excited by multi-
terawatt/subpetawatt femtosecond lasers. Among these 
sources are the high harmonics of laser radiation with a pho-
ton energy of several hundred electronvolts [1], BISER (Burst 
Intensification by Singularity Emitting Radiation) [2, 3], a 
beam of betatron (synchrotron) radiation [4 – 6], which is 
produced by transverse oscillations of accelerated electrons. 
Mention should also be made of sources based on the brems-
strahlung of a beam of laser-accelerated electrons and the 
characteristic radiation excited by the electrons in a converter 
target [7, 8]. These new sources stimulate the development of 
new optical-spectral instruments for their study and charac-
terisation, and invite the development of tools for manipulat-
ing soft, tender (ħw » 1.5 – 6 keV) and hard X-ray beams 
(resolution into a spectrum, monochromatisation, focusing, 
and beam splitting). 

In the design of a flat-field stigmatic X-ray spectrograph 
(with a focal surface, which the spectrum is displayed on, 
that is well approximated by a plane and therefore compat-
ible with modern CCD detectors), we turned to cone diffrac-
tion [9] due to its high energy efficiency [10]. In recent years, 

considerable attention has been given to conical diffraction 
and the development of a technology for manufacturing 
gratings suitable for operation in the conical diffraction 
scheme (see, for example, Refs [11, 12]). Furthermore, 
attempts to advance the short-wavelength boundary of the 
flat field to the region of wavelengths shorter than l ~ 10 Å 
with a spherical VLS grating (varied line-space grating; a 
grating in which the spacing is a monotonic function of the 
coordinate on the aperture) in the in-plane mount run into 
difficulties, while the flat focal field is the immanent prop-
erty of conical diffraction. In the conical diffraction mount, 
radiation is incident on a diffraction grating (DG) along the 
direction of the grooves. In this case, the shading effect is 
completely absent even at very small angles of grazing inci-
dence, in contrast to the classical scheme (in-plane mount) 
with the source placed near the principal plane (Fig. 1). One 
would also expect that the efficiency of a multilayer interfer-
ence reflective coating in the conical diffraction scheme will 
be close to the efficiency of ‘ordinary’ multilayer X-ray mir-
rors, because in this case the angle between the incident ray 
and the local normal to the groove profile changes insignifi-
cantly along the groove profile. This will make it possible to 
develop flat-field diffraction spectrometers not only in the 
soft and ‘tender’, but also in the hard X-ray range. It has 
been demonstrated, in particular, that multilayer X-ray mir-
rors are capable of reflecting radiation at least up to 69 (W/Si) 
and 90 keV (Ni/C) [13, 14]. It is pertinent to note that the use 
of multilayer reflective coatings has shown its effectiveness 
in relation to plane gratings with ‘blaze’ [15] and spherical 
VLS gratings [16] operating in the classical (in-plane) mount 
at grazing incidence of radiation. It is also assumed that mul-
tilayer grazing-incidence mirrors, including aperiodic/stack 
multilayer mirrors, can be used to focus the hard (E » 10 – 
12 keV) radiation from a Compton backscattering X-ray 
source [17]. 
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Figure 1.  Effect of shading during oblique (grazing) beam incidence on 
the DG in the in-plane mount scheme. 
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The purpose of this work is to formulate the design prin-
ciple (concept) of a stigmatic flat field X-ray spectrograph 
based on conical diffraction and to demonstrate the possibili-
ties of the scheme by the example of a four-meter long spec-
trograph, in which the short-wavelength limit of the working 
spectral range lies in the tender X-ray range, in the wave-
length range of 2 – 8 Å. 

2. Concave diffraction grating in the conical 
diffraction mount 

The scheme of the spectrograph outwardly resembles the 
Kirkpatrick – Baez scheme, which includes two crossed con-
cave grazing-incidence mirrors that focus radiation in two 
perpendicular directions [18] (Fig. 2a). However, instead of 
the second mirror, the spectrograph uses a fan-type concave 
DG*, which forms spectral images of the source in a plane 
perpendicular to the tangent to the central DG groove 
(Fig. 2b), and therefore the instrument is a flat-field spectro-
graph. The mirror focuses the beam of rays coming from the 
source in the horizontal direction, and the concave DG 
focuses the beam in the vertical direction and performs its 
spatial decomposition into a spectrum in the horizontal direc-
tion (along a circular arc in the vertical plane). As shown 
below, with an appropriate choice of configuration parame-
ters, the spectral images of a point tender X-ray source have a 
size of only a few micrometres, which makes it possible to 
classify the spectrograph as a stigmatic one. 

As is well known (see, for example, Ref. [19]), in the gen-
eral case (the central ray of the incident beam does not neces-
sarily lie in the principal plane) the DG equation (Fig. 3) is of 
the form 

sinq (sin a + sin b) = mpl,	 (1)

where q is the angle that the ray AO incident on the DG 
makes with the tangent to its central groove (the z axis); a and 
b are the angles between the x axis and the projections onto 

the principal xy plane of the rays AO and OB, respectively; p 
is the frequency of DG grooves; and m is the diffraction order. 
The angle q' that the diffracting ray makes with the tangent to 
the central groove is equal to q so that all diffracting rays are 
the generatrices of the cone with an opening angle of 2q whose 
axis coincides with this tangent (hence the name: conical dif-
fraction). The spectrum is located on a circle of radius Lsin q, 
where L is the distance from the DG centre to the focal plane 
(detector plane). 

To design the scheme of a stigmatic spectrograph, we need 
to derive equations describing the position of the horizontal 
(spectral) and vertical foci. To do this, we employ, as usual, 
Fermat’s principle, which requires the construction of the 
optical path function. 

Let us place the origin O of the rectangular coordinate 
system at the centre of the grating of radius R (see Fig. 3). 
The x axis is directed along the normal to the grating, the z 
axis is directed along the tangent to its central groove at 
point O, and the y axis is at an angle of 90° to the central 
groove along the tangent to the grating surface at the origin. 
In spherical coordinates, the position of a point source 
(denoted by point A) will have coordinates (r, q, a), where r 
is the distance from the beam focus to the origin of coordi-
nates; q is the angle between the central ray AO of the inci-
dent beam and the z axis (conical angle); and a is the angle 
between the projection of the ray AO on the principal plane 
xy and the x axis. The projection of the wave vector of the 
incident beam onto the z axis is positive. Point P is an arbi-
trary point on a grating groove (it is assumed that the grat-
ing grooves are infinitely thin lines). The actual shape of the 
groove is important for the intensity distribution in the spec-
trum, but does not affect the focusing properties of the grat-
ing. In doing so, we assume that Rsin q, r, and r' are much 
longer than the grating aperture. 

The position of the source is given by the vector 
(r sin q cos a, r sin q sin a, r cos q), and the position of the source 
image, of point B, by the vector (r' sinq' cosb, r'sinq'sin b, 
r'cos q' ). The position of point P can be described by the vector 
(x(y, z), y, z), and x(y, z) = R R y z2 2 2

- - -  » (y2 + z2)/(2R). 

* The grooves (lines) of a plane fan grating converge at one point. In the 
case of a spherical fan grating, the projections of lines on a plane tan-
gent to the sphere at the centre of the grating converge at one point.
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Figure 2.  Configurations of (a) a Kirkpatrick – Baez microscope and 
(b) a stigmatic flat-field X-ray spectrograph based on conical diffrac-
tion. The spectrograph elements are a grazing-incidence focusing mir-
ror and a fan-type concave diffraction grating mounted in the grazing-
incidence conical diffraction scheme (l2 > l1). 
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Figure 3.  Fan spherical DG of radius R in the conical diffraction 
scheme: A is a point source, B is its spectral image, and P is an arbitrary 
point on a grating groove.
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We calculate the optical path function F = AP + PB by 
performing expansion that takes into account the smallness 
of y and z in comparison with r, r' and Rsin q, with retention 
of the terms of the first and second order of smallness: 
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The optical length F of the path passing through the point P 
with coordinates (x(y, z), y, z) is described by the expression: 
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Let N = 0 be the number of the central groove and the groove 
number N( y, z) be defined by the 2D polynomial 

( ), ...y zN N y N z N y N z N yz10 01 20
2

02
2

11= + + + + + .	 (5)

The meaning of the coefficients Nij : N10 is the spatial groove 
frequency, N11 specifies the fanning (convergence and diver-
gence of grooves), N02 specifies the curvature of the grooves, 
N20 is the gradient of the groove frequency in the direction of 
the y axis, and N01 = 0, because the groove number cannot 
change when moving point P from point O along the z axis, 
since the z axis is tangent to the central groove owing to the 
choice of the coordinate system. 

In order for point B to be the spectral image of point A at 
a wavelength l in diffraction order m, it is necessary that the 
optical path changes exactly by ml when point P moves from 
the groove with number N to the groove with number N + 1, 

i.e., it is necessary that the following equalities should be ful-
filled: 
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Substituting expressions (4) and (5) into Eqns (6) and bring-
ing the terms of equal (zero and first) power in the y and z 
coordinates, we obtain 
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It follows from the second equality (7) that sin q = sin q', and 
the cosines of these angles are opposite. Then expressions (7) 
are rewritten as follows: 
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The first equation is called the diffraction grating equation. 
The third and fourth equations define the horizontal (spec-
tral) and vertical focal curves. The second equation specifies 
the required ‘fanning’ of the grating. In the internal diffrac-
tion order, sin a + sin b < 0 (in the case when the y coordinate 
of the source is less than the y coordinate of the image), which 
corresponds to m > 0 and positive N10. 

From the practical point of view, as would be expected, 
the grating cannot transform a beam diverging in the horizon-
tal direction into a beam converging due to the coefficient 
N20. Therefore, an additional optical element focusing in this 
direction is needed: a mirror crossed with respect to the grat-
ing, as shown in Fig. 2b. Then instead of r in the third equa-
tion of system (8) it is necessary to substitute the negative 
value rh, equal in absolute value to the distance from the grat-
ing to the horizontal focus of the beam incident on the grat-
ing. In the case of an incident beam converging in the hori-
zontal (spectral) direction at N20 = 0, the spectral focal curve 
is practically a circle: the section of the cone by the plane z = 
const (see Figs. 2b and 3). The coefficient N20 determines the 
rotation of the cone secant plane around the axis parallel to x 
and passing through the point C (see Fig. 3). 
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3. Scheme of the spectrograph

We pass on to the description of an example of the simplest 
spectrograph scheme and set a = 0, N20 = 0, and N02 = 0. 
Thus, we consider a DG in which the groove frequency is con-
stant along the direction across the grooves (along the y axis 
for z = const) and changes monotonically in the direction 
along the grooves (along the z axis), i.e., a fan grating. First of 
all, the grazing incidence angle should be set proceeding from 
the working spectral range selected. This choice is determined 
mainly by a compromise between the requirement for a suffi-
ciently strong linear dispersion with acceptable dimensions of 
the instrument and the need to obtain sufficiently high reflec-
tion coefficients of the mirror and grating in the chosen spec-
tral range. In this example, we will stop at a grazing angle q = 
1.5°. We will revert to the issue of the efficiency of the scheme 
below. It is expedient to mount the grating in such a way that 
the ‘source – grating’ and ‘grating – detector’ distances are 
close, i.e., on the Rowland circle. The vertical focus therefore 
is rv = Rsin q/cos a = Rsin q. The horizontal focus of the beam 
produced by the mirror should also be at the same distance 
after the grating. The ‘angular’ dispersion is defined by the 
expression 

cos sind
d mp

l
b

b q
= ,	 (9)

and the linear dispersion, measured along the arc of a circle of 
radius Rsin2q, is given by the expression 

cos
sin

d
ds Rmp
l b

q
= ,	 (10)

where s is the length of the circular arc. For example, for a 
grating with p = 2400 mm–1, R = 80 m, and q » 1.5°, for 
radiation with a wavelength of 10 Å in the first order of dif-
fraction, the reciprocal linear dispersion (plate scale) is about 
1.99 Å mm–1. For a CCD detector with a pixel size of 13 mm, 
this gives 2.58 ´ 10–2 Å  pixel–1. The limiting practical spectral 
resolving power at this wavelength, which is limited by the 
spatial resolution of the detector and numerically equal to the 
product of the plate scale and twice the pixel size, is about 
200. The theoretical resolving power of the scheme is several 
times higher. 

The longest wavelength that can be recorded in the given 
example is lmax  = sin q/mp » 109 Å. As lmax is approached, 
the plate scale tends to zero. For instance, already at a wave-
length of 50 Å the plate scale is dl/ds = 1.768 Å   mm–1 and one 
pixel of a CCD detector corresponds to a spectral interval of 
2.3 ´ 10–2 Å . 

When using a spherical mirror and a spherical grating, it 
is not possible to assemble the instrument so that the dis-
tances from the source/image to the centre of the mirror/grat-
ing are equal to Rsinq, when the aberration of meridional 
coma is completely absent. This can be avoided by using, for 
example, a slightly elliptical cylinder instead of a spherical 
mirror. However, below we present the results for a scheme 
with a spherical mirror and a spherical fan grating. 

The spherical mirror and grating have the same radii of 
curvature RM = R = 80 m. The mirror is used in the Rowland 
mount at a grazing incidence angle j = 1.5°, which leads to 
the ‘point source – mirror’ distance rM = RMsin j = 2094.2 mm. 
The groove frequency at the grating centre is N10 = 2400 mm–1, 
and its fanning is N11 = 1.2 mm–2. The grating is located at a 
distance rMG = 70 mm from the mirror. Due to the ‘interven-
tion’ of the spherical surface of the grating, the focal plane is 
located at a distance rD = 2021 mm, so that the further path 
length of the central ray from the mirror to the focal plane is 
rD + rMG = 2091 mm, which is ~3 mm shorter than the 
Rowland distance RMsin j. The conical angle q, equal to the 
angle of grazing incidence of the central ray on the grating, is 
1.497°. Therefore, the grating is mounted in a slightly non-
Rowland scheme, where the arm from the source to the grat-
ing rM + rMG = 2164.2 mm is ~7 cm longer than the Rowland 
distance Rsin j, and the second arm rD from the grating to the 
focal plane of the instrument turns out to be approximately 
the same 7 cm shorter that the Rowland distance. In the 
selected scheme, the groove convergence point (fan focus) is 
located on the z axis at a distance N10 /N11 = 2400/1.2 = 
2000 mm. 

Figure 4 shows the spectral images of a point monochro-
matic source in zero and first orders and with wavelength l = 
1, 2, 3, 4, 5, 6, 7, and 8 Å obtained by numerical ray tracing in 
the spectrograph scheme with the above parameters, as well 
as an enlarged image of a point source with a wavelength of 
4 Å. One can see that the image of a monochromatic point 
source fits completely into a 1 ´ 4 mm cell. When using an 
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Figure 4.  (Colour online) (a) Spectral images of a point monochromatic source in the zero and first diffraction orders and with wavelength l = 1, 2, 
3, 4, 5, 6, 7, and 8 Å obtained by numerical ray tracing; (b) the same for l = 4 Å, but on a larger scale. 
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entrance slit parallel to the x axis (see Fig. 3), the spectral 
image of a monochromatic source will be a vertical (along the 
x axis) segment and will be approximately equal in length to 
the height of the illuminated section of the entrance slit in the 
configuration under description. 

The working aperture of the mirror is 60 ́  1.5 mm (w ́  h), 
the grating aperture is approximately 1.5 ´ 60 mm (w ´ l) 
(~3600 lines). In this case, the spectral image of the source is 
formed by rays from a solid angle of ~5 ´ 10–7 sr. The best 
materials for X-ray single-layer reflective coatings (Os, Au, 
Pt, etc.) at a grazing angle of incidence q = 1.5° provide a 
conventionally acceptable reflection coefficient of more than 
60 % only for wavelengths exceeding 6.5 – 7.0 Å (1.9 – 
1.77 keV) (Fig. 5). At a wavelength of 4 Å, a 30 nm thick gold 
coating provides only about 11 % reflectivity, while an Os 
coating of the same thickness provides about 20 %, which is 
hardly acceptable due to double reflection (mirror + grating), 
unless we are dealing with a directional radiation source. 
Therefore, single-layer reflective coatings at the specified 
angle of incidence can provide satisfactory reflectivity only in 
a small part of the tender X-ray range, which occupies the 
energy range ħw » 1.5 – 6 keV. Periodic multilayer mirrors 
(Cr/C, Os/C, etc.) provide a fairly high reflection coefficient at 
the maximum, but the widths of the reflectivity profiles are 
relatively small (dl1/2/l ~ 1/8 – 1/20) (Figs 5 and 6 ). 

The problem of broadband reflection in the short-wave-
length region can be solved by synthesising a multilayer coat-
ing with a period that varies along the y axis, i.e., across the 
direction of the grooves, as well as a similar gradient coating 
on the mirror. In this case, at a fixed position of the grating 
and mirror, the instrument will be relatively narrow-band in 
the short-wavelength part of the spectral operating range 
(1 – 5 Å). Wavelength tuning is carried out by rotating the 
grating around the ‘fan’ axis and correspondingly rotating the 
mirror around a horizontal axis that passes through the cen-
tre of the sphere and is perpendicular to the radius drawn 
from the centre of the sphere to the point of incidence of the 
central ray on the mirror. The Institute of Physics of 
Microstructures (IPM RAS, Nizhny Novgorod) has expertise 

in synthesising multilayer mirrors with a strong period gradi-
ent across the aperture [21]. 

4. Conclusions

In the present work, we formulate the concept of a stigmatic 
flat-field high-resolution X-ray spectrograph for the region of 
the soft (including ‘tender’) X-ray range. The configuration 
comprises two grazing incidence optical elements: a focusing 
mirror and a fan-type spherical grating crossed with respect 
to the mirror and mounted in a conical diffraction scheme. 
Equations are obtained that relate the grating parameters 
(radius, line frequency, ‘fanning’, etc.) with the configuration 
parameters (distances, dispersion, position of the focal plane, 
etc.). Numerical ray tracing was used to obtain images of 
monochromatic point-like sources (ml = 1, 2, 3, 4, 5, 6, 7, and 
8 Å) that completely fit into a 1 ´ 4 mm pixel. Reflective coat-
ings made of Au and Os provide satisfactory reflectivity for l 
> 6 Å at a grazing angle of 1.5°. The deposition of periodic 
multilayer coatings based on Cr/C and Os/C with periods 
from 40 to 160 Å will make it possible to expand the spectral 
range to ~2 Å.
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Figure 5.  (Colour online) Reflection coefficients of gold and osmium 
coatings, as well as of Cr/C periodic multilayer mirrors with different 
periods d at q = 1.5°. The calculation takes into account the roughness 
of the grating surface (3 Å), as well as the transition layers in the multi-
layer structure (Cr-on-C: 6 Å; C-on-Cr: 3 Å). In all cases, the number of 
periods is 12, and the thickness of the Cr layer is 0.4 of the period. Along 
with the first-order reflection peaks, second-order interference peaks 
stand out in the short-wavelength part.
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Figure 6.  (Colour online) Reflection coefficients of Os/C periodic mul-
tilayer mirrors with different periods d at q = 1.5°. The calculation took 
into account the roughness of the grating surface (3 Å) as well as the 
transition layers in the multilayer structure (Os-on-C: 6 Å; C-on-Os: 
3 Å). In all cases, the number of periods is 20, and the thickness of the 
Os layer is 0.4 of the period. Along with the first-order reflection peaks, 
second-order interference peaks stand out in the short-wavelength part. 
When constructing the plots, use was made of the optical materials con-
stants borrowed from the website of the Centre for X-Ray Optics [20].
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